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1 Introduction

Let p be a rational prime. A conjecture of Fontaine-Mazur [37] asserts:

Conjecture 1. Let ρ : Gal(F/F)! GLn(Qp) be a continuous representation of the absolute Galois group
of a number field F . If ρ is unramified at all but finitely many places of F and is potentially semi-stable at
every finite place of F above p, then ρ is ‘geometric’.

This specialises to the following conjecture of Fontaine-Mazur:

Conjecture 2. Let ρ : Gal(F/F)! GLn(Qp) be a continuous representation of the absolute Galois group
of a number field F . If ρ is unramified at all but finitely many places of F and is potentially unramified (i.e
the image of the inertia subgroup is finite) at every finite place of F above p, then ρ has finite image.

This paper proves many new cases of Conjecture 2 when n = 2, F is a totally real number
field, and ρ is assumed to be totally odd (i.e. the image by ρ of complex conjugation with respect
to every embedding F ! P has determinant −1) and the associated mod p representation ρ :
Gal(F/F)! GL2(Fp) is modular. More precisely, we prove the following: Let L be a finite field
extension of Qp with ring of integers O , maximal ideal λ and residue field F = O/λ.

Theorem 3. Let ρ : Gal(F/F) ! GL2(O) be a continuous representation of the absolute Galois group
of a totally real field F such that

• ρ is totally odd,

• the image of the inertia subgroup at every finite place of F above p is finite.

• ρ = (ρ mod λ) is modular– there exists a cuspidal automorphic representation Π of ResF/QGL2
whose associated p-adic Galois representation is isomorphic to ρ– when ρ is absolutely irreducible
with insoluble image; and suppose furthermore than Π is ordinary at every place of F above p when
p = 2 and ρ is unramified (i.e. trivial) at every infinite place of F .

• The semi-simplification of ρ is not scalar, i.e. not twist-equivalent to the trivial representation.

Then there exists a holomorphic modular eigenform of parallel weight 1 on ResF/QGL2 whose associated
p-adic representation of Gal(F/F) is isomorphic to ρ. In particular, ρ has finite image.

The finiteness of Galois representations associated to Hilbert modular eigenforms of parallel
weight 1 is a well-known result of Deligne-Serre [32] (F = Q) and Rogawski-Tunnell [73] (general
F ).
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We hasten to remark that the last/fourth condition follows from the third assumption (the
oddness of ρ) when p > 2.

A case of the main theorem is established in [75], when p ≥ 5 and ρ is absolutely irreducible
when restricted to Gal(F/F(ζp)) (and if p = 5 and the projective image of ρ is PGL2(F5), it is
furthermore assumed that the kernel of the projective representation of ρ does not fix F(ζ5)); and,
as a corollary, Artin’s conjecture for totally odd continuous representationsGal(F/F)! GL2(C)
is proved completely.

By assumption, after replacing F by its finite totally real soluble extension if necessary, it is
possible to assume ρ is p-ordinary (i.e. reducible at every place of F above p), and we prove that
ρ is pro-modular, i.e., arises from a p-ordinary p-adic modular eigenform. To this end, we directly
compare p-adic families, ‘R’ of p-ordinary Galois representations and ‘T ’ of p-ordinary modular
forms (whether p is odd or not), without recourse to unitary groups over CM fields (hence our pro-
modularity results do not follow fromThorne’s [89] ‘by functoriality’). In fact, our overall approach
to construct weight one forms is crucially dependent on what we know about allHecke eigenvalues
(hence q-expansion coefficients by ‘multiplicity one’) of p-adic eigenforms (especially those gener-
alised eigenvalues at places above p), and we know of no other route than to establish an ‘R = T ’
theorem. The Calegari-Geraghty variant [18] of the Taylor-Wiles argument may well allow us to
circumvent some of the issues arising from the ‘multiplicity one problem’ (by directly comparing
deformations of Galois representations that are potentially unramfied at p and the coherent co-
homology complex of parallel weight one Hilbert modular forms) but this alternative approach is
still contingent upon several outstanding conjectures about the local-global compatibility of auto-
morphic Galois representations.

We establish the aforementioned pro-modularity via finding a co-dimension 1 prime Γ of R
containing p, such that the specialisation ρΓ : Gal(F/F) ! GL2(F[[π]]) of the universal p-
ordinary deformation over R of ρ at Γ is irreducible and is not dihedral (i.e. not induced from a
quadratic extension of F ). The irreducible ρΓ, with ‘large image’, over the discrete valuation ring
F[[π]], instead of ρ, is then used to pull off an analogue of the Taylor-Wiles argument. In finding a
such prime Γ, while we allow ourselves to trade F for its finite totally real soluble extensions where
convenient, ascertaining ρΓ is irreducible and non-dihedral requires us to tread carefully.

Suppose that ρ is irreducible with soluble image and is induced from a quadratic extensionE of
F . On one hand, assuming thatE is not an imaginary quadratic extension ofF in which every place
ofF above p splits completely, it follows without further expenditure of effort that ρΓ is irreducible
and non-dihedral. This is the approach taken by Skinner [79] (p > 2) and Allen [1] (p = 2),
though the latter works under the further assumption in which determinants are fixed as in Khare-
Wintenberger [56]. On the other hand, when ρ is induced from an imaginary quadratic extensionE
of F in which every place of F above p splits completely, it is a priori possible for ρΓ to be induced
from the CM extension. To overcome this problem, we make appeal to the pseudo-representation
theory, due mostly to Bellaïche and Chenevier [9], to observe that if the universal deformation over
R is not dihedral, i.e. not induced from a character ofGal(F/F+) for any quadratic extension F+

ofF (resp. is dihedral and induced from a character ofGal(F/E)), then one can find a non-dihedral
prime over an infinitesimal deformation of ρ, as a precursor to conjuring up Γ as above (resp. one
can instead identifyR directly with the quotient ofT arising fromE-CM forms). This is a variation
of the well-known observation (see work of Ghate, Dimitrov, Wiese and others) that non-CM p-
ordinary families of (Hilbert) modular forms almost never intersect with CM p-ordinary families
(even at weight one).

The question about whether it is possible at all to findΓwith irreducible ρΓ is prevalent when ρ
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is reducible. In this case, it is not unreasonable to expect that the ‘reducible quotient’R∆ of the p-
ordinary deformation ringR, where corresponding representations are (globally) reducible, define
irreducible components of R. In fact, we do not know a priori that R is equi-dimensional! These
make our search for an ‘irreducible’ prime Γ (which should inevitably lie inR−R∆) more difficult.
For example, when F = Q, the reducible (‘Eisenstein’) locus does define irreducible components
of the dimension equal to that of the irreducible (‘cuspidal’) components.

Skinner & Wiles were the first to tackle this issue in [80], and their work has been vastly gen-
eralised by Thorne [89] and his collaborators [2] in arbitrary dimension. To elaborate, let 1 + γF

be the Zp-rank of the p-adic closure in (OF ⊗Z Zp)× of the group O×
F ,+ of totally positive units

in the ring OF of integers of F . The Leopoldt conjecture asserts that γF should be 0. Assuming
that ρ is reducible with its semi-simplification of the form 1 ⊕ χ say, we know, on one one hand,
R∆ has dimension bounded above by rF = 1 + 2(1 + γF ) + dimFExt

1(1, χ), while, on the other
hand, the dimension of R is bounded below by sF = 1 + [F : Q] + γF in terms dimensions of
local versal deformation rings at ramified places. It is reasonable to expect rF ≤ sF , but there is
nothing conclusive to suggest that the inequality would always have to be strict! This is mostly
to do with the fact that it is hard to get one’s hands on dimFExt

1(1, χ). To circumvent the issue,
Skinner-Wiles [80] instead makes appeal to Washington’s result [94] (resp. Waldschmidt’s [92])
about `-adic Iwasawa invariants (for ` not equal to p) to bound dimFExt

1(1, χ) (resp. 1 + γF ),
and manages to find a finite soluble totally real extension F ′ of F of a sufficiently large `-power
degree for which the strict inequality rF ′ < sF ′ holds1. This ‘relative smallness’ of R′

∆ with respect
to R′ consequently allows [80] to find a prime Γ in R′ not lying in R′

∆, i.e. an irreducible Γ. The
drawback of this argument, however, is that Washington’s result requires F ′ to be abelian over Q
and this significantly qualifies the pro-modularity theorem of [80]. L. Pan [67] follows the strategy
of Skinner-Wiles, and has similar, but more general, results about modularity of p-adic represent-
ations Gal(F/F)! GL2(Qp) which are potentially semi-stable at p, but for an abelian extension
F over Q in which p splits completely.

In this paper, we remove this ‘abelian condition’ entirely. The gist of our argument is that,
instead of trying to achieve rF < sF , we prove pro-modularity separately over SpecR∆ and each
affine open covering of the complement SpecR − SpecR∆; for the former, a theory of Eisenstein
series achieves this, while for the latter, the irreducibility of Γ comes for free (!) even though ρ
is reducible, and an argument similar to the one in the generic case attains pro-modularity. To
make this part of the argument work, we make essential use of the pseudo-deformation theory
[91] developed by Chenevier [21], Bellaiche-Chenevier [9] and Wake–Wang-Erickson [91]. To es-
tablish that the pull-back of the universal Galois representation over SpecR to any covering of
SpecR − SpecR∆ is indeed irreducible, it is necessary for us to know that it is of ‘Generalised
Matrix Algebra’ type and, for this reason, ρ (and its restriction to a finite soluble totally real field
extension of F ) is assumed to be non-trivial. This can be attained by maintaining ρ to be totally
odd if p > 2 but not necessarily so when p = 2.

The additional assumption in the third in the case of p = 2 can be removed if one can prove a
result of the form ‘ρ is modular⇒ ρ is p-ordinary modular (up to a finite totally real soluble base
change)’ as in [87]. This is a problem of different nature and we hope to come back to it separately
in the future.

1Successful distillation of the argument in [80] initiated this paper.
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In a forthcoming work, we hope to address the case when ρ is twist-equivalent to the trivial
representation.
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modular varieties, deformations of modular Galois representations, and weight one forms II’ as a
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The author would also like to thank T. Gee and J. Newton for a few helpful comments on an
earlier draft of the paper, V. Paškūnas and J. Shotton for helpful discussions. He is especially grateful
to F. Diamond and J. Kiln for numerous discussions on various aspects of this paper.

2 Deformations of Galois representations

Fix algebraic closures Q and Qp once for all. Choose an embedding Q! Qp once for all.

Let F be a totally real field, F be a field of characteristic p > 0, and ρ : Gal(F/F)! GL2(F)
be a totally odd (i.e. the image of complex conjugation with respect to every embedding of F into
P is non-trivial), continuous representation of the absolute Galois group Gal(F/F) of F .

Let χcyc denote the p-adic cyclotomic character Gal(F/F) ! Z×
p and χcyc denote its mod p

variant.
Let L denote a finite extension of Qp containing the image of every embedding F ! Q !

Qp and let O denote its ring of integers with residue field F. Let λ denote a uniformiser we fix
throughout the paper.

For every place v of F , let Fv denote the completion of F at v, OFv denote the ring of integers
and Fv the residue field at v. Let πv denote a uniformiser of OFv . LetDv ' Gal(F v/Fv) denote the
decomposition subgroup at v and Iv the inertia subgroup at v.

As in [42] (and [22]), we ‘normalise’ the local Langlands correspondence in such a way that if
Π is an irreducible admissible representation of GL2(K) for a finite extension K of Qp, then the
correspondingWeil-Deligne representation is the one associated toΠ∨⊗| |−1/2 by Harris-Taylor’s
local Langlands correspondence.

LetC denote the category whose objects are artinian localO-algebrasR for which the structure

mapO ! R induces an isomorphism on residue fields; and let Ĉ denote the full subcategory of the
category whose objects are topologicalO-algebras which are limits of objects inC . The morphisms

of C and Ĉ are continuous homomorphisms of O-algebras which induce isomorphisms on the
residue fields.

For every place v above p, we identify, via the local Artin map Artv, once for all:

• the pro-p-part 1 + πvOFv of O×
Fv

• the image ∆v of the inertia subgroup at v in the pro-p completion of the maximal abelian
quotient of the decomposition subgroup Dv at v.

Let ∆p =
∏

v∆v and let Λp denote Iwasawa (group) algebra O[[∆p]] (of relative dimension∑
v[Fv : Qp] = [F : Q] over O). On the other hand, let ∆p denote the pro-p completion of

the Galois group of the maximal extension of F unramified outside a finite set S of places in F
containing the set Sp of places ofF above p and the set S∞ of infinite places of F , and letΛp denote
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the Iwasawa group algebra O[[∆p]] (of relative dimension 1+γF = rkZp(OF ⊗ZZp)×/O×
F , where

γF denotes the Leopoldt defect for (F , p) which is conjectured to be 0). Let

Λ = Λp⊗̂Λp;

it is of dimension 1 + [F : Q] + γF over O .
There is a universal one-dimensional deformation

φ =
∏
v

φv : ∆p =
∏
v

∆v ! Λp

of the trivial representation∆p ! F× and a universal one-dimensional deformation

φ′ : ∆p ! Λp

of the trivial representation∆p ! F×. We often see via

(φ, φ′) 7! (χ, χ′) = (φ,
∏
v

φ−1
v φ′|∆v)

that Λ = Λp⊗̂Λp also parameterises the pairs (χ, χ′) of one-dimensional deformations of ∆p !
F× over local noetherian O-algebras with residue field F such that their product factors through

the p-adic completion O×
F ∩∆p.

A character of Iv (or ∆v) is said to be algebraic of weight rv = (rτ) ∈ ZHomQp (Fv,L) if it is
given by

∏
τ(τ ◦ Art−1

v )−rτ . A pair (χ, χ′) of one-dimensional deformations as above is said to be
algebraic if there exists a pair (k = (kv), ` = (`v)) of [F : Q]-tuple of integers with kv =

∑
τ kττ

and `v =
∑

τ `ττ and kτ ≥ 1 and `τ ≥ 0 for every τ in HomQp(Fv,L), such that χv (resp. χ
′
v) is

algebraic of weight `v (resp. `v + kv − 1) for every v in Sp.

Give a finite set of places of F as above, Let FS denote the maximal extension of F unramified
outside S. Let Σ = (S,T , {Lv}) denote a deformation data consisting of S, a subset T of ‘framed
places’ and Lv ⊂ H 1(Dv, ad ρ) for every v in S which defines a local deformation problem at v
with corresponding ideal I�v of R�

v , withNv = H 0(Dv, ad ρ) for every finite place v in S − T .

0 ! H 0
Σ(F , ad ρ) ! H 0(Gal(FS/F), ad ρ) !

⊕
T

H 0(Dv, ad ρ)⊕
⊕

v∈S−T

H 0(Dv, ad ρ)/Nv

! H 1
Σ(F , ad ρ) ! H 1(Gal(FS/F), ad ρ) !

⊕
T

H 1(Dv, ad ρ)⊕
⊕

v∈S−T

H 1(Dv, ad ρ)/Lv

! H 2
Σ(F , ad ρ) ! H 2(Gal(FS/F), ad ρ) !

⊕
T

H 2(Dv, ad ρ)⊕
⊕

v∈S−T

H 2(Dv, ad ρ)

! H 2
Σ(F , ad ρ) ! H 3(Gal(FS/F), ad ρ) ! · · ·

Given a deformation dataΣ as above, we letR�
Σ the universal ring for T -framed deformations

of type Σ in the sense of Definition 2.2.7 in [22]. Let H r
Σ(F , ad ρ) denote the r-th cohomology of

the complex defined by Σ as in [22] (See Chapter 2 in [75]).
As Σ reads ramification of classes in H 1(Gal(F/F), ad ρ), by H r

Σ(F , ad ρ), we really mean
H r

Σ(Gal(FS/F), ad ρ). We often writeH 1(FS, ad ρ) forH 1(Gal(FS/F), ad ρ) and do it similarly
with ad ρ(1) in place of ad ρ.

6



We let L⊥
v denote the annihilator of Lv in H 1(Dv, ad ρ(1)) induced by the pairing ad ρ ×

ad ρ(1)! F(1) and we let

H 1
Σ⊥(F , ad ρ) = ker

(
H 1(FS, ad ρ(1))!

⊕
S−T

H 1(Dv, ad ρ(1))/L⊥
v

)

Let A�
Σ denote the completed tensor product over O⊗̂

v∈T
R�

v /I
�
v

of the quotientR�
v /I

�
v ofR�

v by the ideal I�v defined by Lv, as v ranges over T . LetR� denote the
formal power series ring in 4|T | − dimFH 0(FS, ad ρ) variables with coefficients in O , normalised
such that

R�
Σ ' RΣ ⊗ R�.

2.1 Universal rings for global liftings

Suppose n = 2. Then

Proposition 4. dimFH 1
Σ(F , ad ρ) equals

dimFH 1
Σ⊥(F , ad ρ(1)) + dimFH 0

Σ(F , ad ρ)− dimFH 0(FS, ad ρ(1))− χ(FS, ad ρ)
+

∑
v∈S χ(Dv, ad ρ) +

∑
v∈(S−T) dimFLv − dimFNv

We say ρ is exceptional if

• p = 3,

• ρ is induced from Gal(F(ζ3)/F).

Proposition 5. Suppose that

• For a place v in (S − T) ∩ Sp,

dimFLv − dimFNv = dimFLv − dimFH 0(Dv, ad ρ) = [Fv : Qp]

• For a place v in (S − T) ∩ S∞,

dimFLv − dimFNv = −1.

Then

dimFH 1
Σ(F , ad ρ) = dimFH 1

Σ⊥(F , ad ρ(1))−1+
∑

(S−T)−S∞

(
dimFLv − dimFH 0(Dv, ad ρ)

)
−[F : Q]

unless ρ is exceptional, in which case

dimFH 1
Σ(F , ad ρ) = dimFH 1

Σ⊥(F , ad ρ(1))−2+
∑

(S−T)−S∞

(
dimFLv − dimFH 0(Dv, ad ρ)

)
−[F : Q].
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Proof. This can be proved as in Proposition 5 in Section 2 of [75]. If ρ is not exception (resp. is
exceptional), then dimH 0(FS, ad ρ(1)) = dimH 0(FS, ad

0 ρ(1)) + dimH 0(FS,F(1)) = 0 + 1
(resp. dimH 0(FS, ad ρ(1)) = 2).

AlsoH 0
Σ(F , ad ρ) is a subspace of the one-dimensional F-vector spaceH 0(F , ad ρ), but theNv

forces the dimension of the former to be strictly smaller than that of the latter, i.e.,H 0
Σ(F , ad ρ) =

0 (whether T = ∅ or not!).
Furthermore, it follows from the global (resp. local) Euler characteristic formula (resp. formu-

lae) that χ(FS, ad ρ) = −2[F : Q] (resp.
∑

v∈S χ(Dv, ad ρ) =
∑

v∈Sp −4[Fv : Qp] +
∑

v∈S∞ 4 =
0). �

Remark. dimFH 0(F , ad ρ) = 1 whether p is odd or not.

We now apply the formula above to

ΣQ ,N = (S ∪ SQ ,N ,T , {Lv}v∈S∪SQ ,N )

to compute dimFH 1
ΣQ ,N

(F , ad ρ), where T ⊂ S − S∞ and, for every v in SQ ,N = ((S ∪ SQ ,N )−
T)− S∞, the local deformations at v are defined such that

dimFLv − dimFNv = dimFLv − dimFH 0(Dv, ad ρ) = 1

if p > 2 and such that Lv = H 1(Dv, ad ρ) and

dimFLv − dimFNv = dimFH 1(Dv, ad ρ)− dimFH 0(Dv, ad ρ) = 2

if p = 2.

2.2 S∞
Following [10], for any infinite place v and a non-negative integer •, we let H •(Dv, ad ρ)∗ denote
the image of H •(Dv, ad

0ρ) in H •(Dv, ad ρ). The versal odd deformation ring R−1
v (resp. the

universal ring R�,−1
v for odd liftings) gives rise to

• Nv = NF v/Fv
(ad ρ) ⊂ (ad ρ)Dv (so that H 1(Dv, ad ρ)/Nv is the zero-th Tate cohomology

group,

• Lv = H 1(Dv, ad ρ)∗.

We leave it as an exercise to check:

dimFNv

=


1 if p > 2,
1 if p = 2 and ρv is non-trivial,
4 if p = 2 and ρv is trivial,

and
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dimFLv

=


0 if p > 2,
0 if p = 2 and ρv is non-trivial,
3 if p = 2 and ρv is trivial,

for dimF H 1(Dv, ad ρ)∗ = dimFH 1(Dv, ad
0 ρ) − dimF Coker(H 0(Dv, ad ρ) ! H 0(Dv,F)),

where dimFH 1(Dv, ad
0 ρ) can be computed by the archimedean Euler-Poincare characteristic and

the local Tate duality

dimF ad
0 ρ − (dimH 0(Dv, ad

0 ρ) +H 0(Dv,HomF(ad
0 ρ,F)(1)))

(when p = 2, HomF(ad
0 ρ,F)(1) ' ad ρ/F), and where

dimFCoker(H 0(Dv, ad ρ)! H 0(Dv,F))

=


0 if p > 2,
1 if p = 2 and ρv is non-trivial,
0 if p = 2 and ρv is trivial.

2.3 Sp
Following [75], let R�,∆

v , for every place v above p, denote the quotient of R�
v ⊗̂O[[∆v ×∆v]] by

an ideal I�,∆
v parameterising (ρ, α(φ), (χ1, χ2)) where ρ is a lifting of ρv, α(φ) is a root of the

polynomial X 2 − tr ρ(φ) + det ρ(φ) = 0 and (χ1, χ2) is a pair of characters parameterised by
O[[∆v ×∆v]] satisfying the conditions

(I) tr ρ(σ) = χ1(σ) + χ2(σ) for σ in Iv,

(II) tr ρ(φ) = α(φ) + β(φ) where β(φ) denotes det ρ(φ)/α(φ),

(III) det(ρ(φ)− β(φ)) = 0,

(IV) 1 + det (χ2(σ)−1ρ(σ)) = tr (χ2(σ)−1ρ(σ)) for σ in Iv,

(V) (ρ(σ)− χ2(σ))(ρ(τ)− χ2(τ)) = (χ1(σ)− χ2(σ))(ρ(τ)− χ2(τ)) for σ, τ in Iv,

(VI) (ρ(φ)− α(φ))(ρ(σ)− χ2(σ)) = (β(φ)− α(φ))(ρ(σ)− χ2(σ)) for σ in Iv.

We firstly establish that R�,∆
v /λ is Cohen-Macaulay and reduced. To see this, we follow the

proof of Proposition 5 in [75] and let S�,∆
v /λ (resp. S�,∆

v [1/λ]) denote the quotient of the ring
of polynomials over F (resp. L) in 5[Fv : Qp] + 5 variables, by the ideal generated by the 2-by-2
minors of the 2 × (2[Fv : Qp] + 2) matrix. It follows from Theorem 2.7 (resp. Theorem 2.11) in
[14] that S�,∆

v /λ and S�,∆
v [1/λ] are Cohen-Macaulay (resp. reduced). In fact, these rings are often

known as determinantal rings and are known to be normal domains.
Any lifting of ρv parametrised by R�,∆

v factors through the Galois group Gv of the maximal
pro-p extension of Fv whose inertia subgroup Iv is abelian of exponent p. The structure (i.e. gen-
erators and relations) of Gv is given, for example, in Chapter VII, Section 5, of [65] or Section 5
of [60], while the quotient Gv/Iv is topologically generated by a Frobenius lift. Since Iv is abelian,
the ‘relations’ boil down to one single equation in the case when Fv contains a p-th root of unity,
leaving Iv freely generated by [Fv : Qp] elements (whether p is odd or not). It therefore follows
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that the map R�,∆
v /λ ! S�,∆

v /λ, defined explicitly in the proof of Proposition 5 in [75], is an
isomorphism.

It follows from Proposition 2.2.1 in [82] thatR�,∆
v is flat overO . Proposition 2.3.1 in [82] (resp.

Theorem 2.1.3 in [13]) then proves R�,∆
v is reduced (resp. Cohen-Macaulay).

SinceR�,∆
v [1/π] is isomorphic to a completion of S�,∆

v [1/π] and the latter is a normal domain,
it follows from the Zariski Main Theorem that R�,∆

v [1/π] (hence R�,∆
v ) is a normal domain. As a

result, SpecR�,∆
v /Γ is geometrically irreducible for a minimal ideal Γ of O[[∆v ×∆v]].

Lemma 6. Let (ρ : Dv ! GL2(R), α(φ), (χ1, χ2)) be a point of SpecR�,∆
v defined over an artinian

local O-algebra R (with residue field F). Suppose that
χ1

χ2

is neither trivial nor the cyclotomic character.

Then the localisation of R�,∆
v at the prime ideal defined by ρ is regular.

Proof. Since the completion of S�,∆
v isR�,∆

v , it suffices to establish that the localisation of S�,∆
v

at ρ is regular. To this end, we applyTheorem 2.6 in [14] to S�,∆
v . It remains to show that the prime

ideal corresponding to ρ does not contain the ideal generated by the 1 × 1 minors, i.e. the ideal
generated over O by the 5[Fv : Qp] + 5 variables. However, if it did contain the ideal, it follows
that χ1 and χ2 would have to be equal (see the proof of Proposition 5 in [75]). �

2.4 SQ ,N

Let N be an integer, assumed merely to be > 1 if p > 2 and assumed to be sufficiently large if
p = 2. For v in SQ ,N we consider the ‘Taylor-Wiles’ primes. Suppose that v satisfies NF/Qv ≡ 1
mod pN . Suppose that ρv is unramified, and is the direct sum of (unramified) characters χv,1, χv,2 :
Dv ! F× such that χv,1(Frobv) and χv,2(Frobv) are distinct. Then it follows from Hensel’s lemma
(see Lemma 2.44 in [25]) that every lifting ρ of ρv is of the form ρ = χv,1 ⊕ χv,2 of ρv such that
χv,1 (resp. χv,2) lifts χv,1 (resp. χv,2) and χv,2 is unramified. For a such v, we define the subspace
Lv ⊂ H 1(Dv, ad ρ) = H 1(Dv, adχv,1)⊕H 1(Dv, adχv,2) to be

Lv = H 1(Dv, adχv,1)⊕ ker
(
H 1(Dv, adχv,2)! H 1(Iv, adχv,2)

)
.

Existence of a set SQ ,N of such ‘Taylor-Wiles primes’ will be proved case-by-case in the follow-
ing.

2.5 SR and SL
Let v be a finite place of F not dividing p such thatNF/Qv ≡ 1 mod p. Suppose that

ρv : Dv ! GL2(F)

is trivial. Let ζ = (ζ1, ζ2) be a pair of characters Dv ! O× such that the reduction ζ1 : Dv !
O× ! F× (resp. ζ1 : Dv ! O× ! F×) of ζ1 (resp. ζ2) is trivial.

Wemay and will define the quotientR�
v /I

�,ζ
v to be the maximally reduced andO-flat quotient

of R�
v such that, for any finite extension K of L , HomL(K ,Rv/I�,ζ

v ) is in bijection with liftings
Dv ! GL2(R�

v ) ! GL2(K) of the trivial representation of ρv such that the semi-simplified

restriction to the inertia subgroup at v is given by

(
ζ1 0
0 ζ2

)
.

When ζ is trivial, i.e., both ζ1 and ζ2 are trivial, let I�,St
v denote the ideal of R�

v containing
I�,ζ
v such thatR�

v /I
�,St is reduced and O-flat andHomL(K ,R�

v /I
�,St
v ) parameterises the liftings
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ρ : Dv ! GL2(K) of trivial representation Dv ! GL2(F) which has inertial type (

(
1 0
0 1

)
,N )

for a non-trivial 2-by2matrixN of GL2(L) in the sense of [78]. Note that the non-triviality ofN
forces the image by ρ of the arithmetic Frobenius lift σ in Dv to have two eigenvalues with ratio
|Fv|, because ρWD(σ)N = |Fv|NρWD(σ).

Proposition 7. • R�
v /I

�,ζ
v is reduced, O-flat, Cohen-Macaulay of equi-dimension 4 over O ,

• Every irreducible component of SpecR�
v /I

�,ζ
v [1/p] is formally smooth over L ,

• R�
v /(I

�,ζ
v , λ) is reduced,

• The generic point of every irreducible component of R�
v /I

�,ζ
v has characteristic zero.

• If ζ is distinct, then R�
v /I

�,ζ
v is geometrically irreducible of dimension 4 over O .

• If ζ is trivial and L is sufficiently large, every minimal prime of R�
v /(I

�,ζ
v , λ) contains a unique

minimal prime of R�
v /I

�,ζ
v .

• If ζ is trivial, the arithmetic rank r(I�,ζ
v ), in the sense of [11] for example, is 2.

A similar set of statements holds for R�
v /I

�,St
v .

Proof. It follows from Exercise 18.13 in [36] and Proposition 5.8 (3) in [78] if p > 2 andCorollary
B.10 in [77] if p = 2 that R�

v /I
�,ζ
v is Cohen-Macaulay. When ζ is trivial, SpecR�

v /I
�,ζ
v is a union

of two types of universal rings, one for unramified liftings and the other for Steinberg liftings. The
fibre SpecR�

v /(I
�,ζ
v , λ) is reduced since it is covered by reduced schemes (because of Proposition

5.8 (3) in [78] if p > 2 and the proofs of Proposition B.8 and Proposition B.9 in [77] if p = 2; and
because a localisation of a reduced scheme remains reduced).

To prove the last statement, suppose that ζ is trivial. Let Iv denote the inertia subgroup of Dv

at v and Kv denote the kernel of the projection of Iv onto its maximal pro-p quotient (of rank 1).
The short exact sequence 1 ! Iv/Kv ! Dv/Kv ! Dv/Iv ! 1 splits, and let τ (resp. σ) denote a
topological generator of Iv/Kv ' Zp (resp. Dv/Iv ' Ẑ). Since ρv is trivial when restricted to Kv,
so is any lifting ρ : Dv ! GL2(R) of ρ over an objectR inC ; and ρ is determined by the images in
GL2(R) of τ and σ, subject to the condition that στσ−1 = τ|Fv|. It therefore follows thatR�

v /I
�,ζ

is given by the quotient of a power series ring in 4+4 variables with coefficients inO by the radical√
I of an ideal I generated by 2 + 4 relations (2 because of the characteristic polynomial of ρ(τ)

and 4 because of στσ−1 = τ|Fv|). The ideal I is the intersection of two ideals– one corresponding
to the ‘unramified’ liftings ρ with trivial ρ(σ) and the other I�,ζ,St corresponding to the ‘Steinberg’
liftings ρ with ρ(σ) satisfying |Fv|2(tr ρ(σ))2 = (|Fv| + 1)2det ρ(σ). Since

√
I is the intersection

of their radicals,
√
I defines I�,ζ

v and r(I�,ζ) = r(I ) = 8− 6 = 2. �

Let SR (resp. SL) denote the set of places v as in Proposition 7 with its corresponding deform-
ation condition defined by the ideal I�,ζ

v ⊂ R�
v (resp. I�,St

v ⊂ R�
v ). As in [83], we will use the

distinction between the cases– when ζ is trivial and when ζ is distinct– to ‘avoid Ihara’s lemma’.

2.6 SA
Lemma 8. We may and will find a finite place v of F such that

• v does not divide p,
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• if p > 2,NF/Qv is not congruent to 1mod p, ρv is unramified and ρ(Frobv) is has equal eigenvalues,

• if p = 2, ρv is unramified and ρ(Frobv) has distinct eigenvalues.

For a such v, R�
v (i.e. /I�v = ∅) parameterises the twists of unramified liftings of ρv and it reduced

and Cohen-Macaylay. Furthermore, R�
v /(λ, I

�
v ) is reduced.

Proof. When p > 2, see Proposition 5.5 (1) and Proposition 5.6 in (1) in [78]. When p = 2,
see the proof of Lemma 0.4 in [77]. Indeed, the assumptions on ρ(Frobv) force any lifting of ρv is
unramified (or equivalently, not of Steinberg type) up to twist. �

We let SA be a set of such primes v.

2.7 A�
Σ and B�

Σ

For every v in T , we let A�
v denote the quotient of Rv as defined above. In particular, we let

A�
Σp

= (
⊗̂

v∈Sp
A�
v )⊗̂O[[∆p×∆p]]Λ.

Let

A�
Σ = A�

Σp
⊗̂
⊗̂

v∈T−Sp
A�
v

and

B�
Σ = A�

Σp
⊗̂
⊗̂

v∈T−(Sp∪SR)
A�
v .

It follows from sections above that the set of minimal primes of B�
Σ is in bijection with the set

of minimal primes of Λ. This plays a role in computing the connectedness dimension of RΣ in
Proposition 9.

2.8 ρ

Definition. For any objectR inO , a continuous irreducible representationGal(F/F)! GL2(R)
is said to be dihedral if it doe snot factor through any abelian quotient, but its restriction to
Gal(F/E) does for some quadratic extension E over F . If this is the case, we say that it is E-
dihedral.

Let
S = Sp ∪ SR ∪ SL ∪ SA ∪ S∞

and suppose that |SL ∪ S∞| is even. Suppose that ρ : Gal(F/F)! GL2(F)

• is unramified outside S,

• is trivial at every place in Sp ∪ SR ∪ SL

• is unramified at every place v in SA ; if p > 2, we assume that NF/Qv is not congruent to
1 mod p and ρ(Frobv) has equal eigenvalues, while if p = 2, we assume that ρ(Frobv) has
distinct eigenvalues.
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2.9 Connected dimension

Proposition 9. Suppose that ζ is trivial. For the connected dimension c(RΣ) of RΣ in the sense of [11] or
[12],

c(RΣ) ≥ [F : Q] + γF − 2|SR| − 1

holds if ρ is not exceptional, while only

c(RΣ) ≥ [F : Q] + γF − 2|SR| − 2

holds if ρ is exceptional.

Proof. Since R�
Σ is a quotient of a power series in dimFH 1

Σ(F , ad ρ) variables over A�
Σ with

dimFH 1
Σ⊥(F , ad ρ(1)) relations, it follows from Corollary 19.2.1 in [11] that

c(R�
Σ) ≥ c(A�

Σ) + dimFH 1
Σ(F , ad ρ)− dimFH 1

Σ⊥(F , ad ρ(1))− 1
= c(A�

Σ) + dimFH 0
Σ(FS, ad ρ)− dimFH 0(FS, ad ρ(1))− [F : Q]− 1

by Proposition 5, where dimFH 0
Σ(FS, ad ρ) = 0 and dimFH 0(FS, ad ρ(1)) = 1 (resp. 2) if ρ is not

exceptional (resp. exceptional).
For a place v in SR , R�

v /I
�,ζ
v (where ζ is trivial) admits a presentation as the quotient of a

power series over O with 8 variables by by 6 relations (Section 3 in [83]). It therefore follows that
A�
Σ admits a presentation as the quotient of a power series over B�

Σ with 8|SR| variables by 6|SR|
relations. By Proposition 1.8 in [89],

c(A�
Σ) ≥ c(B�

Σ) + (8|SR| − 6|SR|)− 1.

On the other hand, since the set of minimal primes in BΣ and the set of minimal primes in Λ are
in bijection, one concludes as in the proof of Lemma 3.21 in [89] that

c(B�
Σ) ≥ dimB�

Σ/λ = (dimA�
Σ − 4|SR|)− 1.

Combining,

c(A�
Σ) ≥ dimA�

Σ − 2|SR| − 2 = 1 + (1 + 2[F : Q] + γF ) + 4|T | − 2|SR| − 2.

It therefore follows that

c(R�
Σ) ≥ c(A�

Σ)− dimFH 0(FS, ad ρ(1))− [F : Q]− 1
≥ ([2[F : Q] + γF + 4|T | − 2|SR|)− dimFH 0(FS, ad ρ(1))− [F : Q]− 1
= [F : Q] + γF + 4|T | − 2|SR| − dimFH 0(FS, ad ρ(1))− 1

and therefore

c(RΣ) ≥ [F : Q] + γF + 4|T | − 2|SR| − dimFH 0(FS, ad ρ(1))− 1− (4|T | − 1)
= [F : Q] + γF − 2|SR| − dimFH 0(FS, ad ρ(1))

�
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3 Modular forms and Hecke operators

LetD denote the quaternion algbera overF ramified exactly atSL∪S∞ (where |SL∪S∞| is assumed
to be even). Let G denote the algebraic group over F defined by D×. We fix a miximal order R
of D once for all and, for every finite place v not in SL , we fix an isomorphism (R ⊗OF OFv)

× '
GL2(OFv).

LetH = HomQ(F ,Qp) andHv = HomQp(Fv,Qp) for every place v above p.
For every finite place v of F , the preimage by

GL2(OFv) � GL2(OFv/v) = GL2(Fv)

of the subgroup of upper triangular (resp. unipotent) matrices

(
∗ ∗
0 ∗

)
(resp.

(
1 ∗
0 1

)
) inGL2(Fv)

will be denoted Bv (resp. B+
v ).

Fix a set ζ of characters

{
ζv =

(
ζv,1

ζv,2

)
: Bv/B+

v ! O×
}

v∈SR
and a pair of tuples (k, `) ∈

ZH × ZH . Define V ζ
(k,`) to be

V ζ
(k,`) =

⊗
v∈Sp

⊗
τ∈Hv

V(kτ,`τ)

⊗O

(⊗
v∈SR

O(ζv)

)

where V(kτ,`τ) denote the representation of GL2(OFv) on a finite free O-module, with action of
GL2(OFv) defined in terms of the induction of the representation of the upper triangular Borel
subgroup of weight (`τ, kτ − 2 + `τ).

For an O-algebra R, let Sζ
(k,`)(R) denote the space of functions:

f : G(F)\G(A∞
F )! V ζ

(k,`) ⊗O R.

If U is a subgroup of G(A∞) such that Uv ⊆ G(OFv) for every v in Sp and Uv ⊆ Bv for v in

SR , we letU acts on Sζ
(k,`)(R) by

(γf )(g) = (γp∪R)f (gγ)

where γp∪R is the projection of γ into the Sp ∪ SR-component.

Let Sζ
(k,`)(U ,R) denote the subset of functions f in Sζ

(k,`)(R) such that γf = f for every γ in

U . When ζ is trivial, we simply write S(k,`)(U ,R).

LetU [r],+
ΣQ ,N

(resp. U [r]
ΣQ ,N

) the open subgroupU of G(A∞) defined in terms of the deformation

data ΣQ ,N such that

• Uv, for v in Sp, is the subgroup of matrices in G(OFv) = GL2(OFv) which reduce mod the

r-th power of v to

(
∗ ∗
0 1

)
.

• Uv = G(OFv) for v in SL ,
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• Uv is the pre-image, by GL2(OFv) ! GL2(Fv), of the subgroup of matrices in GL2(F) of

the form

(
∗ ∗
0 ∗

)
(resp.

(
1 ∗
0 1

)
) for v in SR (resp. SA).

• Uv, for v in SQ ,N , is the subgroup of matrices in G(OFv) = GL2(OFv) which reduces mod v

to

(
∗ ∗
0 ∗

)
(resp. to

(
∗ ∗
0 ker

(
F×
v � ∆Q ,v

)) where∆Q ,v is the maximal pro-p quotient of

F×
v = (OF/v)

×).

By definitionU [r]
ΣQ ,N

is sufficiently small in the sense of Section 2.4 in [75] (see [75] and Lemma

3.2 in [70] when p = 2) and

U [r],+
ΣQ ,N

/U [r]
ΣQ ,N

'
∏

v∈SQ ,N

∆Q ,v.

For v not in S, we let Tv (resp. Sv) denote the Hecke operator acting on Sζ
(k,`)(U ,R) corres-

ponding to

(
πv 0
0 1

)
(resp.

(
πv 0
0 πv

)
). Themodule Sζ

(k,`)(U ,R) also comes equipped with action

of

• Uv (resp. Sv) for every place v above p corresponding to
(

πv 0
0 1

)
(resp.

(
πv 0
0 πv

)
) norm-

alised by multiplying
∏
τ∈Hv

τ(πv)
−`τ (resp.

∏
τ∈Hv

τ(πv)
−(kτ+2`τ−2)),

• for every place v above p, an element tv =
(
tv,1

tv,2

)
in the diagonal torus

(
O×

Fv
0

0 O×
Fv

)
naturally acts (without being normalised) and we follow Definition 2.23 in [42] to define

〈t〉 =
∏
v

t−1
v,2 tv =

∏
v

(
tv,1/tv,2

1

)

for t = (tv) in
∏
v

(
O×

Fv
0

0 O×
Fv

)
.

LetT(k,`),ΣQ ,N (U
[r]
ΣQ ,N

,R) denote theHecke algebra generated by the images inEndR(S
ζ
(k,`)(U

[r]
ΣQ ,N

,R))

of Tv and Sv for v not in S ∪ SQ ,N , Uv for v in Sp and the Sτ. When R = O , we shall not make
reference to R. When k = 2 and ` = 0, write 2 in place of (k, `).

For R = O or L/O , Section 2.4 in [42] defines the Hida idempotent e on

Sζ
(k,`)(U

[r]
ΣQ ,N

,R),

and
T(k,`),ΣQ ,N (U

[r]
ΣQ ,N

,R),

and we let
eSζ(UΣQ ,N ,R) = lim

r!
Sζ
(k,`)(U

[r]
ΣQ ,N

,R)

and
eTΣQ ,N (UΣQ ,N ,R) = lim

 r
eT2,ΣQ ,N (U

[r]
ΣQ ,N

,R).
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When SQ ,N = ∅, we simply write eSζ(UΣ,R) and eTΣ(UΣ,R) respectively. If R = O , we
make omit our reference to the coefficient R. Naturally, eSζ(UΣQ ,N ) and eTΣQ ,N (UΣQ ,N ) are Λ-
algebras via 〈 〉.

When ζ is trivial and it is necessary for us to emphasise it, we omit the reference to ζ in the
notation.

Given a maximal ideal of eTΣ(UΣ) for the deformation data Σ in which the set of characters
ζ is trivial, the congruence with eS(UΣ)/λ allows us to define the corresponding maximal ideal
𝔪 ⊂ eTΣ(UΣ) for any Σ as above (since ζ is trivial mod λ). Let𝔪Q ,N denote the pre-image of𝔪
by

eTΣQ ,N (UΣQ ,N ) � eTΣ(UΣ).

Lemma 10. • eSζ(UΣQ ,N ,L/O)∨𝔪Q ,N
is free over Λ of rank dimFeS2(U

[r]
Σ ,F) for sufficiently large

r.

• eSζ(UΣQ ,N ,L/O)∨𝔪Q ,N
/𝔪Λ, where𝔪Λ is the maximal ideal ofΛ, is isomorphic to eSζ(U [1]

ΣQ ,N
,F)∨𝔪Q ,N

.

Proof. See Proposition 2.20 in [42] for the first assertion– essentially, it follows from UΣQ ,N ⊂
UΣ being sufficiently small. The second assertion follows by definition. �

Suppose that ρ is modular, in the sense that ρ ' ρ𝔪 for a non-Eisenstein maximal ideal 𝔪 in
TΣ(UΣ). There exists a continuous representation

ρΣQ ,N : Gal(F/F)! GL2(eTΣQ ,N (UΣQ ,N )𝔪Q ,N )

lifting ρ, which is unramified outside S ∪ SQ ,N and which satisfies

tr ρΣQ ,N (Frobv) = Tv

and
det ρΣQ ,N (Frobv) = (NF/Qv)Sv

for every v not lying in S ∪ SQ ,N (where Frobv is a geometric Frobenius lift).

For every v in SQ ,N , the restriction of ρΣQ ,N at v is a lifting of a direct sum of unramified

characters χv,1, χv,2 : Dv ! T×
ΣQ ,N

. Let αv (resp. βv) be a root in eTΣQ ,N (UΣQ ,N )𝔪Q ,N of the

characteristic polynomial of ρΣQ ,N (Frobv), lifting χv,1(Frobv) (resp. χv,2(Frobv)) in F; this is given
by Hensel’s lemma. We define a ‘Hecke’ operator

Uπ : eSζ(U [r]
ΣQ ,N

,L/O)𝔪Q ,N ! eSζ(U [r]
ΣQ ,N

,L/O)𝔪Q ,N

corresponding to the matrix

(
1 0
0 π

)
where π is an element of Fv with non-negative valuation.

Define the quotient H ζ
ΣQ ,N

(UΣQ ,N ) of eS
ζ(UΣQ ,N ,L/O)∨𝔪Q ,N

to be the Pontrjagin of the sub-

module

H ζ
ΣQ ,N

(UΣQ ,N )
∨ =

 ∏
v∈SQ ,N

(Uπv − βv)

 eSζ(UΣQ ,N ,L/O)𝔪Q ,N ⊂ eSζ(UΣQ ,N ,L/O)𝔪Q ,N
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(πv is a uniformiser at v) cut out by the deformation dataΣQ ,N and the local Langlands correspond-
ence (see Section 4.2 in [42]). Analogously, one can define the quotient eSζ(U+

ΣQ ,N
,L/O)∨𝔪Q ,N

�

H ζ
ΣQ ,N

(U+
ΣQ ,N

) withU [r],+
ΣQ ,N

in place ofU [r]
ΣQ ,N

.

Wemay define the quotientH ζ
ΣQ ,N

(U [r]
ΣQ ,N

,O/λs) of eSζ(UΣQ ,N ,O/λs)𝔪Q ,N similarly;Hχ
ΣQ ,N

(UΣQ ,N ,O)

is the inverse limit ofH ζ
ΣQ ,N

(U [r]
ΣQ ,N

,O/λs).

There exists a character

χv : F×
v !

(
eTΣQ ,N (UΣQ ,N )𝔪Q ,N

)×
such that, for every π in Fv with non-negative valuation with respect to v, the operatorUπ acts on
HΣQ ,N (UΣQ ,N ,O) by χv(π); and the restriction of ρΣQ ,N at v in SQ ,N is of the form (χv ◦Art−1

Fv
)⊕

χv,2 where χv,2 is an unramified lifting of χv,2.

Let
TΣQ ,N ⊂ End(H ζ

ΣQ ,N
)

denote the image ofTΣQ ,N (UΣQ ,N )𝔪Q ,N in End(H ζ
ΣQ ,N

). When SQ ,N = ∅, we simply writeTΣ and

H ζ
Σ for TΣQ ,N andH ζ

ΣQ ,N
.

Let
H�,ζ

ΣQ ,N
= H ζ

ΣQ ,N
⊗RΣQ ,N

R�
ΣQ ,N

for which we writeH�,ζ
Σ when SQ ,N = ∅.

By definition,H ζ
ΣQ ,N

(U+
ΣQ ,N

) comes equippedwith action ofU [r],+
ΣQ ,N

/U [r]
ΣQ ,N

' ∆Q ,N :=
∏

v∈SQ ,N
∆Q ,v.

Proposition 11. • H ζ
ΣQ ,N

(UΣQ ,N ) is a finite free (hence flat) module over Λ[∆Q ,N ], and the coin-

variants ofH ζ
ΣQ ,N

(UΣQ ,N ) by O[∆Q ,N ] areH
ζ
ΣQ ,N

(U+
ΣQ ,N

).

• The map
(∏

v∈SQ ,N
(Uπv − βv)

)∨
: H ζ

ΣQ ,N
(U+

ΣQ ,N
,O) ! H ζ

Σ(UΣ,O), which sends φ ∈
H ζ

ΣQ ,N
(U+

ΣQ ,N
,O) = HomO(HΣQ ,N (UΣQ ,N )

∨,L/O) to the continuous homomorphism[
eSζ(UΣ,L/O)𝔪 ↪! eSζ(U+

ΣQ ,N
,L/O)𝔪Q ,N

∏
v(Uπv−χv,1(Frobv))−! HΣQ ,N (U

+
ΣQ ,N

)∨
φ
! L/O

]
∈ H ζ

Σ(UΣ,O),

is an isomorphism.

Proof. See Lemma 4.9 in [42]. For the second assertion, see also Lemma 3.2.2 in [22]. �

4 ρ is irreducible with insoluble image

Suppose that p > 2.

Lemma 12. Suppose that ρ is absolutely irreducible when restricted to Gal(F/F(ζp)). If p = 5 and the
projective image of ρ is isomorphic to PGL2(F5), we furthermore assume that the kernel of the projective
representation of ρ does not fix F(ζ5). For every N ≥ 1, there exists a finite set SQ ,N of finite places v of
F such that
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• NF/Qv ≡ 1 mod pN ,

• ρv is a direct sum of distinct unramified characters,

• |SQ ,N | = q = dimFH 1
Σ⊥(F , ad ρ(1)), i.e. |SQ ,N | is independent ofN ,

• if we let ΣQ ,N denote the deformation data

(S ∪ SQ ,N ,T , . . . , ),

then R�
ΣQ ,N

is topologically generated over A�
Σ by r = q− [F : Q]− 1 elements.

Proof. This is standard and follows from Proposition 5. See [75]. �

Suppose that p = 2. Let FN = F(ζ2N ) and K be the subfield of F fixed by ker ad ρ. Let KN

denote the compositum of K and FN .

Definition. Let Nkw be the largest integer amongst those N ≥ 2 such that the totally real
subfield of FN is contained in F .

We have an inflation-restriction exact sequence:

! H 0(Gal(FS/FN ), ad ρ(1)/F)! H 1(Gal(FN/F),F)! H 1(Gal(FS/FN ), ad ρ(1))!

and if ρ is irreducible with insoluble image,H 0(Gal(FS/FN ), ad ρ(1)/F) = 0 (Lemma 4.3 in [56]).
Recall, by definition,H 1

Σ⊥(FS, ad ρ(1)) to be the kernel of

H 1(Gal(FS/F), ad ρ(1))!
⊕
v

H 1(Dv, ad ρ(1))/L⊥
v

where the direct sum ranges over the union of S∞ and SQ ,N ; at every infinite place v of F , we have

L⊥
v =

(
H 1(Dv, ad ρ(1))/Lv

)∨ ⊂ H 1(Dv, ad ρ(1))∨ = H 1(Dv, ad ρ(1)),

with
dimFL⊥

v

=

{
0 if ρv is non-trivial,
1 if ρv is trivial,

while at v in SQ ,N , we have L⊥
v = H 1(Dv, ad ρ)⊥. Parenthetically, it follows from the local Euler

characteristic formula and the local duality, one sees dimH 1(Dv, ad ρ(1)) = dimH 1(Dv, ad ρ) is
0 (resp. 4) if ρv is non-trivial (resp. trivial).

Definition. As in Section 2, we defineH 1
ΣQ ,N

(FS,F) to be the subspace ofH 1(Gal(FS/F),F)
defined by local conditions Lv = H 1(Dv,F) at S∞ and SQ ,N (whether v is finite or not). It follows
from local Tate duality that, for infinite v, we have

dimFLv

=

{
0 if ρv is non-trivial,
1 if ρv is trivial,
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As in Section 2, we define the dual Selmer groupH 1
Σ⊥

Q ,N
(FS,F) as the kernel of

H 1(Gal(FS/F),F)!
⊕
v

H 1(Dv,F)/L⊥
v

where v ranges over S∞ and SQ ,N . The dimension dimFH 1
ΣQ ,N

(FS,F) is computed as

dimFH 1
Σ⊥

Q ,N
(FS,F) +H 0(FS,F)−H 0(FS,F(1))

+
∑

v∈S∞ dimFLv −
[
dimFH 0(Dv,F)−NF v/Fv

H 0(Dv,F)
]
+
∑

v∈SQ ,N
H 1(Dv,F)−H 0(Dv,F)

= dimFH 1
Σ⊥

Q ,N
(FS,F) + |SQ ,N |.

By definition,H 1
Σ⊥

Q ,N
(FS,F)maps to dimFH 1

Σ⊥
Q ,N

(FS, ad ρ(1)), and they are isomorphic if ρ is

irreducible with insoluble image (as observed above); in particular, under the assumption,

dimFH 1
Σ⊥

Q ,N
(FS,F) = dimFH 1

Σ⊥
Q ,N

(FS, ad ρ(1)).

Lemma 13. Suppose that ρ has insoluble image. For everyN ≥ Nkw, there exists a finite set SQ ,N of finite
places v of F such that

• NF/Qv ≡ 1 mod pN ,

• ρv is a direct sum of distinct unramified characters,

• |SQ ,N | = q, where q = dimFH 1
Σ⊥(F , ad ρ(1))− 2,

• if we let ΣQ ,N denote the deformation data

(S ∪ SQ ,N ,T , . . . , ),

then R�
ΣQ ,N

is topologically generated over A�
Σ by r = 2q− [F : Q] + 1 elements.

Proof. Because p = 2, the adjoint representation ad ρ is self-dual, i.e., ad ρ(1) ' ad ρ. Since ρ
has insoluble image,

H 1(Gal(KN/FN ), ad ρ(1)) = 0

(see Lemma 4.3 in [56] for example).
Suppose that φ is a class in H 1(Gal(FS/F), ad ρ(1)) which has a non-trivial restriction in

H 1(Gal(FS/FN ), ad ρ(1)), and therefore inH 1(Gal(FS/KN ), ad ρ(1)). In this case, we have

0! H 1(Gal(KN/FN ), ad ρ(1))! H 1(Gal(FS/FN ), ad ρ(1))! H 1(Gal(FS/KN ), ad ρ(1)),

whereH 1(Gal(KN/FN ), ad ρ(1)) = 0 andH 1(Gal(FS/KN ), ad ρ(1)) = Hom(Gal(FS/KN ), ad ρ(1)).
In particular, φ(Gal(FS/KN )) is a non-trivial Gal(KN/FN )-submodule of ad ρ(1). One may

then find an element γ of Gal(KN/FN ), hence of Gal(FS/FN ), satisfying the property that given
a non-trivial irreducibleGal(KN/FN )-module Z (the scalars inM2(F)) of ad ρ, the image ad ρ(γ)
of γ has an eigenvalue other than 1 and has an eigenvalue 1 on Z . It then follows that, either γ
or its shift by an element of φ(Gal(FS/KN )) satisfies the condition that φ(γ) is not contained in
(γ − 1)ad ρ. By the Cebotarev density theorem, γ gives rise to a finite place v of F such that
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• γ equals Frobv (up to conjugacy),

• NF/Qv ≡ 1 mod pN ,

• v splits completely in FN ,

• ρv is the direct sum of character χv,1 and χv,2 and the restriction of φ at v lies non-trivially
in

H 1(Dv/Iv, adχv,1(1)) = H 1(Dv/Iv, ad ρ(1))/L⊥
v ' F

Weapply the argument repeatedly to anF-basis ofH 1
Σ⊥(F , ad ρ(1)) ⊂ H 1(Gal(FS/F), ad ρ(1))

that restricts to a non-trivial class inH 1(Gal(FS/FN ), ad ρ(1)). The resulting subspaceH 1
Σ⊥

Q ,N
(F , ad ρ(1))

ofH 1
Σ⊥(F , ad ρ(1)) therefore lies in the kernel ofH 1(Gal(FS/F), ad ρ(1))! H 1(Gal(FS/FN ), ad ρ(1));

and the latter is isomorphic toH 1(FN ,F) by inflation-restriction, and dimFH 1(Gal(FN/F),F) =
2 forN > Nkw, since the maximal elementary abelian 2-quotient of Gal(FN/F) is of rank 2.

One can indeed establish that H 1
Σ⊥

Q ,N
(F , ad ρ(1)) equals the kernel H 1(Gal(FN/F),F); this

is in stark contrast to the setting in [87] whose Proposition 2.21 observes H 1
Σ⊥

Q ,N
(F , ad ρ(1)) is

strictly contained in H 1(Gal(FN/F),F) albeit under the assumption that there is at least one
infinite place v at which ρ is non-trivial. To see the equality in our setting, we observe, for every
infinite place v, the image of

H 1(Gal(FN/F),F)! H 1(Dv,F)
f
! H 1(Dv, ad ρ)

(FN is no longer totally real) lies in L⊥
v . It suffices to show that the image Im(f ) of f equals L⊥

v .
As f is part of the exact sequence

! H 1(Dv,F)
f
! H 1(Dv, ad ρ)

g
! H 1(Dv, (ad ρ)/F)!

with dual

 H 1(Dv,F)
f∨
 H 1(Dv, ad ρ)

g∨
 H 1(Dv, (ad ρ)/F)∨ = H 1(Dv, (ad

0ρ)∨(1)) = H 1(Dv, ad
0ρ) 

we see that Im(f )⊥ = coker(f ) = ker(f ∨) = Im(g∨) = Lv.
For v in SQ ,N ,

dimLv−dimFH 0(Dv, ad ρ) = dimH 1(Dv, ad ρ)−dimFH 0(Dv, ad ρ) = dimFH 0(Dv, ad ρ) = 2

It then follow fromProposition 5 that dimFH 1
ΣQ ,N

(F , ad ρ) is computed by dimFH 1
Σ⊥

Q ,N
(F , ad ρ(1))−

1 + 2|SQ ,N | − [F : Q] = 2 − 1 + 2q − [F : Q] = 2q − [F : Q] + 1, where |SQ ,N | = q =
dimFH 1

Σ⊥(F , ad ρ(1))− dimFH 1
Σ⊥

Q ,N
(F , ad ρ(1)) = dimFH 1

Σ⊥(F , ad ρ(1))− 2. �

Definition. When p = 2, we let∇Q ,N denote the group of characters of the Galois group of the
maximal abelian pro-p extension of F un ramified outside SQ ,N which are deformations/liftings of
the trivial character over F. This acts freely on R�

ΣQ ,N
‘by twisting’. As observed in Lemma 5.10 of

[56],∇Q ,N has rank dimFH 1
ΣQ ,N

(FS,F); if we let∇Q denote the O-algebra of dimFH 1
ΣQ ,N

(FS,F)-
copies of Zp, then we have a surjection∇Q ! ∇Q ,N .
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Definition. By slight abuse of notation, we let R�
ΣQ ,N

/∇Q ,N denote the subring of elements in

R�
ΣQ ,N

which are invariant under action of∇Q ,N . By definition,

dimR�
ΣQ ,N

/∇Q ,N = dimR�
ΣQ ,N

− dimFH 1
ΣQ ,N

(FS,F) = dimR�
ΣQ ,N

− (2 + |SQ ,N |)

Following Lemma 12 and Lemma 13, we let A�
ΣQ

denote the formal power series ring over A�
Σ

with r variables, with the variable chosen such that R�
ΣQ ,N

is a quotient of A�
ΣQ

:

A�
ΣQ
! R�

ΣQ ,N
.

If p = 2, we furthermore let A�,∇
ΣQ

denote the formal power series ring over A�
Σ with r−(2+q)

variables, similarly defining a surjection

A�,∇
ΣQ
! R�

ΣQ ,N
/∇Q ,N .

Let∆Q be the free Zp-module Zq of rank q. For everyN ,∆Q surjects onto

∆Q ,N =
∏

v∈SQ ,N

∆v.

Fix an isomorphism
Λ[[∆Q ]] ' Λ[[S1, . . . ,Sq]].

Let J denote the kernel of

Λ⊗̂R�[[∆Q ]] = Λ⊗̂R�[[S1, . . . ,Sq]]! Λ

which sends every variable in∆Q to 1 and all 4|T | − 1 variables in R� to 0.

Lemma 14. Let4 be a minimal ideal of Λ.

• If ζ is distinct (i.e. for every v in SR , ζv,1 and ζv,2 are distinct), then SpfA�
Σ ⊗ Λ/4 is O-flat and

geometrically irreducible of relative dimension over O

1 + 2[F : Q] + γF + 4|T |.

• If ζ is trivial (i.e. for every v in SR , ζv,1 and ζv,2 both trivial) and if L is sufficiently large, then
SpfA�

ΣΛ/4 is equi-dimensional of relative dimension over O

1 + 2[F : Q] + γF + 4|T |.

Furthermore,

• every minimal prime of A�
Σ ⊗ Λ/(4, λ) contains a unique prime of A�

Σ ⊗ Λ/4,

• A�
Σ is O-flat and Cohen-Macaulay,

• A�
Σ/λ is generically reduced.
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Proof. This follows from Section 2. See Lemma 9 in [75]. �

LetH�
ΣQ ,N

= HΣQ ,N ⊗O R�, and T�
ΣQ ,N

= TΣQ ,N ⊗O R� where TΣQ ,N is defined as in Section

3. The Taylor-Wiles ‘levelN -modules’

Λ⊗̂OR�[[∆Q ]]y
A�
ΣQ

= A�
Σ [[X1, . . . ,Xr]] −! R�

ΣQ ,N
−! T�

ΣQ ,N
⊂ End(H�

ΣQ ,N
)y y

RΣQ ,N −! TΣQ ,Ny y
RΣ −! TΣ

if p > 2 and R�
ΣQ ,N

/∇Q ,N (resp. A�,∇
ΣQ

) in place of R�
ΣQ ,N

(resp. A�
ΣQ

) if p = 2; and they ‘patch’

together to define

Λ⊗̂OR�[[∆Q ]]y
A�
ΣQ

−! R�
ΣQ

−! T�
ΣQ

⊂ End(H�
ΣQ

)y y y
RΣ −! TΣ ⊂ End(HΣ)

if p > 2 and

Λ⊗̂OR�[[∆Q ]]y
A�
ΣQ

−! R�
ΣQ

/∇Q −! T�
ΣQ

⊂ End(H�
ΣQ

)y y y
RΣ −! TΣ ⊂ End(HΣ)

Remark. When p = 2, action of∇Q is ‘twist’ by global characters, whilst action of∆Q mani-
fests itself as the ‘diamond’ operator.

Lemma 15.
H�

ΣQ ,∇/J ' HΣ.

Proof. Standard. �

Theorem 16. H�
ΣQ
, with trivial ζ , is a faithful module over A�

ΣQ
.

Proof. We sketch a proof, which is based on one for the similar assertion in [75]. Firstly, suppose
that p > 2. When ζ is distinct, for every minimal prime4 ofΛ, the Krull-dimension of irreducible
A�
ΣQ

/4 is

1 + r + (1 + 2[F : Q] + γF ) + 4|T |
= 1 + (q− [F : Q]− 1) + (1 + 2[F : Q] + γF ) + 4|T |
= 1 + q+ [F : Q] + γF + 4|T |.
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On the other hand, the A�
ΣQ

-depth ofH�
ΣQ

/4 is at least theΛ⊗̂R�[[∆Q ]]-depth ofH�
ΣQ

/4; as

H�
ΣQ

/4 is free as a (Λ⊗̂R�[[∆Q ]]/4)-module, the latter equals theKrull-dimension ofΛ⊗̂R�[[∆Q ]]

which is greater than or equal to

1 + (1 + [F : Q] + γF ) + 4|T | − 1 + q
= 1 + q+ [F : Q] + γF + 4|T |.

For a minimal prime 4 as above, it follows from Lemma 2.3 in [83] that H�
ΣQ

/4 is a nearly

faithful module over A�
ΣQ

/4 when ζ is distinct. By Lemma 2.2, 1, [83], H�
ΣQ

/(4, λ) is a nearly

faithful A�
ΣQ

/(4, λ)-module when ζ is trivial. It then follows from Lemma 2.2, 2, [83],H�
ΣQ

/4 is

a nearly faithful A�
ΣQ

/4-module when ζ is trivial. As this holds for any minimal prime4,H�
ΣQ

is

a nearly faithful A�
ΣQ

-module when ζ is trivial.

On the other hand, p and the generators of J define a system of parameters ofA�
ΣQ

, which indeed

is a regular sequence since A�
ΣQ

is Cohen-Macaulay. It therefore follows that A�
ΣQ

/λ is reduced and

the regularity of λ then establishes that A�
ΣQ

is reduced. It follows that H�
ΣQ

is indeed a faithful

module over A�
ΣQ

.

If p = 2, the Krull-dimension of A�
ΣQ

/4 is

1 + (r − 2− q) + (1 + 2[F : Q] + γF ) + 4|T |
= 1 + (2q− [F : Q] + 1− 2− q) + (1 + 2[F : Q] + γF ) + 4|T |
= 1 + q+ [F : Q] + γF + 4|T |;

and the A�,∇
ΣQ

-depth of H�
ΣQ

/4 is again at least the Λ⊗̂R�[[∆Q ]]-depth of H�
ΣQ

/4. The rest

follows similarly. �

Corollary 17. R�
ΣQ

/J ' RΣ is reduced andHΣ is a faithful RΣ-module. In particular, RΣ ' TΣ.

Proof. See [75]. The outline of the proof in [75] is as follows. Firstly, since H�
ΣQ

is a faithful

A�
ΣQ

-module and A�
ΣQ

/J is isomorphic to RΣ, it follows from Lemma 2.2 in [83] that H�
ΣQ

/J is a

nearly faithfulRΣ ' A�
ΣQ

/J-module. Therefore it suffices to prove thatA�
ΣQ

/J is reduced. To prove

thatA�
ΣQ

/J is reduced, one observes that (A�
ΣQ

/J)[1/p] is generically reduced; indeed, one canmake

appeal to Lemma 18 below to prove that the localisation of (A�
ΣQ

/J)[1/p] at its (any) minimal ideal,

containing J and p, is reduced. As A�
ΣQ

/J is Cohen-Macaulay, so is (A�
ΣQ

/J)[1/p], and therefore it is
reduced. SinceA�

ΣQ
/J is noetherian local, one sees that p isA�

ΣQ
/J-regular and therefore that A�

ΣQ
/J

is p-torsion free. As a result, A�
ΣQ

/J injects into the reduced ring (A�
ΣQ

/J)[1/p] and the reducedness
of A�

ΣQ
/J follows. The injectivity of the surjection RΣ � TΣ follows from the faithfulness of HΣ

as an RΣ-module. �

The following is due originally to Hu-Pǎskūnas [45]:

Lemma 18. Let R be a noetherian local ring and letM be a faithful, Cohen-Macaulay, finitely generated
R-module. Let r, r1, . . . , rN be a system of parameters ofR, let J denote the ideal generated by r1, . . . , rN
and let R = R/J andM = M ⊗R R/J . Suppose that

• M [1/r] is Cohen-Macaulay and faithful over R[1/r],
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• M [1/r] is a semi-simple R[1/r]-module,

• for every prime ideal∆ inR[1/r]which is the pre-image of amaximal ideal𝔪 that lies in SuppR[1/r](M [1/r]),
the localisation of R[1/r] at∆ is regular.

Then R[1/r] is reduced.

Proof. See Lemma 19 in [75]. �

5 ρ is irreducible with soluble image

5.1 ρ is not induced from a character of an imaginary quadratic extension of F
in which every place of F above p does not split completely

Suppose F satisfies the following conditions:

• [F : Q] is even,

• when

∗ p > 2

∗ the restriction of ρ to Gal(F/F(ζp)) is reducible (while ρ remains irreducible), hence ρ is
abelian when restricted to Gal(F/F+) for the quadratic extension F+ over F in F(ζp),

∗ F+ is imaginary over F ,

hold simultaneously, suppose that not every place in Sp splits completely in F+,

• when

∗ p = 2

∗ ρ has soluble image (while ρ remains irreducible), hence ρ is abelian when restricted to
Gal(F/E) for a quadratic extension E over F ,

∗ E is imaginary over F

hold simultaneously, suppose that not every place in Sp splits completely in E,

Definition. A prime ideal Γ of RΣ is said to be pro-modular if Γ contains the kernel of the
surjective homomorphism r = r(ρ) : RΣ ! TΣ; in which case, RΣ ! RΣ/Γ factors as

RΣ � RΣ/Γy x
TΣ

r−1

! RΣ/ker r

where the varical maps are both surjective and it is pro-modular in the sense of [81].

Definition. A prime Γ ofRΣ is said to be admissible if is is of dimension 1 and contains p and if
we let ρ = ρΓ : Gal(F/F)! GL2(R) where R = RΓ denotes the normalisation of the quotient
of R by Γ in its field K of fractions,
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• Γ is of dimension 1 and contains p; enlarging O if necessary, we may assume that R is iso-
morphic to a power series ring over F with a single variable, say π),

• ρ ⊗R K is irreducible,

• det ρ is of finite order,

• if p > 2 (resp. p = 2), then ρ is not F+-dihedral (resp. ρ is not dihedral),

• for every v in Sp (resp. SR) , the restriction ρv of ρ at v is reducible with distinct diagonal
characters (resp. is trivial),

• Γ is pro-modular.

Wefirstly assume that an admissible primeΓ ofRΣ exists– this will be proved in Proposition 32.

Following the discussion at the beginning of Section 7 in [80] (and Section 4.6 in [89]), we
may, and will, replace Λ by its finite faithfully flat extension in such a way that the natural map
Λ! RΣ gives rise to an isomorphism modulo Γ and is isomorphic to the formal power series ring
F[[π]], and the induced map on completed-localisation at Γ also defines an isomorphism on their
respective residue field (isomorphic to F[[π]]).

5.2 Selmer groups

Let R = F[[π]] and ρ : Gal(F/F)! GL2(R).

Definition. Given a module over R, by the order of an element of the module, we shall mean
the smallest power of π that annihilates it.

Let FN = F(ζpN ) and F∞ denote the union of the FN ’s. Following [22] and [89], we define
(dual) Selmer groups for ρ : Gal(F/F) ! GL2(R) that we are interested in: Fix a deformation
data

Σ = (S,T , (Lv)v∈S)

where it is assumed that S contains Sp and S∞, and while T = S − S∞ as before.

Suppose that SQ ,N is disjoint from S as in previous sections. Following [89] Section 5.2, define
H 1

ΣQ ,N
(F , ad ρ ⊗R R/πr) to be the cohomology group defined as in Section 2 in [75] with R/πr

in place of F, S ∪ SQ ,N in place of S (we write subspaces L(r)
v ⊂ H 1(Dv, ad ρ ⊗R R/πr) defined

analogously overR/πr at S ∪ SQ ,N ). Similarly defineH 1
Σ⊥

Q ,N
(F , ad ρ(1)⊗R R/πr) following Sec-

tion 2 in [75].

As r ≥ 1 varies, the H 1
ΣQ ,N

(F , ad ρ ⊗R R/πr) (resp. H 1
Σ⊥

Q ,N
(F , ad ρ(1) ⊗R R/πr)) defines a

direct system system, and let

H 1
ΣQ ,N

(F , ad ρ ⊗R K/R) = lim
r!

H 1
ΣQ ,N

(F , ad ρ ⊗R R/πr)

(resp. H 1
Σ⊥

Q ,N
(F , ad ρ(1)⊗R K/R) = lim

r!
H 1

Σ⊥
Q ,N

(F , ad ρ(1)⊗R R/πr))

25



denote the limit.

Proposition 19. Fix r.

H 1
ΣQ ,N

(F , ad ρ ⊗R R/πr) ' H 1
ΣQ ,N

(F , ad ρ ⊗R ⊗RK/R)[πr]

H 1
Σ⊥

Q ,N
(F , ad ρ(1)⊗R R/πr) ' H 1

Σ⊥
Q ,N

(F , ad ρ(1)⊗R ⊗RK/R)[πr]

Proof. By definition, for every integer r ≥ s, we have a commutative diagram:

0 0 0
# # #⊕

v∈T

H0(Dv, ad ρ ⊗ R/πs)
⊕
v∈T

H0(Dv, ad ρ ⊗ R/πr)
⊕
v∈T

H0(Dv, ad ρ ⊗ R/πr−s)

⊕ −! ⊕ πs−! ⊕⊕
v∈S∞

H0(Dv, ad ρ ⊗ R/πs)/N (s)
v

⊕
v∈S∞

H0(Dv, ad ρ ⊗ R/πr)/N (r)
v

⊕
v∈S∞

H0(Dv, ad ρ ⊗ R/πr−s)/N (r−s)
v

# # #

H1
ΣQ ,N

(F , ad ρ ⊗ R/πs) −! H1
ΣQ ,N

(F , ad ρ ⊗ R/πr)
πs−! H1

ΣQ ,N
(F , ad ρ ⊗ R/πr−s)

# # #

H1(FS , ad ρ ⊗ R/πs) −! H1(FS , ad ρ ⊗ R/πr)
πs−! H1(FS , ad ρ ⊗ R/πr−s)

where the direct sums in the first row range over T .
We firstly show that ker (H 1(FS, ad ρ ⊗ R/πs)! H 1(FS, ad ρ ⊗ R/πr)) = 0. This follows

from observing

0! H 0(FS, ad ρ⊗R/πs)! H 0(FS, ad ρ⊗R/πr)! H 0(FS, ad ρ⊗R/πr−s)! H 1(FS, ad ρ⊗R/πs)! · · ·

that the boundary map is indeed zero, for it is isomorphic to 0! R/πs ! R/πr
πs
! R/πr−s ! 0.

Granted, since ker (H 0(Dv, ad ρ ⊗ R/πs)! H 0(Dv, ad ρ ⊗ R/πr)) = 0 for v inT , and similarly
at v in S∞, it follows that

ker
(
H 1

ΣQ ,N
(F , ad ρ ⊗ R/πs)! H 1

ΣQ ,N
(F , ad ρ ⊗ R/πr)

)
= 0,

thereby
H 1

ΣQ ,N
(F , ad ρ ⊗ R/πs) ' H 1

ΣQ ,N
(F , ad ρ ⊗ R/πr)[πs].

For the second assertion, we similarly observe for r ≥ s, we have a commutative diagram

0 0 0
# # #

H1
Σ⊥

Q ,N
(F , ad ρ(1)⊗ R/πs) ! H1

Σ⊥
Q ,N

(F , ad ρ(1)⊗ R/πr) ! H1
Σ⊥

Q ,N
(F , ad ρ(1)⊗ R/πr−s)

# # #
H1(FS , ad ρ(1)⊗ R/πs) ! H1(FS , ad ρ(1)⊗ R/πr) ! H1(FS , ad ρ(1)⊗ R/πr−s)

# # #⊕
v∈SQ ,N

H1(Dv, ad ρ(1)⊗ R/πs)/L(s)⊥
v !

⊕
v∈SQ ,N

H1(Dv, ad ρ(1)⊗ R/πr)/L(r)⊥
v !

⊕
v∈SQ ,N

H1(Dv, ad ρ(1)⊗ R/πr−s)/L(r−s)⊥
v

⊕ ⊕ ⊕⊕
v∈S∞

H1(Dv, ad ρ(1)⊗ R/πs)/L(s)⊥
v

⊕
v∈S∞

H1(Dv, ad ρ(1)⊗ R/πr)/L(r)⊥
v

⊕
v∈S∞

H1(Dv, ad ρ(1)⊗ R/πr−s)/L(r−s)⊥
v
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Observe that for v in SQ ,N ∪ S∞,

ker
(
H 0(Dv, ad ρ(1)⊗ R/πs)/M (s)⊥

v ! H 0(Dv, ad ρ(1)⊗ R/πr)/M (r)⊥
v

)
= 0,

and
ker
(
H 1(Dv, ad ρ(1)⊗ R/πs)/L(s)⊥

v ! H 1(Dv, ad ρ(1)⊗ R/πr)/L(r)⊥
v

)
= 0.

It then follows that ker
(
H 1

Σ⊥
Q ,N

(FS, ad ρ(1)⊗ R/πr)! H 1
Σ⊥

Q ,N
(FS, ad ρ(1)⊗ R/πr)

)
is isomorphic

to
ker
(
H 1(FS, ad ρ(1)⊗ R/πr)! H 1(FS, ad ρ(1)⊗ R/πr)

)
.

On the other hand, the latter is zero as in the proof of the first assertion. It therefore follows that

H 1
Σ⊥

Q ,N
(F , ad ρ(1)⊗ R/πr)[πs] ' H 1

Σ⊥
Q ,N

(F , ad ρ(1)⊗ /πr)[πs].

Since
lim
!r

H 1
ΣQ ,N

(F , ad ρ ⊗ R/πr)[πs] ' H 1
ΣQ ,N

(F , ad ρ ⊗ K/R)[πs]

and
lim
!r

H 1
Σ⊥

Q ,N
(F , ad ρ(1)⊗ R/πr)[πs] ' H 1

Σ⊥
Q ,N

(F , ad ρ(1)⊗ K/R)[πs],

the assertions follow. �

Everything we need is proved in [1]. We give it a slightly different narrative to be consistent
with our approach. The underling space of ad ρ is the set of 2-by-2 matrices over R and let Z be
the normal subgroup of scalar matrices.

We have

H 1(Gal(KN/FN ), ad ρ(1))
#

0 ! H 1(Gal(FN/F),Z(1)) ! H 1(FS, ad ρ(1)) ! H 1(Gal(FS/FN ), ad ρ(1))
#

H 1(Gal(FS/KN ), ad ρ(1))

where the kernel H 1(Gal(FN/F),Z(1)) is zero if p > 2 and is of rank 2 over R if N > Nkw

(Lemma 3.2.3 in [1]; the result is theR/πr-analogue of the observations earlier dimFker(H 1(FS, ad ρ)!
H 1(Gal(FS/FN ), ad ρ)) = 2 in the proof of Lemma 13); and Gal(KN/FN ) is isomorphic to the
image of ρ.

Wewill be interested in a non-trivial class inH 1(FS, ad ρ)whose image inH 1(Gal(FS/FN ), ad ρ(1))
is non-trivial (if p > 2, then any class inH 1(FS, ad ρ) will be).

Let G = GL2 and G = SL2. Let ∆ ⊂ G(R) denote the image of ρ and ∆ denote ∆ ∩
G(R). If ρ is not dihedral (resp. is dihedral), then it follows from ρ being ‘p-distinguished’ with
its determinant of finite order (resp. from ρ being not dihedral) that ∆ ↪! G(R) ! G(F) has
non-trivial kernel, and it follows from Proposition 1.7.5 in [1] that ∆ is Zariski dense in G over
K . Since the image by ρ of a complex conjugation defines a non-trivial unipotent element in ∆,
it follows from Proposition 3.1.2 in [1], which is based on Theorem 0.2 in [71], that there exists a
sub-extension L of K of finite index and an algebraic group H over L such that ∆ is thought of
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as an open compact subgroup ofH(L) up to conjugation inG(L). By abuse of notation, we write
G (resp. K ) forH (resp. L). With these in mind, we think of∆ as an open compact subgroup of
G(R).

Lemma 20. There exists a non-negative integer e such that every non-trivialGal(FS/FN )-stable submodule
of (ad ρ/Z) ⊗ R/πr annihilated by πs, where s ≤ e, contains an element whose trace in R/πr does not
lie in πe(R/πr).

Proof. This is proved in Lemma 3.2.5 in [1].

Remark. This lemma plays the role of Lemma 6.5 in [80] when p > 2 and ρ is not dihedral, and
Lemma 2.5.2 in [79] when p > 2 and ρ is dihedral but not F+-dihedral.

On the other hand, it follows from H 0(Gal(KN/FN ), ad ρ/Z) = 0 (Lemma 3.1.4 in [1]) that
we have an exact sequence

0! H 1(Gal(KN/FN ),Z)! H 1(Gal(KN/FN ), ad ρ)! H 1(Gal(KN/FN ), ad ρ/Z)! · · · ,

where Lemma 3.5.1 in [1] proves that the image ofH 1(Gal(KN/FN ), ad ρ)! H 1(Gal(KN/FN ), ad ρ/Z)
is atmost rank 1 overR, and so is the image ofH 1(Gal(KN/FN ), ad ρ⊗R/πr)! H 1(Gal(KN/FN ), ad ρ/Z⊗
R/πr) over R/πr . Indeed, it is possible to prove

Lemma 21. There exists a non-negative integer s such thatπs annihilates the image ofH 1(Gal(KN/FN ), ad ρ⊗
R/πr) inH 1(Gal(KN/FN ), ad ρ/Z ⊗ R/πr).

Proof. Let ∆e denote the principal congruence subgroup of matrices in ∆ ⊂ G(R) which are
congruentmoduloπe to 1 inG(R/πe). Since∆ is open compact inG(R), there exists a sufficiently
large e such that∆ = Gal(KN/FN ) contains∆e.

Firstly we observe that the assertion is equivalent to establishing that πs annihilates the coker-
nel ofH 1(∆,Z ⊗R/πr)! H 1(∆, ad ρ⊗R/πr). This, in turn, is equivalent to establishing that
there exists a non-negative integer s such that πs annihilates the cokernel of the composite

H 1(∆,Z ⊗ R/πr)! H 1(∆, ad ρ ⊗ R/πr)! H 1(∆e, ad ρ/Z ⊗ R/πr).

Since H 1(∆,Z ⊗ R/πr) ! H 1(∆, ad ρ ⊗ R/πr) is injective, it suffices to show that the kernel
of the composite H 1(∆, ad ρ ⊗ R/πr) ! H 1(∆e, ad ρ/Z ⊗ R/πr) is H 1(∆,Z ⊗ R/πr). If N
is an open normal subgroup of∆ contained in∆e, then the subspace of N -invariants of ad ρ/Z is
trivial, and therfore the composite

H 1(∆, ad ρ/Z ⊗ R/πr)! H 1(∆e, ad ρ/Z ⊗ R/πr)! H 1(N , ad ρ/Z ⊗ R/πr)

is injective (since theN -invariants of ad ρ/Z is trivial); it therefore follows thatH 1(∆, ad ρ/Z ⊗
R/πr)! H 1(∆e, ad ρ/Z⊗R/πr) is injective. The kernel ofH 1(∆, ad ρ⊗R/πr)! H 1(∆, ad ρ/Z⊗
R/πr) ! H 1(∆e, ad ρ/Z ⊗ R/πr) is computed by the kernel of H 1(∆, ad ρ ⊗ R/πr) !
H 1(∆, ad ρ/Z ⊗ R/πr) which isH 1(∆,Z ⊗ R/πr).

Letφ be a class in the image ofH 1(Gal(KN/FN ), ad ρ⊗R/πr) inH 1(Gal(KN/FN ), ad ρ/Z⊗
R/πr). Step 1, Step 2 and Step 3 in the proof of Lemma 3.1.6 in [1] then show that there exists a
non-negative integer s such that πsφ is uniquely determined by its restriction to∆e, and that it is
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indeed zero. �

Remark. When p > 2 and ρ is not dihedral, this is proved in Lemma 6.9 in [80]. If p > 2 and
ρ is dihedral but not F+-dihedral, this is proved in Lemma 2.5.3 in [79].

Proposition 22. There exists an integer e > 0 such that, given a class φ inH 1(FS, ad ρ(1)⊗ R/πr) of
order s(φ) > ewhich maps to a non-trivial class inH 1(Gal(FS/FN ), ad ρ(1)⊗R/πr) (whereN > Nkw

if p = 2) of order s(φ), then there exists a place v of F such that

• NF/Qv ≡ 1 mod pN ,

• ρ is unramified at v and ρ(Frobv) has distinct eigenvalues,

• the trace of the Frobv-equivariant projection to a chosen eigenspace of φ(Frobv) ⊂ ad ρ ⊗ R/πr

has order s(φ)− e.

Proof. Let φN denote the image of φ inH 1(Gal(FS/FN ), ad ρ(1)⊗R/πr), and ϕN denote the
image of φN in the Gal(KN/FN )-invariant subspace ofH 1(Gal(FS/KN ), ad ρ(1)⊗ R/πr).

It suffices to prove that there is a non-negative integer e such that given a non-trivial class φN

inH 1(Gal(FS/FN ), ad(1)⊗R/πr), then there is γ inGal(FS/FN ) such that ρ is unramfied at γ .
If an eigenvalue of ρ(γ) is chosen, then the trace τ(φN ) of the γ-equivariant projection onto the
corresponding eigenspace has order at least s(φ)− e.

Suppose thatϕN is trivial; in which case, it defines a class inH 1(Gal(KN/FN ), ad ρ⊗R/πr). If
itmaps trivially toH 1(Gal(KN/FN ), ad ρ/Z⊗R/πr), then it defines an element ofH 1(Gal(KN/FN ),Z⊗
R/πr) and the assertion is proved in (a) of Lemma 3.2.9 of [1]. As φN has exact order s(φ), one
can choose an element γ of Gal(FS/FN ) such that φN (γ) has order s(φ) in R/πr . Thinking of
φN as a homomorphism from Gal(FS/FN ) to Z(1) ⊗ R/πr , one may and will find an element g
in kerφN such that ρ(gγ) has distinct eigenvalues. Choose one eigenvalue. If τ denotes the map
taking the trace of the γ-equivariant projection onto the eigenspace for the chosen eigenvalue,
τ(φN (gγ)) = τ(φN (g)) + τ(φN (γ)) = τ(φN (γ)) has order s(φ) by construction. The place v
corresponding to gγ proves the assertion.

Suppose thatϕN is trivial but defines a non-trivial class inH 1(Gal(KN/FN ), ad ρ/Z⊗R/πr).It
follows from Lemma 21 that there exists a positive integer s such that πsφN defines a class in
H 1(Gal(KN/FN ),Z ⊗ R/πr) of order at least s(φ) − s. An argument similar to the one seen
above proves the assertion.

Suppose that ϕN is non-trivial; this is proved by (c) of the proof of Lemma 3.2.9 in [1]. It
defines either a trivial, or a non-trivial, class in H 1(Gal(FS/KN ), ad ρ/Z ⊗ R/πr). If it defines
a trivial class, then ϕN defines a class in H 1(Gal(FS/KN ),Z ⊗ R/πr) and an argument similar
to the one seen above proves the assertion. We therefore assume that we have a non-trivial class
inH 1(Gal(FS/KN ), ad ρ/Z⊗R/πr). Since πs annihilatesH 1(Gal(KN/FN ), ad ρ/Z) by Lemma
21, it follows that ϕN has order at least s(φ) − s. Thinking of ϕN as a homomorphism ϕN :
Gal(FS/KN ) ! ad ρ/Z ⊗ R/πr whose image is Gal(FS/FN )-invariant, it follows from Lemma
20 that the image contains an element g whose trace is of order at least s(φ)− e.

We then find γ in Gal(FS/FN ) such that ρ(γ) has distinct eigenvalues. Choose one of the
eigenvalues and let τ denote the correspondingmap as before. If τ(φ(γ)) has order at least s(φ)−e,
then we are done. If not, τ(φ(gγ)) = τ(φ(γ)) + τ(φ(g)) has order at least s(φ) − e. By the
Chebotarev density theorem, we find v such that Frobv defines γ or γg. �

29



Corollary 23. For every N when p > 2 and for every N > Nkw if p = 2, there exists a set SQ ,N of
primes v as above such that

• |SQ ,N | = q where q = dimFH 1
Σ⊥(F , ad ρ(1)) if p > 2 and q = dimFH 1

Σ⊥(F , ad ρ(1))− 2 if
p = 2;

• when p > 2, H 1
Σ⊥

Q ,N
(FS, adρ(1) ⊗R L/R) is a finite R-module bounded independently of N ,

while when p = 2,
H 1

Σ⊥
Q ,N

(FS, ad ρ(1)⊗R R/πr) � (R/πr)

holds for every r.

•
H 1

ΣQ ,N
(FS, ad ρ ⊗R K/R) ' (K/R)r ⊕ XΣQ ,N

holds, where XΣQ ,N is a finite R-module with |XΣQ ,N | bounded independently of N , and where
r = q− [F : Q]− 1 (resp. r = 2q− [F : Q] + 1) if p > 2 (resp. p = 2).

Proof. Repeatedly apply Lemma 12 (resp. Lemma 13) to a set of q classes, of order r, inH 1
Σ⊥(F , ad ρ(1)⊗

R/πr) which map to non-trivial classes inH 1(Gal(FS/FN ), ad ρ⊗R/πr)) if p > 2 (resp. p = 2).
In the light of Proposition 19, this proves that H 1

Σ⊥
Q ,N

(F , ad ρ ⊗R K/R) is a finite R-module of

order independent ofN when p > 2; when p = 2, the second assertion further requires arguments
as in Lemma 13.

To deduce the third assertion, one observes that an analogue of Proposition 5 holds with ρ ⊗
R/πr in place of ρ and one therefore sees that rkH 1

ΣQ ,N
(FS, ad ρ⊗RR/πr) (where by rk, we mean

the exponent, with respect to r, of the cardinality of what follows) is computed by

rkH 1
Σ⊥

Q ,N
(F , adρ(1)⊗R R/πr)− 1− [F : Q] +

∑
v∈SQ ,N

1 = q− [F : Q]− 1

where |SQ ,N | = q = dimFH 1
Σ⊥(F , ad ρ(1)) if p > 2, and

rkH 1
Σ⊥

Q ,N
(F , ad ρ(1)⊗R R/πr)− 1− [F : Q] +

∑
v∈SQ ,N

2

= 2− 1− [F : Q] + 2q = 2q− [F : Q] + 1

where |SQ ,N | = q = dimFH 1
Σ⊥(F , ad ρ(1))−dimFH 1

Σ⊥
Q ,N

(F , ad ρ(1)) = dimFH 1
Σ⊥(F , ad ρ(1))−

2 if p = 2. �

5.3 Patching and localised R = T

Definition. For a ring R and a prime ideal Γ, let RΓ denote the completion at the maximal ideal
of the localisation of R at Γ.

The universal representation Gal(F/F)! GL2(RΣ) specialises to a representation

ρΓ : Gal(F/F)! GL2(R)

over R = F[[π]]. Let µΣQ ,N
denote the kernel of R�

ΣQ ,N
! RΣ ! R. Let µ denote the pre-image

of µΣQ ,N
in A�

Σ by the map A�
Σ = A�

ΣQ ,N
! R�

ΣQ ,N
.
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By slight abuse of notation, let A�,Γ
Σ (resp. R�,Γ

ΣQ ,N
) denote the completion of the localisation

of A�
Σ (resp. R�

ΣQ ,N
) at µ (resp. µΣQ ,N

). We let A�,Γ
ΣQ

= A�,Γ
Σ [[X1, . . . ,Xr]] and, if p = 2, we

furthermore let A�,∇,Γ
ΣQ

= A�,Γ
Σ [[X1, . . . ,Xr−(q+2)]].

Proposition 24. Let r be an integer defined in Corollary 23. If p > 2 (resp. p = 2), then, for every N
(resp. for every N > Nkw), there is an isomorphism of R-mdoules between µΣQ ,N

/(µ + µ2
ΣQ ,N

) and

Rr ⊕ XΣQ ,N for some R-module XΣQ ,N with |XΣQ ,N | bounded independently ofN .

Proof. One can argue as in the proof of Corollary 5.7 in [89] that

HomR(µΣQ ,N
/(µ+ µ2

ΣQ ,N
),K/R) ' H 1

ΣQ ,N
(F , ad ρ ⊗R K/R)

as R-modules. Hence the assertion follows from Corollary 23. �

We may and will let the surjective A�
Σ -algebra homomorphism

A�,Γ
ΣQ

−! R�,Γ
ΣQ ,N

be defined such that the r formal variables in A�
ΣQ

map to µΣQ ,N
and define the maximal R-free

quotient of µΣQ ,N
/(µ+ µ2

ΣQ ,N
). When p = 2, this furthermore induces

A�,∇,Γ
ΣQ

−! R�,Γ
ΣQ ,N

/∇Q ,N .

By patching, we haveA�
ΣQ

⊗̂Λ⊗̂OR�[[∆Q ]]-moduleH�
ΣQ

which is free overΛ�
Q . Let

[
R�[[∆Q ]]⊗̂Λ

]Γ
denote the completed localisation of Λ⊗̂OR�[[∆Q ]] at the pre-image of Γ in Λ⊗̂OR�[[∆Q ]]; sim-

ilarly define the completed localisations R�,Γ
ΣQ

,H�,Γ
ΣQ

, and A�,Γ
ΣQ

at the respective images of Γ.[
R�[[∆Q ]]⊗̂Λ

]Γy
A�,Γ
ΣQ

−! R�,Γ
ΣQ

−! T�,Γ
ΣQ

⊂ End(H�,Γ
ΣQ

)y y
RΓ

Σ −! TΓ
Σ

if p > 2. We obtain a similar diagram with R�,Γ
ΣQ

/∇Q (resp. A�,∇,Γ
ΣQ

) in place of R�,Γ
ΣQ

(resp. A�,Γ
ΣQ

)

if p = 2.

Proposition 25. Suppose the conditions in the preceding lemma. Suppose furthermore that, for every N if
p > 2, or every N > Nkw when p = 2, there exists a set SQ ,N as in Corollary 23. ThenHΓ

Σ is a faithful
RΓ

Σ-module. As a result, R
Γ
Σ � TΓ

Σ is an isomorphism.

We need a few lemmas.

Lemma 26. • H�,Γ
ΣQ

is a free module over
[
R�[[∆Q ]]⊗̂Λ

]Γ
.

• H�,Γ
ΣQ

/J ' HΓ
Σ .

• A�,Γ
ΣQ
! R�,Γ

ΣQ
(resp. A�,∇,Γ

ΣQ
! R�,Γ

ΣQ
/∇Q ) is surjective.
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Proof of the lemma. The first assertion is standard. The second assertion can be proved as in
Lemma 15.

To prove the third, it suffices to establish that the relative tangent space vanish after⊗RK . By
Proposition 24, the patching argument ‘spends’ the free R-part of µΣQ ,N

/(µ + µ2
ΣQ ,N

) in taking

the limit, and the relative tangent space is consequently a finite R-torsion module. This evidently
turns zero when ⊗RK . �

Suppose that ρ = ρΓ : Gal(F/F)! GL2(R) is

• reducible at every place in Sp with distinct diagonal characters,

• trivial at every place in SR ,

• unramified at every place v in SL and ρ(Frobv) is a scalar in 1 +𝔪R ,

• unramified at every place v in SA and ρ(Frobv) has equal (resp. distinct) eigenvalues if p > 2
(resp. p = 2).

One can make a finite totally real soluble base change to ascertain ρ is ‘Steinberg’ at every
place in SL without further expenditure of effort (the image by ρ of a generator of the p-part of
the tame inertia subgroup at v in SL is unipotent, hence of finite p-power order; while the image
of the inertia subgroup at v is finite), but it is not possible to do so similarly at SR . It is for this
reason we ‘prescribe’ Γ with the property that ρΓ is trivial at every place in SR– it is under these
assumptions that one can establishAΓ

Σ andRΓ
Σ, rather than their quotientsAΣ/Γ andRΣ/Γ, satisfy

ring-theoretic properties one needs to prove a localised R = T theorem.

Lemma 27. If the characters ζ at SR are distinct (resp. trivial), then for every minimal ideal4 of Λ, the

quotient A�,Γ
Σ /4 is O-flat and geometrically irreducible (resp. equidimensional) of dimension

q+ 1 + [F : Q] + γF + 4|T |,

where T = Sp ∪ SR ∪ SL ∪ SA . Furthermore, when ζ is trivial and L is sufficiently large,

• A�,Γ
Σ [1/p] is regular, A�,Γ

Σ is Cohen-Macaulay, and A�,Γ
Σ /λ is generically reduced.

• every minimal prime of A�,Γ
Σ /(4, λ) contains a unique minimal prime of A�,Γ

Σ /4.

Remark. The same set of assertions hold with A�
ΣQ

in place of A�
Σ .

Proof. This follows the proof of Lemma 3.4 in [89], but we shall sketch a proof. Firstly, checking
properties of A�

Σ remain unchanged in passing to the faithful base change, as alluded at the end of
Section 5.1 will be left as an exercise for readers.

For every v in T , we let A�
v denote the quotient ofRv as defined in Section with maximal ideal

𝔪�
v . Let

A�
Σp∪ΣA

= A�
Σp
⊗̂
⊗̂

v∈SA
A�
v ,

where, to recall, A�
Σp

denotes (
⊗̂

v∈SpA
�
v )⊗̂O[[∆p×∆p]]Λ and

A�
ΣL∪ΣR

=
⊗̂

v∈SL∪SR
A�
v .
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Twisting by the inverse of an unramified character of Dv which sends Frobv to the scalar value
of ρΓ(Frobv) at every v in SL gives rise to a map

ζ : A�
Σ ! A�

Σ .

Let Γζ denote the image of Γ = ΓΣ by ζ . We then have

A�,Γ
Σ ' A�,Γζ

Σ .

We let Γζ
Σp∪ΣA

denote ker(A�
Σ ! A�

Σp∪ΣA
! R) and Γζ

ΣL∪ΣR
= ker(A�

Σ ! A�
ΣL∪ΣR

!⊗̂
v∈SL∪SRF) =

⊗̂
v∈SL∪SR𝔪

�
v . It follows that Γ

ζ is identified with

ker(A�
Σ ! A�

Σp∪ΣA
⊗̂(
⊗̂

v∈SL∪SR
F)! R)

and the latter is generated by Γζ
Σp∪ΣA

and Γζ
ΣL∪ΣL

. Hence

A�,Γζ

Σ ' A�,Γζ

Σp∪ΣA
⊗ A�,Γζ

ΣL∪ΣR
' A�,Γζ

Σp∪ΣA
⊗ A�

ΣL∪ΣR

where, by slight abuse of notation, A�,Γζ

Σp∪ΣA
(resp. A�,Γζ

ΣL∪ΣR
) denotes the completed localisation of

A�
Σp∪ΣA

(resp. A�
ΣL∪ΣR

) at Γζ
Σp∪ΣA

(resp. Γζ
ΣL∪ΣL

). It suffices to understand A�,Γζ

Σp∪ΣA
.

For each minimal prime 4 of Λ, we observe that (A�
Σp∪ΣA

/4)Γ
ζ
is formally smooth over

(Λ/4)Γ. This follows by computing the relative tangent space of (Λ/4)Γ ! (A�
Σp∪ΣA

/4)Γ
ζ
.

As a result, we may conclude that (A�
Σp∪ΣA

/4)Γ
ζ
is a regular local ring.

We observe Spec
[
(A�,Γζ

Σp∪ΣA
/4)⊗̂AΣL∪ΣR

]
[1/p] is connected, hence so is Spec

[
A�,Γζ

Σ /4
]
[1/p];

on the other hand, Spec
[
A�,Γζ

Σ /4
]
[1/p] is regular. Combining, we see that Spec

[
A�,Γζ

Σ /4
]
[1/p]

is a domain, and the first assertion follows from this. To see that Spec
[
A�,Γζ

Σ /4
]
[1/p] is regular, it

suffices to show that Spec
[
A�,Γζ

Σp∪ΣA
/4
]
[1/p] is regular; in fact, it is enough to show Spec

[
A�
Σ,Γζ/4

]
[1/p]

because of the observation that the map[
A�
Σ,Γζ/4

]
[1/p]!

[
A�,Γζ

Σ /4
]
[1/p]

is faithfully flat and regular, and Theorem 32.2 in [62]. The regularity of Spec
[
A�
Σ,Γζ/4

]
[1/p]

follows from results in Section 2.3.
Since A�

Σ is Cohen-Macaulay, it follows from Theorem 2.1.3 in [13] for example that the loc-
alisation of A�

Σ at Γ is Cohen-Macaulay. Since the morphism passing from the localisation to its

completion is regular, the completion A�,Γ
Σ is Cohen-Macaulay.

It follows from results in Section 2.3 that A�
Σp
/(4, λ) is generically reduced. By Lemma 3.3 in

[8], this proves that A�
Σ/(4, λ) is generically reduced. Furthermore, it follows that the localisation

of A�
Σ at Γ is generically reduced. Since it is excellent, the completion A�,Γ

Σ is generically reduced.
It follows from Lemma 3.3 in [8] that every prime of the localisation of A�

Σ at Γ, minimal
amongst those containing λ, contains a unique minimal prime of the localisation. To pass to the
completion, we make appeal to Proposition 1.6 in [89]. �
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Proof of the proposition. Let 4 denote a minimal ideal of Λ. We observe that the A�,Γ
ΣQ

/4-

depth of H�,Γ
ΣQ

/4 is greater than and equal to the (
[
R�[[∆Q ]]⊗̂Λ

]Γ
/4)-depth of H�,Γ

ΣQ
/4; by

the freeness, the latter equals the Krull dimension of
[
R�[[∆Q ]]⊗̂Λ

]Γ
/4 which is

(1 + [F : Q] + 2 + γF ) + 4|T |+ q− [F : Q]
= q+ 1 + [F : Q] + γF + 4|T |

where T = Sp ∪ SR ∪ SL ∪ SA .

It then follows fromLemma 27 that, when ζ is distinct,H�,Γ
ΣQ

/4 is nearly faithful overA�,Γ
ΣQ

/4.

By Lemma 2.2 in [83],H�,Γ
ΣQ

/(4, λ) is nearly faithful over A�,Γ
ΣQ

/(4, λ) in the case when ζ is trivial.

By Lemma 2.2 in [83] again,H�,Γ
ΣQ

/4 is nearly faithful over A�,Γ
ΣQ

/4 and thereforeH�,Γ
ΣQ

is nearly

faithful over A�,Γ
ΣQ

. By Lemma 2.2 in [83], H�,Γ
ΣQ

/J ' HΓ
Σ is nearly faithful over A�,Γ

ΣQ
/J ' A�,Γ

Σ .

Note that A�,Γ
Σ ' A�,Γ

ΣQ
/J ' R�,Γ

ΣQ
/J ' RΓ

Σ.

On the other hand, one observes that p and the generators of J define a regular sequence ofA�,Γ
ΣQ

.

One then concludes, as in the proofs of Theorem 16 and Corollary 17 that RΓ
Σ[1/p] ' A�,Γ

Σ [1/p]
is reduced. On the other hand, R�,Γ

ΣQ
' A�,Γ

ΣQ
is a noetherian local Cohen-Macaulay ring and p is

R�,Γ
ΣQ

/J-regular,RΓ
Σ is p-torsion free and one concludes thatRΓ

Σ injects intoRΓ
Σ[1/p] and therefore

that RΓ
Σ is reduced. Because of this, the nearly faithfulness of HΓ

Σ over RΓ
Σ is promoted to the

faithfulness. �

Proposition 28. Any prime contained in an admissible prime Γ in RΣ is pro-modular.

Proof. By definition, Γ contains J = ker(r : RΣ � TΣ). It suffices to show that a minimal
prime4, contained in Γ, contains J . By Proposition 25, JRΓ

Σ = 0. Since RΣ,Γ ! RΓ
Σ, where RΣ,Γ

denote the localisation of RΣ at Γ, is faithfully flat, JRΣ,Γ = 0. It therefore follows that the ideal
JRΣ,4 of the localisation RΣ,4 is 0, and J ⊂ 4. �

5.4 Finding Γ

Lemma 29. Suppose that E is a quadratic extension of F in which not every place of F above p splits
completely; and suppose that ρ is E-dihedral. If Γ ⊂ RΣ is a prime as defined at the beginning of Section
5, then the lifting ρΓ of ρ over RΓ is not dihedral.

Proof. If ρΓ were dihedral, it would beE-dihedral and it would follow from Lemma 2.2.1 in [79]
that every prime of F above p splits completely in E . This contradicts the assumption on E . �

When the quadratic extension E, from which ρ is induced, is totally real over F (e.g. E =
F+ ⊂ F(ζp) when p > 2), it is possible to allow every place of F above p to split completely in E .
In fact, it is possible to ascertain that ρΓ is not E-dihedral at all (even if it is still dihedral). To this
end, letE be a totally real quadratic extension of F and letES denote the maximal pro-p-extension
of E unramified outside the places above S such that Gal(E/F) acts non-trivially on Gal(ES/E).

Suppose that E = (E ∩ A(Q))F where A(Q) is the maximal abelian extension of Q.

Lemma 30. The Zp-rank rkGal(ES/E) of Gal(ES/E) satisfies rkGal(ES/E) ≤ [F : Q] − [F ∩
A(Q) : Q].
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Proof. By assumption,E∩A(Q) is a abelian, totally real quadratic extension ofF∩A(Q). Hence
the Z-rank of (E∩A(Q))× is 2[F ∩A(Q) : Q]−1, and the subgroup Γ of the units (E∩A(Q))×

on which Gal((E ∩ A(Q))/(F ∩ A(Q))) acts non-trivially has Z-rank 2[F ∩ A(Q) : Q] − 1 −
([F ∩ A(Q) : Q] − 1) = [F ∩ A(Q) : Q]. It follows from the Leopoldt ‘conjecture’ for abelian

extensions of Q that the closure Γ of Γ in the p-adic completion O
×
E of O×

E where Gal(L/F) acts
non-trivially, has rank at least [F ∩A(Q) : Q]. We then deduce that rkGal(ES/E) = rkO

×
E/Γ ≤

[F : Q]− [F ∩ A(Q)]. �

Lemma 31. If I be an ideal of RΣ such that

• the determinant of ρI : Gal(F/F)! GL2(RΣ)! GL2(RΣ/I ) is of finite order,

• the Krull dimension dimRΣ/I > ([F : Q]− [F ∩ A(Q) : Q]) + 1,

then ρI is not E-dihedral for any totally real quadratic extension E of F satisfying E = (E ∩ A(Q))F .

Proof. If ρI , whose determinant is of finite order, were E-dihedral, then ρ would be E-dihedral
and we might think of O[[Gal(ES/E)]] as the universal ring for E-dihedral deformations of the
E-dihedral ρ whose determinant equals the Teichmuller lift of det ρ; the natural quotient RΣ !
RΣ/I would factor as a composite RΣ ! O[[Gal(ES/E)]] ! RΣ/I of surjections, but this is
impossible as dimRΣ/I > ([F : Q]− [F ∩ A(Q) : Q]) + 1 ≥ rkGal(ES/E) + 1. �

Proposition 32. Suppose that F satisfies the following conditions:

• [Fv : Qp] > 4|SR| for every place v of F above p,

• the degree [F ∩A(Q) : Q] of the maximal abelian subextension of F overQ is strictly greater than
4|SR|.

Then RΣ contains an admissible prime.

Proof. We make appeal to Lemma 1.9 in [89]. The determinant of the universal Galois repres-
entation ρΣ : Gal(F/F)! GL2(RΣ) defines a map Λp ! Λ! RΣ and let∆Σ denote the ideal
of RΣ generated by the image.

Let S be the quotientRΣ/(λ, J,∆Σ), where J denotes the kernel ofRΣ ! TΣ. LetXΣ denote a
family of countably many ideals inRΣ. If there exists a non-negative integerN such that dimS ≥
N and dimS/IS < N holds for the image IS of every ideal I in XΣ, then it follows that there
exists a co-height one prime Γ of RΣ that does not contain any I in XΣ. Indeed a such prime will
satisfies all the conditions for it to be admissible except that ρΓ is trivial at the places in SR .

We defineN = [F : Q]− 4|SR| (this is positive by the first assumption). For XΣ, we choose

• the image of the ideal Iv of Λ, for every place v above p, corresponding to the subset of two
identical characters of∆v; by assumption,

dimS/Iv ≤ (dimΛ− (1 + 1 + γF ))− [Fv : Qp] = [F : Q]− [Fv : Qp] < N

holds,
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• the ideal I = ker(RΣ ! O[[Gal(ES/E)]]) when ρ is E-dihedral for a totally real quadratic
extension E over F (in which every place of F above p may, or may not, split completely in
E); by assumption and Lemma 30,

dimS/I ≤ dimF[[Gal(ES/E)]] ≤ [F : Q]− [F ∩ A(Q) : Q] < N

holds.

Let𝔪ζ
v ⊂ RΣ, for every place v in SR , denotes the image of the maximal ideal𝔪�,ζ

v ofR�
v /I

�,ζ
v

under R�
v /I

�,ζ
v ! R�

Σ ! RΣ. Let I denote the ideal of RΣ generated by {𝔪ζ
v}. It then follows

from Theorem 15.1 in [62] that dimS/IS ≥ dimS − 4|SR| ≥ [F : Q] − 4|SR| = N . Lemma 1.9
in [89] then finds an admissible prime. �

Finally, we prove that, given the assumption on F at the beginning of the section, there cannot
possibly be a component of RΣ (i.e., a minimal ideal) that is not pro-modular.

Corollary 33. Let F be as assumed in the proposition. Suppose that |SR| > 1. Every prime of RΣ is
pro-modular.

Proof. Let A (resp. A¬) denote a set of minimal primes ofRΣ which are pro-modular (resp. not
pro-modular), and suppose furthermore that A and A¬ are disjoint and their union equals all the
minimal primes ofRΣ. We know A is not empty by the existence of a admissible prime above, and
it suffices to prove that A¬ is empty. Suppose that A¬ is not empty. It would then follows that
there exist4 in A, and4¬ in A¬ such that

dimRΣ/(4,4¬) ≥ c(RΣ) ≥ [F : Q] + γF − 2|SR| − 1.

Since4 is pro-modular, it contains J . As a result,RΣ/(4,4¬, λ,∆Σ) is a quotient ofRΣ/(λ, J,∆Σ).
Since

dimRΣ/(4,4¬, λ,∆Σ) ≥ [F : Q]+γF −2|SR|−1−(1+1+γF ) = [F : Q]−2|SR|−3 ≥ N

for N in the proof of Proposition 32, it then follows that there would be an admissible prime of
RΣ containing, in particular, 4¬. By Proposition 28, 4¬ would then be pro-modular, and this
contradicts the assumption about4¬. �

5.5 A quick reminder about pseudo-representation theory

A pseudo-representation D : E ! R (over R) of dimension r is a polynomial law of degree r.
A pseudo-representation D : E ! R is said to be of Cayley-Hamilton type (CH-type for

short) if every element of E satisfies the characteristic polynomial of D . Let T(D) denote the
trace of D .

A pseudo-representation D : E ! R is said to be of Azumaya type (A-type for short) if
there exists a projective R of finite rank V over R such that it factors the pseudo-representation
det : End(V )! R. If a pseudu-representation is A-type, it is of CH type.

A pseudo-representation D : E ! R is said to be a pseudo-representation of Γ over R if
E = R[Γ]. A pseudo-representation R[Γ] ! R of Γ over R is said to be of CH-type (resp.
A-type) if there exist
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• a finitely generatedR-module E (resp. End(V ) for a projectiveR-module of finite rank V )
which comes equippedwith a pseudo-representationD : E ! R (resp. det : End(V )! R)

• ρ : Γ! E× which gives rise to ρ : R[Γ]! E

such that R[G]! R is given by

R[Γ]
ρ
! E D

! R

(resp. R[Γ]
ρ
! End(V )

det
! R)

An algebraE overR is a generalised matrix algebra (GMA for short) if it comes equipped with
a data of idempotents, or a GMA-structure over R, as defined in [9]. If E is a GMA, the GMA
-structure defines a trace function we shall denote by T(E) : E ! R. The following is stated as
Lemma 3.1.3 of [91]:

Proposition 34. Given a GMA E over R, there is a CH pseudo-representation D = D(E) : E ! R
with trace T(D) = T(E).

Given a GMA-algebra E over R of type (1, 1), there is an isomorphism of R-modules E '(
A B
C D

)
where A ' R, D ' R and B and C are finite R-algebras.

If (D : E ! R, ρ : Γ ! E×) is a CH pseudo-representation of Γ over R and if E is a GMA
of type (1, 1) over R, then pre-composing with ρ : R[Γ] ! E defines a psedo-representation
(A : Γ! R,D : Γ! R,T = A + D : Γ! R,X = BC : Γ× Γ! R) as defined in [96].

Let DF : F[Γ] ! F be a pseudo-representation of Γ over F. A pseudo-representation (D :
E ! R, ρ : Γ ! E×) over a local ring R with residue field F is a pseudo-deformation of DF if
D ⊗R F ' DF.

Proposition 35. Let ρ : Γ ! GL(VF) ' GL2(F) be a representation of Γ over F. Suppose that ρ is
multiplicity-free and let DF(ρ) : F[Γ] ! F denote the associated pseudo-representation of Γ over F. If
(D : E ! R, ρ : Γ! E×) is a CH pseudo-deformation ofDF(ρ) over a noetherian local Henselian ring
R with residue field F, then E is a GMA algebra over R and D(E) = D .

Proof. This is stated as Theorem 3.2.2 in [91]. �

As before, let Ĉ be the category of complete noetherian local O-algebras with residue field
isomorphic to F. Let S = S ρ denote the universal ring for pseudo-deformations R[Γ] ! R of

DF(ρ) over Ĉ . There exists (Theorem 2.2.9 in [91]) a universal CH-pseudo-deformations (DS :
ES ! S, ρS : Γ ! E×

S ) of DF(ρ) over S. The CH-algebra ES is given as the ‘maximal CH
quotient of S[Γ] and factors the universal pseudo-deformation S[Γ]! S of DF(ρ) as

S[Γ]
ρS! ES

DS! S.

The local conditions prescribed by a deformation data Σ single out CH-pseudo-deformations
satisfying conditions (Section 2.3 in [91]), which we shall refer to as CH pseudo-deformations of
type Σ, and there exists a universal CH-pseudo-deformations ofDF(ρ) of type Σ over the quotient
S ρ
Σ of S ρ (Theorem 2.5.3 in [91]).
We define a pseudo-deformation D : R[Γ] ! R of DF(ρ) to be of type Σ if the CH-module

ES ⊗S R over R is of type Σ. In this optic, the complete noetherian local ring S ρ
Σ represents

(Theorem 2.5.5 in [91]) the pseudo-deformations of DF(ρ) of type Σ.
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5.6 ρ is induced from a character of a CM field in which every place of F above
p splits completely

We now suppose that F satisfies the following conditions (whether p > 2 or p = 2):

• F is even,

• ρ is irreducible,

• ρ is abelian when restricted to Gal(F/E) for a quadratic imaginary extension E of F in
which every place v of F above p splits completely.

We may suppose that ρ is induced from a character ζ : Gal(F/E) ! F×. In particular, the
restriction of ρ to Gal(FS/E) is the direct sum of ζ and its conjugate character ζ c.

Suppose that the image of ρ is a dihedral group D2n of order 2n. An abelian subgroup of D2n

of index 2 is either a cyclic subgroup of order n, or one of the two dihedral groups of order n. It
therefore follows that, unless, n = 2 or 4, there is a unique index 2 abelian subgroup, a cyclic group
Cn of order n generated by the ‘roration’.

In the case of D8 (resp. D4), it is either C4 or one of the two dihedral groups D2 ' C2 ×
C2 of order 4 (resp. one of the three abelian group isomorphic to C2). However, by Dickson’s
classification of subgroups of PGL2(Fp) (Theorem 2.47 in [25] for example), the image of ρ can be
D8 or D4, only when p > 2.

In conclusion, unless p > 2 and the image of ρ is isomorphic to D4 or D8, the quadratic (ima-
ginary) field extension E from which ρ is induced is unique.

We now recall a theory of CM forms in a manner similar to the one in Section 3.

LetF+ be an imaginary quadratic extension in which every place ofF above p splits completely.
Let∆S denote the pro-p completion of the Galois group of the maximal abelian pro-p extension of
F+ unramified outside the set of places in F+ lying above those in S that do not ramify in F+.
Every place v of F above p is assumed to split completely in F+ and we choose one of the two places
of F+ above v. This defines an injection of Λ into the group algebra ΛS = O[[∆S]] of Zp-rank
1 + [F : Q] + γF .

There is a ‘universal’ character

Gal(F/F+)! ∆S ↪! Λ×
S ,

unramified outside the set of places in F+ lying above those in S that do not ramify in F+, and its
induction to Gal(F/F) defines

ρS : Gal(F/F)! ∆S ↪! GL2(ΛS)

unramified outside S and locally split at every place of F above p.
As in Section 3, for an open compact subgroup U of G(A∞), let S(U ,L/O) denote the O-

module of cusp forms (defined on a totally definite quaternion algebra over F ) of trivial weight
and level U on G(A). Let U [r] be an open compact subgroup of G(A) which is maximal com-
pact hyperspecial at v outside S and reduces mod r-th power of πv to the upper-triangular uni-
potent matrices at v in Sp. Let eS(U ,L/O) denote the direct limit of eS(U [r],L/O) over r. Let
C(∆S,L/O) denote the space of continuous functions on∆S with values in L/O .
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Hida proves that the construction φ 7! θ(φ) associating a Hecke character φ : F+×\A×
F+ !

C ' Qp to the (q-expansion of a) θ-series θ(φ) can be p-adically interpolated to a correspondence

τ : C(∆S,L/O)! eS(U ,L/O)

associating an element φ in C(∆S,L/O) to a p-ordinary normalised eigenform θ(φ), where U is
defined such that if v is a finite place dividing either the relative conductor of φ in F or the relative
discriminant of F+ over F , then Uv ⊂ GL2(OFv) is the pre-image, by GL2(OFv) ! GL2(Fv) of
the subgroup of upper triangular matrices.

Let S(τ,U ,L/O) denote the image of τ in eS(U ,L/O), and let S(τ,U ,O) denote the
Pontryagin dual of S(τ,U ,L/O). LetT(τ,U ,O) ⊂ End(S(τ,U ,O)) denote the corresponding
p-ordinary Hecke algebra as defined in Section 3. This is naturally a ΛS-algebra, and let

TSτ ⊂ End(S(τ,U ,O)𝔪)

denote the localisation at the maximal ideal 𝔪 corresponding to ρ. It follows that there exists a
F+-dihedral representation

ρSτ : Gal(F/F)! GL2(TΣτ)

such that ρSτ is split at v in Sp; and there is a ΛS-algebra homomorphism, ‘a ΛS-adic form’,

TSτ ! ΛS

sending Tv (resp. Sv) to tr ρS(Frobv) (resp. (NF/Qv)
−1det ρS(Frobv)) for every place v not lying

in S. By construction, this is an isomorphism.

If an imaginary quadratic extension F+ as above has relative discriminant D defined as the
product of places in a subset SD of (distinct) places in SR ∪ SL and φ is a character of F+ of
conductor a product of (distinct) places in (SR ∪ SL)− SD , then θ(φ) generates (via the Jacquet-
Langlands correspondence) the subspace eSΣ(τ,UΣ,O) of cusp formswith complexmultiplication
by F+ in eSΣ(UΣ,O) as defined in Section 3 (whether ζ is trivial or not). The correspoding Hecke
algebra TΣτ ⊂ End(eSΣ(τ,UΣ,O)𝔪) defines an ‘irreducible component’ SpecTΣτ of SpecTΣ.

In terms of Galois representations, we have

TSτ ⊗ΛS RΣ ' TΣτ .

Proposition 36. Suppose that F satisfies the first condition in Proposition 32. Let ρΣ denote the universal
deformation of ρ over RΣ.

• If ρΣ is not dihedral, then there exists an admissible primeΓ ofRΣ such that the surjectionRΣ ! TΣ

gives rise to an isomorphism
RΓ

Σ ' TΓ
Σ.

• If ρΣ is dihedral, then RΣ is pro-modular.

• Every prime of RΣ is pro-modular.
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Proof. Suppose that ρΣ : Gal(F/F)! GL2(RΣ) is not dihedral. In particular, ρ is not abelian
when restricted to any one ∆ of the possible abelian subgroups of index 2 in the image of ρ– as
discussed at the beginning of Section 5.6,∆ is unique (= Gal(F/E)), unless p > 2 and the image
of ρ is isomorphic to D4 or D8 in which case there are three possible index subgroups).

By assumption, there exists a p-ordinary Hilbert modular eigenformΠwhose associated Galois
representation ρΠ is of type Σ and defines a deformation of ρ. Raising the level at a finite place v
of F with NF/Q ≡ 1 mod p at which ρ is trivial (e.g. a place in SR prescribed in Σ) if necessary,
we may assume furthermore that ρΠ is not dihedral of type Σ. This is possible because of the
observation that the corresponding Hecke modules (denoted earlier by HΣ), in the case where ‘ζ ’
is distinct and in the case where it is trivial, are congruent, and of the Deligne-Serre’s Lemma 6.11
in [32]. Granted, there is a Λ-adic form

TΣ ! R

passing through Π, over the integral closure R (whose dimension equal to dimTΣ) of a finite
extension of the field of fractions of Λ. In particular, its associated representation ρ = ρ4 :
Gal(F/F)! GL2(R)) is not dihedral.

Following Section 5.5, ρ gives rise to a free-module V of rank 2 over R such that (D = det :
End(V ) ! R, ρ : Gal(F/F) ! End(V )× = GL(V )) defines a pseudo-deformation of the
pseudo-representation DF(ρ) of Gal(F/F) over F. It follows from Proposition 35 that End(V ) is
isomorphic to (

A B
C D

)
for some finitely generated R-modules A,B,C and D, and A and D are both isomorphic to R;
and we may write ρ : Gal(F/F)! GL(V ) as

σ 7!

(
A(σ) B(σ)
C(σ) D(σ)

)
andX (σ, τ) = B(σ)C(τ). Since ρ is irreducible, the mapGal(F/F) acts non-trivially onB andC .
It follows from the assumption– ρ is not dihedral– that for any possible index 2 abelian subgroup
of Gal(F/F), which we shall again denote by ∆ by slight abuse of notation, the induced map on
∆ also acts non-trivial on B and C simultaneously (since ∆ is a normal subgroup of Gal(F/F)).
Fixing ∆, it follows that there exist r and s in ∆ such that 𝔏 = X (r, s) is non-zero in R; and, for
every element σ in∆,

σ 7!

(
A(σ) X (σ, s)/𝔏
X (r, σ) D(σ)

)
defines an irreducible (in particular, non-abelian) representation of ∆ over R𝔏 = R[1/𝔏]. Let
B𝔏 = B𝔏

∆ : ∆ ! R𝔏 denote the non-zero map sending σ to X (σ, s)/𝔏. It follows, since R is a
noetherian domain, that there is a height one primeΓ𝔏 ofR𝔏 that does not contain the image ofB𝔏.
Unless dimR𝔏 ≤ 1, there are infinitely many height one primes in R𝔏, and only finitely many of
them contain the image of B𝔏. It therefore follows that one can find a such height one prime Γ𝔏 in
R𝔏 that does not contain the image ofB𝔏

∆ for every possible∆. Let S𝔏 denoteR𝔏/Γ𝔏; the induced
map B𝔏 : ∆ ! S𝔏 remains non-zero (for every ∆). Since dimS𝔏 ≤ dimR𝔏 − 1 = dimR − 1
(see [62], p.30), we may repeat the process to assume that S𝔏 is a Dedekind domain (by replacing
it by the integral closure in its field of fractions), or indeed a DVR (by localising it further at a
generator of the ideal of R𝔏 where B𝔏 vanishes).
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As in the proof of Lemma 2.13 in [80], it is then possible to construct a non-zero cocycle B :
Gal(F/F) ! F which remains non-zero when restricted to any index 2 subgroup ∆. Since ρ is
(absolutely) irreducible, the centraliser of ρ isF; and it follows that ifBwere a coboundary, it would
be (a scalar multiple of) the trivial cocycle by conjugation. Since B is not trivial by definition, it is
not a coboundary. Corresponding to the cocyle, there exists an infinitesimal deformation

ρF[ε] : Gal(F/F)! GL2(F[ε])
of ρ of type Σ over the ring F[ε] of dual numbers over F which is not dihedral– in particular, for
every possible index 2 subgroup ∆, its restriction to ∆ is a non-trivial extension of the pair of
conjugate constituents in the restriction of ρ at∆.

The argument in the proof of Proposition 32 now works verbatim, with the kernel of RΣ !
TΣ ! F[ε] corresponding to ρF[ε] in place of RΣ, to find a co-height one prime Γ in RΣ whose

corresponding representation ρΓ : Gal(F/F) ! GL2(R/Γ) specialises to ρF[ε]. Since ρF[ε] is not
dihedral, one concludes immediately that ρΓ is not dihedral. The isomorphism now follows from
Theorem 25.

Suppose that ρΣ is F+-dihedral for some quadratic extension F+ of F . By Lemma 31 and
dimRΣ/∆Σ ≥ dimTΣ/∆Σ ≥ dimΛ/∆Σ = dimΛp = 1 + [F : Q], we may assume F+ is CM,
and furthermore assume, by the reducibility of ρΣ every place v of F that v splits completely in
F+. It then follows that there exists a ‘specialisation’ homomorphism ΛS ! RΣ. By composition,
we have TΣτ ! ΛS ! RΣ proving the pro-modularity. Indeed, it follows that TΣτ ' RΣ in this
case.

An argument similar to the one in Corollary 33 proves that every prime of RΣ is pro-modular.
�

Remark. Let K denote the fixed field of F by the kernel of ad ρ. Let GS denote the maximal
abelian quotient of the Galois group of the maximal extension KS of K unramified outside S and
let ΓS = GS/G

p
S . Via the exact sequence

0! Gal(KS/K)! Gal(KS/F)! Gal(K/F)! 0,

theFp-vector spaceΓS comes equipped with action ofGal(K/F) by conjugation. Let I (χc) denote
the representation of Gal(FS/F) given by the induction of the character ζ/ζ c : Gal(FS/E) !
F×. The work [34] proves that if HomF[Gal(K/F)](ΓS, I (χc)) is non-zero (resp. zero), then ρΣ is
non-dihedral (resp. dihedral); and that unless ρ is totally odd (which occurs only when p = 2
in our setting), HomF[Gal(K/F)](ΓS, I (χc)) is non-zero (see Remark 3.7 and Remark 3.12 in [34]).
As remarked in Remark 3.19 in [34], the work [19] also an alternative approach (albeit in a more
specific setting, e.g. F = Q) to the problem of characterising exactly when p-ordinary deformation
rings are dihedral or not.

6 ρ is reducible and non-trivial

6.1 Pseudo-deformation of type Σ

Let S be a finite set of places of F . Suppose that it is a disjoint union of sets Sp,SR,SL ,SA,S∞ as
earlier defined. Suppose that

• χ is unramified outside S,
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• χ is ramified at every infinite place of F , i.e. ρ is totally odd,

• χ is trivial at Sp ∪ SR ∪ SL ,

• χ is unramified at v in SA and χ(Frobv) is trivial (resp. non-trivial) if p > 2 (resp. p = 2).

As a result of these conditions, χ is, in particular, non-trivial.
Let Γ = Gal(FS/F). LetΣQ ,N denote the deformation data (S∪SQ ,N ,T , {Lv}), where SQ ,N

is a set of places v of F such thatNF/Q(v) ≡ 1 mod pN at which χ is unramified.
A classD in Ext1F[Γ](χ, 1) gives rise to a totally odd representation ρD : Gal(F/F)! GL2(F)

unramified outside S, whose semi-simplification is ρ = 1⊕ χ.
Let DF(ρ) denote the pseudo-representation F[Γ] ! F associated to the representation ρ =

1⊕ χ : Γ! GL2(F).
Let PΣ denote the universal ring for pseudo-deformations of DF(ρ) of type Σ as defined in

Section 5.5.

6.2 Modular pseudo-deformations

We follow the notation of Section 3. Let 𝔪Q ,N be a maximal ideal of eTΣQ ,N (UΣQ ,N ) containing
Tv − (1 + χ(Frobv)) for evert v not lying in S and Uv − 1 for v in Sp, which gives rise to a
pseudo-representation

DF(ρ)Q ,N : F[Γ]! eTΣQ ,N (UΣQ ,N )/𝔪Q ,N ' F

of GMA-type.

Lemma 37. Then there exists a pseudo-deformation

DQ ,N :
(
eTΣQ ,N (UΣQ ,N )𝔪Q ,N

)
[Γ]! eTΣQ ,N (UΣQ ,N )𝔪Q ,N

of type Σ such that T(DQ ,N ) = Tv for every v not lying in S.

As in Section 3, if TΣQ ,N denotes the image of eTΣQ ,N (UΣQ ,N )𝔪Q ,N inHΣQ ,N (UΣQ ,N ), then the
lemma gives rise to a homomorphism

PΣQ ,N ! TΣQ ,N .

6.3 Reducible subspaces and irreducible coverings

Let PΣ,∆ denote the maximal reducible quotient of PΣ. This is characterised by the property that
if D : R[Γ] ! R is a pseudo-deformation of DF(ρ) of type Σ, then it gives rise to a unique map
PΣ ! R; and this map factors through PΣ ! PΣ,∆ if and only if D is reducible.

Since χ is non-trivial, ρ is multiplicity-free. It therefore follows that the universal CH-module

EΣ overPΣ is GMAof type (1, 1); andwemay assumeΓ! E×
Σ to be of the formσ 7!

(
A(σ) B(σ)
C(σ) D(σ)

)
where A(σ) (resp. D(σ)) reduces, modulo the maximal ideal of PΣ, to 1 (resp. χ). The ideal
ker(PΣ ! PΣ,∆) is generated by X (σ, τ) = B(σ)C(τ) as σ and τ generated over Γ. Since PΣ is
noetherian, ker(PΣ ! PΣ,∆) is generated by finitely many elements {𝔏}; and {SpecPΣ[𝔏−1]}
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defines an open covering of the complement (the ‘irreducible locus’) SpecPΣ − SpecPΣ,∆. For
each 𝔏, there exist r, s in Γ such that X (r, s) = 𝔏; one easily checks that the map

σ 7!

(
A(σ) X (σ, s)/𝔏
X (r, σ) D(σ)

)
defines a homomorphism, i.e. a representation, over PΣ[𝔏−1] with X (r, σ)X (σ, s)/𝔏 = X (r, s) =
𝔏. It therefore follows that EΣ ⊗PΣ

PΣ[𝔏−1] is of Azumaya-type. As in the proof of Proposition
36, knowing that σ 7! X (σ, s)/𝔏 is non-zero, one may conclude that there is a prime in PΣ[𝔏−1]
(with a DVR quotient) for which the map remains non-zero upon specialising. As in the proof of
Lemma 2.13 in [80], it is possible to define a cocycle B : Γ! PΣ[𝔏−1]! F. Note that this is not

a coboundary as if it were,

(
1 B

0 χ

)
would be conjugated to

(
1 0
0 χ

)
and this would contradict

the universality of PΣ,∆. The cocycle therefore defines a non-zero classD in Ext1(χ, 1) over F.
Fixing 𝔏, we let PΣ,∇ denote PΣ[𝔏−1]. Let R ρD

Σ denote the universal ring for deformations

of ρD of type Σ and R ρD ,�
Σ denote the universal ring for T -framed deformations of ρD of type Σ.

There is a natural map,

PΣ ! R ρD
Σ

given by the pseudo-deformation det : R ρD
Σ [Γ]! R ρD

Σ .

Let R ρD
Σ,∇ denote R ρD

Σ ⊗PΣ
PΣ,∇. By definition, its spectrum is the pull-pack:

SpecR ρD
Σ,∇ ! SpecPΣ,∇
# #

SpecR ρD
Σ ! SpecPΣ.

By Proposition 4.2.2 in [91], any specialisation ofR ρD
Σ,∇ gives rise to an irreducible deformation

of ρD of Gal(FS/F) of type Σ.

Lemma 38. PΣ,∇ is isomorphic to R ρD
Σ,∇.

Proof. It suffices to construct a section R ρD
Σ,∇ ! PΣ,∇ of the natural homomorphism PΣ,∇ !

R ρD
Σ,∇. It follows from the argument above that EΣ⊗PΣ

PΣ,∇ defines a lifting Γ! GL2(PΣ,∇) for

ρD of type Σ over PΣ,∇. Its conjugacy class therefore gives rise to a homomorphism R ρD
Σ ! PΣ,∇

by the universal property of R ρD
Σ ; indeed, this is an PΣ-algebra homomorphism. This gives rise,

by Stacks Project Lemma 10.9.7 for example, to an PΣ-algebra homomorphism R ρD
Σ,∇ ! PΣ,∇ we

seek. �

6.4 Reducible non-split ρ and cuspidal eigenforms

Let ρ : Gal(F/F)! GL2(F) be a continuous representation and suppose that its semi-simplification,

up to twists, is

(
1 0
0 χ

)
for a totally odd character χ. Let χ denote the Techmuller lifting of χ.

Let S denote the union of Sp,S∞ and the set of places in F at which χ is ramified. Let US

denote the open compact subgroup of GL2(A∞
F ) such that, for every v not in S,US ∩ GL2(Fv) =

GL2(OFv); for every v in S − Sp, US ∩ GL2(Fv) defines the subgroup of matrices in GL2(OFv)

that reduce mod the conductor cv(χ) at v to the matrices of the form

(
∗ ∗
0 1

)
; and for v in Sp,
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US ∩ GL2(Fv) = GL2(Fv). Let U
[r]
S denote the subgroup of matrices in US such that, for every

v in Sp, U
[r]
S ∩ GL2(Fv) defines the subgroup of matrices in GL2(OFv) which reduce modulo 𝔪r

Fv

to the unipotent matrices. Let S2(U
[r]
S ,O) denote the O-module of cusp forms for ResF/QGL2 of

parallel weight 2 and of levelU [r]
S . Let T2(U

[r]
S ,O) ⊂ End(S2(U

[r]
S ,O)) denote the Hecke algebra

generated byTv for v not lying in S andUv = [U [r]
S

(
1 0
0 πv

)
U [r]

S ] and Sv = [U [r]
S

(
πv 0
0 πv

)
U [r]

S ]

for v in Sp.
Letting e denote the Hida idempotent, eT2(U

[r]
S ,O) defines an inverse system (with respect to

r) and we let eT2(US,O) denote the limit.

The diamond operator 〈 〉 : (OF/pr)× ! T2(U
[r]
S ,O)×, as normalised in [49], extends to

〈 〉 : (OF ⊗Z Zp)×/O
×
F ! T2(US,O)×, while v 7! Uv ∈ T2(U

[r]
S ,O) extends toU :

∏
v F

×
v !

T2(US,O). The ‘Hida’ nearly ordinary Hecke algebra eT2(US,O) is a finite, torsion-free, algebra
over Λ = Λp⊗̂Λp viaU |∆p × 〈 〉|∆p (see [49] and [48]). There exists a Galois representation

ρS : Gal(F/F)! GL2(eT2(US,O))

which is unramified outside S, trρS(Frobv) = Tv for every v not lying in S, det ρS|∆p = χcyc〈 〉|∆p

and, for every place v above p,

ρS|∆v ∼
(
U |∆v ∗
0 χcyc〈 〉|∆v (U |∆v)

−1

)
.

Proposition 39. Suppose that the p-adic L-function Lp(F ,−1, χω−1) ∈ O (where ω denotes the Teich-
muller lifting of the mod p cyclotomic character) is divisible by λ. Then there exists a non-Eisenstein maximal
ideal 𝔪S ⊂ eT2(US,O) such that, if ρ𝔪S

: Gal(FS/F) ! GL2(F) denote the corresponding Galois
representation,

• 𝔪S contains Tv − (1 + χ(Frobv)) for evert v not lying in S andUv − 1 for v in Sp,

• 𝔪S contains the kernel of χω−1 : ∆p ! F,

• ρ𝔪S
, hence ρ, is of the form

(
1 ∗
0 χ

)
with non-zero ∗.

Proof. This is proved in Proposition 3.18 of [80] following Ribet’s trick. �

6.5 Pro-modularity of irreducible pseudo-deformations over PΣ,∇ when ρ is a
non-split extension of χ of non-CM type

Fix a classD in Ext1F[∆](χ, 1) and suppose that it is non-zero. Suppose that ρD is not a (reducible)
representation that is induced from an imaginary extension E of F in which every place of F
above p splits completely. This is similar to the setting considered in 5.1. The assumption amounts
to demanding that ρD is not induced from a character ζ of Gal(F/E) such that the character ζ c,
obtained by conjugating ζ by the order 2 generator c of Gal(E/F), is isomorphic to ζ .

Let Γ be a co-height one prime ofR ρD
Σ,∇ and letR = RΓ denote the normal closure ofR ρD

Σ,∇/Γ
in the field K = KΓ of fractions. The universal deformation of ρD of type Σ gives rise to

ρ : Gal(FS/F)! GL2(R)

and we assume
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• ρ ⊗R K is irreducible,

• det ρ is of finite order,

• if p > 2, ρ is either non-dihedral or it is dihedral but not F+-dihedral for the quadratic
extension F+ of F in F(ζp); while if p = 2, ρ is not dihedral,

• ρv, at v above p, is reducible with distinct diagonal characters on the diagonal,

• ρv is trivial at every place v in SR ,

• ρD is Eisenstein modular, i.e. there exists𝔪 such that ρD ' ρ𝔪.

LetHΣQ ,N andTΣQ ,N denote the Hecke module andHecke algebra as defined earlier completed
at the pre-image 𝔪Q ,N ⊂ eTΣQ ,N (UΣQ ,N ) (an Eisenstein maximal ideal) of 𝔪. Let HΣQ ,N ,∇ =
HΣQ ,N ⊗PΣQ ,N

PΣQ ,N ,∇ and TΣQ ,N ,∇ = TΣQ ,N ⊗PΣQ ,N
PΣQ ,N ,∇.

There is a surjection
PΣQ ,N ,∇ ! TΣQ ,N ,∇ ⊂ End(HΣQ ,N ,∇)

and a natural map

PΣQ ,N ! R ρD
ΣQ ,N
! R ρD

ΣQ ,N ,∇

defined by the pseudo-representation associated to the universal deformation of typeΣ overR ρD
ΣQ ,N

.

Definition. We say that a prime ideal ofPΣ,∇ is pro-modular if it contains ker(PΣ,∇ ! TΣ,∇).

We say that a prime ideal of R ρD
Σ,∇ is pro-modular if its contraction in R ρ

Σ,∇ is pro-modular.

We have

A�
Σ = A�

ΣQ ,N
−! R ρD ,�

ΣQ ,N ,∇  − P�
ΣQ ,N ,∇ −! T�

ΣQ ,N ,∇ ⊂ End(H�
ΣQ ,N ,∇)y y y

R ρD
Σ,∇  − PΣ,∇ −! TΣ,∇

The representation ρ define coheight one primes in µΣQ ,N
⊂ R ρD ,�

ΣQ ,N ,∇ and in µ ⊂ A�
Σ . Since

Γ is pro-modular, there also is a co-height one prime in T�
ΣQ ,N

that pulls back to Γ. As in earlier

sections, let R ρD ,�,Γ
ΣQ ,N ,∇, A

�,Γ
Σ , T�,Γ

ΣQ ,N ,∇, H
�,Γ
ΣQ ,N ,∇ denote the completed localisations with respect to

primes corresponding to Γ; if p = 2, we also have R ρD ,�
ΣQ ,N ,∇/∇Q ,N and the completed localisation

R ρD ,�,Γ
ΣQ ,N ,∇/∇Q ,N with respect to the image of µΣQ ,N

as before. In light of Lemma 38, we similarly

have P�
ΣQ ,N ,∇/∇Q ,N and P�,Γ

ΣQ ,N ,∇/∇Q ,N .

It follows from Corollary 23 with R ρD
Σ,∇ in place of RΣ that we have

(
Λ⊗̂OR�[[∆Q ]]

)Γy
A�,Γ
ΣQ

= A�,Γ
Σ [[X1, . . . ,Xr]] −! R ρD ,�,Γ

ΣQ ,∇  − P�,Γ
ΣQ ,∇ −! T�,Γ

ΣQ ,∇ ⊂ End(H�,Γ
ΣQ ,∇)y y y

R ρD ,Γ
Σ,∇  − PΓ

Σ,∇ −! TΓ
Σ,∇

45



if p > 2. A similar diagramholdswithR ρD ,�,Γ
ΣQ ,∇ /∇Q (resp. P�,Γ

ΣQ ,∇/∇Q , resp. A
�,∇,Γ
ΣQ

= A�,Γ
Σ [[X1, . . . ,Xr−(2+q)]])

in place of R ρD ,�,Γ
ΣQ ,∇ (resp. P�,Γ

ΣQ ,∇, resp. A
�,Γ
ΣQ

).

Lemma 40. • H�,Γ
ΣQ ,∇ is a free module over

[
R�[[∆Q ]]⊗̂Λ

]Γ
• H�,Γ

ΣQ ,∇/ker(Λ⊗ R�[[∆Q ]]! Λ) ' HΓ
ΣQ ,∇.

• A�,Γ
ΣQ
! R ρD ,�,Γ

ΣQ ,∇ (resp. A�,∇,Γ
ΣQ

! R ρD ,�,Γ
ΣQ ,∇ /∇Q ) is surjective (resp. if p = 2).

Proof. This can be proved exactly as in Lemma 26. �

Proposition 41. The map P�,Γ
ΣQ ,∇ ! R ρD ,�,Γ

ΣQ ,∇ is an isomorphism.

Proof. This follows immediately from Lemma 38. �

Theorem 42. H�,Γ
ΣQ ,∇ is a faithful module over P�,Γ

ΣQ ,∇ (resp. P�,Γ
ΣQ ,∇/∇Q ) and the surjection P

�,Γ
ΣQ ,∇ !

T�,Γ
ΣQ ,∇ (resp. P�,Γ

ΣQ ,∇/∇Q ! T�,Γ
ΣQ ,∇) is an isomorphism if p > 2 (resp. if p = 2).

Proof. We assume p > 2. Lemma 27 continues to hold in the reducible case, except that the
irreducibility of ρΓ, which we assume. Let4 be a minimal prime of Λ.

We firstly observe that, by Lemma 40 and Proposition 41, one may think of SpecP�,Γ
ΣQ ,∇/4 as

a closed subscheme of SpecA�,Γ
ΣQ

:

SpecP�,Γ
ΣQ ,∇/4 ' SpecR ρD ,�,Γ

ΣQ ,∇ /4 ↪! SpecA�,Γ
ΣQ

/4.

The P�
ΣQ ,∇/4-depth of H�,Γ

ΣQ ,∇/4 is greater than and equal to the depth of H�,Γ
ΣQ ,∇/4 as a

module over
[
R�[[∆Q ]]⊗̂Λ

]Γ
/4. Since H�,Γ

ΣQ ,∇/4 is free over
[
R�[[∆Q ]]⊗̂Λ

]Γ
/4, the latter

equals

dim
[
R�[[∆Q ]]⊗̂Λ

]Γ
/4

= q+ 1 + [F : Q] + γF + 4|T |
= dimAΓ

ΣQ
/4

≥ dimR ρD ,�,Γ
ΣQ ,∇ /4 = dimP�,Γ

ΣQ ,∇/4.

As a result, one deduces that the support of H�,Γ
ΣQ ,∇/4 is a union of irreducible components of

SpecP�,Γ
ΣQ ,∇/4.

When ζ is distinct, SpecA�,Γ
ΣQ

/4 is irreducible and it therefore follows that

SuppP�
ΣQ ,∇/4H

�,Γ
ΣQ ,∇/4 = P�,Γ

ΣQ ,∇/4 = A�,Γ
ΣQ

/4

and thatH�,Γ
ΣQ ,∇/4 is also a nearly faithful module over P�,Γ

ΣQ ,∇/4 (and over AΓ
ΣQ

/4).

From now onwards, suppose that ζ is trivial. The repeated application of Lemma 2.2 in [83]
then proves (the case ζ is trivial) that

SuppP�,Γ
ΣQ ,∇/4H

�,Γ
ΣQ ,∇/4 = P�,Γ

ΣQ ,∇/4 = A�,Γ
ΣQ

/4
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and thatH�,Γ
ΣQ

/4 is a nearly faithful P�,Γ
ΣQ ,∇/4-module. It also follows that p is P�,Γ

ΣQ ,∇/4-regular

since p is A�,Γ
ΣQ

/4-regular (Proposition 27 proves that A�,Γ
ΣQ

/4 is Cohen-Macaulay). On the other

hand, A�,Γ
ΣQ

/4[1/p] is reduced and therefore P�,Γ
ΣQ ,∇/4[1/p] is reduced, and the p-torsion freenes

of P�,Γ
ΣQ ,∇/4 proves that P�,Γ

ΣQ ,∇/4 is reduced.

Applying Lemma 18 toH�,Γ
ΣQ ,∇, which is finitely generatedwithH

�,Γ
ΣQ ,∇[1/p] faithful andCohen-

Macaulay over P�,Γ
ΣQ ,∇, one concludes that (A

�,Γ
ΣQ

/J)[1/p] ' (P�,Γ
ΣQ ,∇/J)[1/p] ' (R ρD ,�,Γ

ΣQ ,∇ /J)[1/p]

is reduced. As PΓ
Σ,∇ ' P�,Γ

ΣQ ,∇/J is p-torsion free (since p in P�,Γ
ΣQ ,∇ remains regular mod J, i.e. p is

PΓ
Σ,∇-regular), P

Γ
Σ ' R ρD ,Γ

Σ,∇ are reduced. This concludes a proof of the first set of assertions.

To prove the second assertion, one observes that Lemma 2.2 in [83] proves HΓ
Σ,∇ ' H�,Γ

ΣQ ,∇/J

is nearly faithful over PΓ
Σ,∇ ' P�,Γ

ΣQ ,∇/J but, as PΓ
Σ,∇ is reduced,HΓ

Σ,∇ is indeed faithful over PΓ
Σ,∇.

The isomorphism R ρD ,Γ
Σ,∇ ' TΓ

Σ,∇ holds because its kernel is zero by the faithfulness.
The case when p = 2 follows similarly. �

Proposition 43. Suppose thatF satisfies the conditions of Proposition 32. ThenPΣ,∇ contains an admissible
prime Γ and

R ρD ,Γ
Σ,∇ ' PΓ

Σ,∇ ' TΓ
Σ,∇

holds. Every prime of PΣ,∇ is pro-modular.

Proof. LetD be a non-zero co-cycle associated to the universal pseudo-deformation over PΣ,∇.

We may argue as in Proposition 32 and Proposition 36 to find a prime Γ inR ρD
Σ,∇ ' PΣ,∇ satisfying

all the conditions for it to be admissible except the irreducibility of the associated representation
ρΓ : Gal(FS/F) ! GL2(R) where R is isomorphic to F[[π]]. However, we may, and will, easily
ascertain Γ does not contain𝔏 in PΣ,∇ and the irreducibility of ρΓ follows fromR being a domain.

The isomorphism R ρD ,Γ
Σ,∇ ' TΓ

Σ,∇ follows as in the Proof of Proposition 25, while the isomorphism

R ρD ,Γ
Σ,∇ ' PΓ

Σ,∇ is Proposition 41. The second assertion follows exactly as in Corollary 33. �

6.6 Pro-modularity of irreducible pseudo-deformations over PΣ,∇ when ρ is a
non-split extension of χ of CM type

Let E be an imaginary extension of F in which every place of F above p splits completely. Suppose
that ρD is induced from a character ζ of Gal(F/E). Since ρD is, by assumption, reducible, the
conjugate character ζ c is isomorphic to ζ . Wemay, andwill, furthermore assume that the restriction
of ρ to Gal(F/E) is trivial, and hence assume that χ is trivial upon restriction to Gal(F/E), i.e.
χ factors through the character Gal(F/E)! F× of order 2 associated to the extension E over F .
However, since χ is assumed to non-trivial, we may assume p to be odd.

Proposition 44. Suppose thatF satisfies the first condition in Proposition 32. Let ρD
Σ,∇ denote the universal

deformation of ρD of type Σ over R ρD
Σ,∇ ' PΣ,∇.

• If ρD
Σ,∇ is non-dihedral, then there exists an admissible prime Γ ofR ρD

Σ,∇ such thatR ρD
Σ,∇ ' PΣ,∇ !

TΣ,∇ gives rise to an isomorphism

R ρD ,Γ
Σ,∇ ' PΓ

Σ,∇ ' TΓ
Σ.
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• If ρD
Σ,∇ is dihedral, then PΣ,∇ is pro-modular.

• Every prime of PΣ,∇ is pro-modular.

Suppose that F satisfies the conditions of Proposition 32. Every prime of PΣ,∇ is pro-modular.

Proof. This follows as in Proposition 36 with PΣ,∇ ' R ρD
Σ,∇ in place of RΣ. �

6.7 Reducible split ρ and Eisenstein series, and pro-modularity of reducible de-
formations over PΣ,∆

For an open compact subgroupU of G(A∞) which is hyper-special maximal compact to p, we let
YU (C) denote the union ⊕

J

Γ(U , J)\(C− P)H+

of quotients of [F : Q]-copies of the complex upper half plane (C − P)+ indexed by H =
HomQ(F ,P), where J ranges over a fixed set of representatives for the strict ideal class group
A×

F /F
×(U ∩ A×

F )(F ⊗Q P)×+ and Γ(U , J) denote the corresponding congruence subgroup of
GL2(F)+. We then let XU (C) denote its Bailey-Borel-Satake-Serre compactification; the bound-
ary XU (C)− YU (C) is described as the union⊕

J

Γ(U , J)\P1(F).

LetC(Γ(U , J)) denote the set of representatives forΓ(U , J)\P1(F). Similarly defineC(Γ(U [r], J))
with U [r] in place of U . For c in C(Γ(U , J)), we let Γc(U , J) denote the stabliser of c in Γ(U , J).
Similarly define Γc(U [r], J) for c in C(Γ(U [r], J)).

We follow Hida [50] (and Harder [44]) to consider the p-ordinary ‘Eisenstein/boundary co-
homology’

E [r]
s =

⊕
J

⊕
c∈C(Γ(U ,J))

eH •(Γc(U [r], J),O/λs)

at the degree • = [F : Q] which corresponds to a system of cusps of level pr over each c which
are ‘unramified at (every place of F above) p’ in the sense of [50]; the degree • = 0, on the other
hand, corresponds to a system of cusps over c that are (totally) ‘ramified at p’. The cohomology

group comes equipped with natural action of the torus

(
(OF/pr)× 0

0 (OF/pr)×

)
; we choose an

isomorphism of the torus with (OF/pr)× × (OF/pr)× by sending

(
r 0
0 s

)
to (r, s). Let Es denote

the limit of the direct system {E [r]
s } with respect to r (for a fixed s) and E the limit of of the

direct system {Es} with respect to s. Fixing a sufficiently large ideal N of OF prime to p such
that the principal congruence subgroup of level N is contained in U , we let ∆[r] = (OF ⊗Z
Zp)×/ker(O×

F ! (OF/Npr)×). The limit ∆[∞] of {∆[r]} has dimension 1 + γF and its torsion-
free part is non-canonically isomorphic to the torsion free part of∆p. Theorem 3.12 and Theorem
3.14 in [50] establish that the E is computed in terms of:⊕

J

⊕
c∈C(Γ(U ,ΓJ))

C (∆c(U , J),L/O)× C (∆c(U , J),L/O) ,
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whereC (∆c(U , J),L/O) denotes the space of continuous functions (with values in ‘L/O ’) defined
on the quotient∆c(U , J) of (OF ⊗Z Z)× by the closure of the reductive quotient of Γc(U , J), i.e.
the quotient of Γc(U , J) by the intersection of Γ(U , J) and the unipotent radical of the stabiliser
of c in B. One sees that E is naturally a finitely generated over O

[[
∆[∞]

]]
⊗̂O

[[
∆[∞]

]]
.

As in [49], [48], [47] and Theorem II of [50], Corollary 3.14in [50] asserts that the subspace of
E killed by (ker (χcyc ◦Art)`, ker (χcyc ◦Art)k−2+`) with (k, `) ∈ Z×Z and k ≥ 2 ‘specialises’ to
the space of Eisenstein series of weight k, twisted by (χcyc ◦ Art)` ◦ det.

Remark. Since U [r] ⊂ G(A∞) is defined to be the subgroup of those congruent to

(
1 ∗
0 1

)
mod pr (rather than those congruent to

(
∗ ∗
0 1

)
mod pr as in [50]), the cusps of level Γ[r] over c

in C(Γ) come in pairs, one for unramified and one for (totally) ramified (rather than only seeing
the former). Geometrically, this corresponds to ‘balanced level structure at pr ’ in the sense of Katz-
Mazur in a neighbourhood of c. This viewpoint is consistent with, and expected from, work [51]
and [52] of N. Katz in the 70s about constructions of ‘Eisenstein measures’, for example.

LetT∆
2 (US,O) denote the subalgebra in the endmorphism ring ofE overO

[[
∆[∞]

]]
⊗̂O

[[
∆[∞]

]]
(whereU = US is chosen to be the open compact subgroup of G(Ẑ) consisting of those matrices

which reduce to

(
∗ ∗
0 1

)
modulo the prime-to-p conductor ofχ) generated overO

[[
∆[∞]

]]
⊗̂O

[[
∆[∞]

]]
by Tv for v not lying in S andUv,Sv for v in Sp, and let T∆ denote the localisation with respect to
the maximal ideal of eT∆

2 (US,O) generated by Tv − (1 + χ(Frobv)) for v not in S and Uv − 1,
Sv − χ(Frobv) for v in Sp. There exists a totally odd continuous lifting

ρS,∆ : Gal(F/F)! GL2(T∆)

of ρ which is a direct sum of characters, and is unramified outside S, trρS,∆(Frobv) = Tv for every
v not lying in S.

Let P∆ denote the reducible quotient of the maximal quotient of the universal ring P for
pseudo-deformations of DF(ρ) defined by the conditions: if (D : E ! P , ρ : Γ ! E×) is
the universal CH representation of Γ = Gal(FS/F) over P deforming DF(ρ), then ρ satisfies
the deformation conditions prescribed by Σ at every place of F above p. By definition, PΣ,∆ is a
quotient of P∆.

Proposition 45. The reducible pseudo-deformation quotient PΣ,∆ of PΣ is pro-modular.

Proof. This follows from an isomorphism P∆ ' T∆ which can be established as in Proposition
4.2.5 in [91]. �

Remark. If we let ΛΣ,1 (resp. ΛΣ,2) denote the universal O-algebra, of relative dimension
1 + γF , for liftings of 1 (resp. χ) which are trivial at every place SR and are trivial (resp. cyc-
lotomic) when restricted to the inertia subgroup at every place in SL , it is possible to establish:
PΣ,∆ (in the case ζ is trivial at every place in SR) is isomorphic to ΛΣ,1⊗̂ΛΣ,2 as in the proof of in
Proposition 4.2.5 in [91], and is isomorphic to the quotient TΣ,∆ of T∆ acting on the Λ-algebra of
a Λ-adic Eisenstein series, defined similarly, but generated over ΛΣ,1⊗̂ΛΣ,2.
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Remark. The proposition proves that every (globally) split lifting of ρ = 1⊕ χ arises from an
Eisenstein series.

7 Main theorems

Theorem 46. Let ρ : Gal(F/F)! GL2(O) be a continuous representation of the absolute Galois group
of a totally real field F such that

• ρ is totally odd,

• the image of the inertia subgroup at every finite place of F above p is finite.

• ρ = (ρ mod λ) is modular– there exists a cuspidal automorphic representation Π of ResF/QGL2
whose associated p-adic Galois representation is isomorphic to ρ– when ρ is absolutely irreducible;
and suppose furthermore than ρ is p-ordinary modular– Π is ordinary at every place of F above p–
when p = 2 and ρ is unramified (i.e. trivial) at every infinite place of F .

• The semi-simplification of ρ is not scalar, i.e. not twist-equivalent to the trivial representation.

Then there exists a holomorphic modular eigenform of parallel weight 1 on ResF/QGL2 whose associated
p-adic representation of Gal(F/F) is isomorphic to ρ. In particular, ρ has finite image.

Remark. As mentioned in Introduction, the fourth assumption is unnecessary when p > 2.
Indeed, in this case, the modularity of ρ (the third assumption) forces itself to be ramified/non-
trivial at every infinite place of F .

Proof. We firstly observe that it is possible to replaceF by its finite totally real soluble extension
of F if necessary to assume ρ is of the form described in Section 2.8. In fact, we may choose it so
that ρ is p-ordinary modular, if ρ is irreducible with insoluble (resp. soluble) image by virtue of
[4], [5], [54], [90] and [87] (resp. Langlands-Tunnell and Hida theory). We secondly observe that
there exists a finite totally real soluble extension of F for which the conditions of Proposition 32
hold. To this end, let ` be a fixed rational prime that does not divide any places in S; in particular,
` is distinct from p. We may choose a cyclotomic extension over F of degree a large power of `
such that the places of F in S all remain inert over any cyclotomic `-extension of sufficiently large
degree; this is possible, because every place of F in S splits completely only at finitely many ‘layers’
(and otherwise remains inert) over the cyclotomic Z`-extension. We may therefore choose F ′ in
such a way that the conditions of Proposition 32 hold simultaneously. We shall call the resulting
cyclotomic extension F again.

When ρ is reducible, we follow the argument in the proof of Theorem A in [80], with Lemma
11 in [23] and a construction (by [26], say) of p-adic L-function over totally real fields as our input,
one finds an abelian totally real extension F ′ of F such that Lp(F ′,−1, χω−1) ∈ O is divisible
by λ– this is the assumption in Proposition 39 to show that there exists a non-Eisenstein maximal
ideal of a Hecke algebra corresponding to ρ.

Granted, we may assume:

• ρ satisfies the assumptions in Section 2.8 whilemaintaining the third and fourth assumptions
on ρ in the statement of the theorem; in particular, there exists a finite set of places S =
Sp∪SR∪SL ∪SA∪S∞ such that ρ is unramified outside S and is trivial at Sp∪SR∪SL and
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the image of complex conjugation by ρ at every place in S∞ has determinant −1 (whether
p > 2 or not);

• ρ is totally odd and is unramified outside S;

• ρ is unramified at every place in Sp and there exists a partition Sp,d and Sp,e of Sp such that
ρ(Frobv) has distinct (resp. equal) eigenvalues {αv, βv} (resp. αv = 1) if v lies in Sp,d (resp.
Sp,e).

Given a subset ∆ = ∆d ∪ ∆e ⊆ Sp,d ∪ Sp,e = Sp, the representation ρ gives rise to a map
ρ∆ : RΣ ! O[ε], where O[ε] is the completed tensor product of the ring of dual numbers O[εv]
as v ranges over Sp,e, when we choose a root of the characteristic polynomial of ρ(Frobv) to be
(1 + εv)αv (resp. αv, resp. βv) if v lies in Sp,e (resp.Sp,d −∆d, resp. ∆d).

Suppose that ρ is irreducible. It then follows from Propositions 25, 32, 36, 43 and 44 that there
exists a map

F∆ : TΣ ! O[ε]

for every∆ ⊂ Sp such that

• Tv F∆ = tr ρ(Frobv)F∆ for every v not S;

• Uv F∆ = αvF∆ if v lies in Sp,d −∆d, whileUvF∆ = βvF∆ if v lies in∆d;

• Uv F∆ = αvF∆ + F∆−{v} if v lies in∆e whileUvF∆ = αvF∆ if v lies in Sp,e −∆e.

as in Theorem 54 in [75]. For example, when ρ∆ is irreducible with non-dihedral image (resp.
with dihedral image), one can find an admissible prime Γ of RΣ which contains the prime ideal
corresponding to ρ∆, and F∆ is given by TΣ ! TΓ

Σ ' RΓ
Σ ! O[ε] (resp. TΣ ! RΣ ! O[ε]).

Exactly as in the proof of Theorem 54 in [75], we then establish that the F∆ define cuspidal
overconvergent modular eigenforms of weight one and of ‘level Iwahori at p’, after possibly in-
creasing their levels at S but away from p to assume the eigenvalues at these places are all zero. The
argument in Section 6.5 in [75] proves that they ‘glue’ to define a classical weight one form of level
old at p whose associated Galois representation is ρ. This proves the modularity of ρ.

If ρ is reducible, then ρ arises from an Eisenstein series of parallel weight 1 (c.f. Proposition
45). �

By making appeal to pro-modularity results and Hida theory, we also obtain the following
theorem:

Theorem 47. Let ρ : Gal(F/F)! GL2(O) be a continuous representation of the absolute Galois group
of a totally real field F such that

• ρ is totally odd,

• the restriction of ρ to the decomposition subgroup at every finite place v of F above p is reducible,
and is potentially semi-stable with (distinct) Hodge-Tate weight (kτ + `τ − 1, `τ) at τ in Hv =
HomQp(Fv,L) for a pair of integers kτ ≥ 2 and `τ ≥ 0,

• ρ = (ρ mod λ) is modular– there exists a cuspidal automorphic representation Π of ResF/QGL2
whose associated p-adic Galois representation is isomorphic to ρ– when ρ is absolutely irreducible;
and suppose furthermore than ρ is p-ordinary modular– Π is ordinary at every place of F above p–
when p = 2 and ρ is unramified (i.e. trivial) at every infinite place of F .
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• The semi-simplification of ρ is not scalar, i.e. not twist-equivalent to the trivial representation.

Then there exists a holomorphic p-ordinary modular eigenform of weight (k, `) on ResF/QGL2, where k =∑
τ∈H

kττ and ` =
∑
τ∈H

`ττ andH =
∐
v

Hv = HomQp(F ,L), whose associated p-adic representation of

Gal(F/F) is isomorphic to ρ.
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