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ABSTRACT. We consider mod p Hilbert modular forms for a totally real field
F, viewed as sections of automorphic line bundles on Hilbert modular varieties
in prime characteristic p. For a Hecke eigenform of arbitrary weight, we prove
the existence of an associated two-dimensional representation of the absolute
Galois group of F'. Furthermore, for any such irreducible Galois representation,
we formulate a conjecture predicting the set of weights of eigenforms from
which it arises. This generalizes Edixhoven’s variant of the weight part of
Serre’s Conjecture (in the case F = Q), and removes the restriction that p
be unramified in F' from prior work in this direction. We also establish one
direction of a conjectural relation with the algebraic analogue of the weight
part of Serre’s Conjecture in this context. Finally, we prove results towards
our conjecture in the case of partial weight one for real quadratic fields F' in
which p is ramified.

1. INTRODUCTION

1.1. Background and motivation. In [Ser87], Serre formulated a remarkable
conjecture, later remarkably proved by Khare and Wintenberger [KW09al, KW09b],
predicting the modularity of certain two-dimensional Galois representations in prime
characteristic p. More precisely, the conjecture (now theorem) asserts that every
odd, continuous, irreducible representation of the form p : Gal (Q/Q) — GL2(F,)
arises as the reduction of a p-adic Galois representation associated to a Hecke eigen-
form f e Sg(I'1(N)), where N = N, is the (prime-to-p) Artin conductor of p and
k = k, is described explicitly in terms of the restriction of p to a decomposition
group at p.

In his original formulation, Serre restricts his attention to modular forms in
characteristic zero and of weight k > 2, but remarks [Ser87 pp.197-8]:

Au lieu de définir les formes paraboliques a coefficients dans F,
par réduction a partir de la caractéristique 0, comme nous l’avons
fait, nous aurions pu utiliser la définition de Katz [%’/H qui conduit
a un espace a priori plus grand. .. 1l serait également intéressant
d’étudier de ce point de vue le cas k = 1, que nous avons exclu
jusqu’ici; peut-étre la définition de Katz donne-t-elle alors beaucoup
plus de représentations py?

The referenced definition of Katz interprets the space of modular forms in char-
acteristic p more directly as sections of line bundles on the reduction mod p of
the modular curve X;(N). The question above was addressed by Edixhoven in his
paper [Edi92] proving the weight part of Serre’s Conjecture (for odd p), i.e., that
if p arises from a Hecke eigenform of some weight £ > 2 and level N prime to p,

HKat73] in the references herein.
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then in fact it arises from one of weight &, and level N (in the classical sense above
or equivalently that of Katz). To answer Serre’s question, Edixhoven furthermore
proves that such a p is modular of weight one and level N in Katz’s sense if and
only if p is unramified at p. (In general, only the forward implication holds using
the classical sense of modularity in the original formulation.)

In his paper, Serre also goes on to ask [Ser87, 3.4(2)]:

Peut-on reformuler ces conjectures dans le cadre d’une théorie
des représentations (mod p) des groupes adéliques? Autrement dit,
eziste-t-il une “philosophie de Langlands modulo p”, comme le de-
mandent Ash et Stevens dans [QEQ Si oui, cela permettrait peut-
étre:

de donner une définition plus naturelle du poids k attaché a p;

de remplacer GLo par GLy, ou méme par un groupe réductif;

de remplacer Q par d’autres corps globauz.

These questions have received a great deal of attention, thanks in part to their
significance in the context of the p-adic Langlands Programme. Firstly, it turns
out that the most natural characterizations of the weight %k, are provided by p-
adic Hodge theory; furthermore, this weight can be viewed as a manifestation of
a finer invariant associated to p by the Breuil-Mézard Conjecture [BM02] (see
[Wie21b], for example). The question of replacing GLy by GL was first considered
by Ash and Sinnott [AS00], and that of replacing @ by a number field by the
first author with Buzzard and Jarvis [BDJ10]. Many people have continued work
in these directions, formulating (and proving results towards) Serre weight and
Breuil-Mézard Conjectures in the context of Galois representations associated to
cohomological automorphic forms. See especially [GHS18] for a formulation in
significant generality and a discussion of the history of the problem, and [LLH22]
and the references therein for more recent results.

There has, however, been relatively little consideration in more general settings of
the variant addressed by Edixhoven. In view of this, we initiated a study in [DS23]
of this problem in the context of Galois representations associated to Hilbert mod-
ular forms, where F' is a totally real number field. In particular, we formulated a
conjecture that predicts the set of weights of all mod p Hilbert modular eigenforms
giving rise to a fixed p : Gal (F/F) — GL2(F,), under the hypothesis that p is
unramified in F. While it is still the case that the set of weights is conjecturally
determined (via p-adic Hodge theory) by the local behavior of p at primes over
p, several new features emerge. To begin with, the interpretation of modularity
in terms of sections of automorphic bundles on Shimura varieties allows for the
consideration of non-cohomological weights, which are necessarily excluded by the
framework of [BDJ10] and its generalizations discussed above. In the setting of clas-
sical modular forms considered by Edixhoven (i.e., the case F' = Q), this extension
ultimately pertains only to weight one modular forms and Galois representations
unramified at p, but the analogous extension in the Hilbert modular setting involves
richer structure and behavior on both the automorphic and Galois sides of the rela-
tion. Another new feature revealed in [DS23] is the determinative role played by a
certain cone of weights, which we call the minimal cone. Input from the geometry
of Shimura varieties also enables generalizations of weight entailment phenomena
that were provided in the classical setting by Hasse invariants and ©-operators.

2[AS00)] in the references herein
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The primary motivation for this paper is to remove the restriction from the
conjectures and results in [DS23] that p be unramified in F. Thus for an arbitrary
prime p and totally real field F', we consider a continuous, irreducible, totally odcﬂ
representation

p: Gal (F/F) — GLy(F,)

and formulate conjectures predicting the weights of mod p Hilbert modular eigen-
forms of level prime to p giving rise to p in terms of its local behavior at primes
over p. Since p may be ramified in F', we use the Pappas—Rapoport model for the
Hilbert modular variety to define Hilbert modular forms in characteristic p. In
order for the conjectures to be meaningful, we must first prove the existence of Ga-
lois representations associated to such eigenforms, thus removing parity hypotheses
on the weight from prior results of Reduzzi and Xiao [RX17]. To that end, we
adopt a different approach from the one used in [DS23] (for p unramified in F);
in this paper we make more systematic use of congruences involving forms that
are neither L-algebraic nor C-algebraic, along with the Jacquet-Langlands corre-
spondence. This perspective also enables us to prove one direction of a conjectural
relationship between the sets of weights giving rise to p in the sense of this paper
and that of [BDJ10]. (This is new even when p is unramified in F.)

The geometric Serre weight conjecture formulated in this paper is qualitatively
similar to the one from [DS23] that it generalizes, but it clarifies how features such
as minimal cone and weight-shifting phenomena manifest when p is ramified in F'.
In particular, our formulation in terms of line bundles on the Pappas—Rapoport
model captures aspects of the numerology, including that of weight entailment
phenomena, implicit in Gee’s generalization ([Geella]) of the Buzzard-Diamond—
Jarvis Conjecture to the case where p is ramified in F'. Furthermore, the ramified
setting more readily exhibits how geometric Serre weights provide a finer invariant
of local Galois representations than their algebraic analogue. For example, if p is
highly totally ramified in F', then there is a class of representations p as above whose
set of algebraic Serre weights consists of all those with the same central character
(see [GS1I]), but whose (conjectural) geometric Serre weights are distinguished by
a hierarchy of possible minimal weights.

One direction of our conjecture is an assertion about the local behavior at primes
over p of all Galois representations p arising from mod p Hilbert modular forms of
a given weight. It can thus be interpreted as a local-global compatibility statement
in the context of Langlands correspondences associating Galois representations to
automorphic forms in characteristic p. The other direction asserts that all contin-
uous, irreducible, totally odd p satisfying those local conditions indeed arise from
forms of that weight. One can envision the two directions as providing a starting
point to using the approach of Calegari-Geraghty [CGIS8] to propagate such an
equivalence to suitable deformations of p.

As in [DS23], we provide evidence for our conjecture by proving strong results
describing which Galois representations (a priori modular of some weight) arise from
forms of partial weight one for real quadratic F', except that we now we assume p
is ramified in F. Our overall approach to this is similar to that of [DS23], but we
must now make extensive use of the ©-operators constructed and studied in the
ramified case in [Dia23].

3By totally odd, we mean that det(p(c)) = —1 for every complex conjugation c.
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We remark that the results from [DS23] in the quadratic unramified case have
since been strengthened by Yang (see [Yan25al, Cor. 4.31]) and partly generalized to
higher degree by Wiersema [Wie22l [Wie25]. Further results in the unramified case
are expected from forthcoming work of Kansal, Levin and Savitt (on local-global
compatibility) and Wiersema (on geometric modularity in prescribed weight).

1.2. Outline of the paper. We now describe the contents of the paper in more
detail.

Sections 2-4 mainly recall definitions and prior results we will use on Hilbert
modular forms, and more generally automorphic forms for unit groups of quaternion
algebras over a totally real field F'. Section 2 reviews the classical theory over C,
including the Jacquet—Langlands correspondence. In Section 3, we recall aspects of
the theory with integral coefficients, or more precisely over the ring of integers of a
finite extension of Q.

In Section 4, we focus on our main objects of study: the spaces ME,m(U’ E) of

Hilbert modular forms of weight (k,7m) € Z* x Z* and level U with coefficients
in a finite field E of characteristic p, where ¥ is the set of embeddings F' — @p.
The component i plays a secondary role related to twisting by characters, so
for the purpose of the introduction, we assume it is trivial and suppress it from
the notation. The level U is an open compact subgroup of GLa(Ap¢), which we
generally assume is prime to p in the sense that it contains a maximal compact
subgroup of GLa(F},) (where F, = F®Q,).

The spaces M (U, E) are equipped with commuting endomorphisms (Hecke oper-
ators) T,, and S, for all but finitely primes v of F. Furthermore these are compatible
with weight-shifting maps defined by application of partial ©-operators and mul-
tiplication by partial Hasse invariants. The partial Hasse invariants are elements
H, € Mﬁa(Uv E) for certain weights hy indexed by o € 3, while the partial ©-
operators are certain differential operators (which, strictly speaking, also shift the
component 17 we just suppressed).

Motivated by the conjectures being formulated for this paper, the first author
and Kassaei proved in [DK23a] that every Hilbert modular form arises by multi-
plication by partial Hasse invariants from one whose weight lies in a certain cone
Zmin © Zgo, which we call the minimal cone. Using an idea of Deo, Dimitrov and
Wiese [DDW24], we prove a refinement in this paper (Theorem showing that
Zmin can be replaced by E;in U {6}, where E;’]in = Emin N Z§0~

In Section 5, we prove the existence of Galois associated to Hilbert modular

eigenforms (Theorem [5.2.1)):

Theorem A. Suppose that f € My(U, E) is an eigenform for T, (resp. S,) with
eigenvalue a, (resp. d,) for all v ¢ Q, where Q is a finite set of primes containing
all those dividing the level or p. Then there exists a continuous representation

ps: Gal(F/F) — GLy(E)

such that if v ¢ Q, then py is unramified at v and the characteristic polynomial of
pg(Frob,) (where Frob, is a Frobenius element at v) is

X% —a,X + Nmp/q(v)dy.

This was proved in [RX17] under the assumption that all components k, of k
have the same parity. The idea is to use congruences to forms of higher weight and
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cohomological vanishing (provided by ampleness results) for automorphic bundles in
order to lift f to a characteristic zero eigenform for which one already has associated
Galois representations. A difficulty that arises without the parity hypothesis is
that such lifts will not have level prime to p, so one also needs cohomological
vanishing results for certain Hilbert modular varieties with bad reduction. Under
the assumption that p is unramified in F, we removed the parity hypothesis in
[DS23] using this approach, with the cohomological vanishing provided by [DKS23].
These vanishing results were generalized to the ramified case in [Dia25], so that one
can prove the above theorem by combining the methods of [RX17] and [DS23].

Here however, we present a different proof, inspired by remarks of David Loeffler
and George Boxer. The idea is to lift (a twist of) f to a (non-algebraic) character-
istic zero eigenform of level prime to p. We lack a Galois representation associated
to the lift, but we can nonetheless apply the Jacquet-Langlands correspondence to
transfer our problem to the setting of automorphic forms on quaternion algebras.
This allows us to construct the desired congruences to forms with primes over p in
the level, without having to appeal to the more delicate analysis of Hilbert modular
varieties with bad reduction.

In we combine the approach with techniques from Hida theory in order to
prove that if (a twist of) f is ordinary at a prime p over p, then the restriction of
ps to Gal (F/F,) is reducible, with subrepresentation and quotient determined by
the (invertible) Ty-eigenvalue (and central character).

In Section 6, we formulate our conjecture predicting which Galois representations
p are geometrically modular of weight E, in the sense that they arise from some
eigenform f of weight k as above.

Conjecture B. Suppose that k € ZF. and p : Gal (F/F) — GLy(F,) is continu-
ous, irreducible and totally odd. Then p is geometrically modular of weight k if and
only if Xeye ® plaa (Fy/Fy) has a crystalline lift with labelled Hodge—Tate weights
(0,ky — 1)gex, for each prime p dividing p, where Xcyc is the (mod p) cyclotomic
character and Xy, is the set of embeddings o € 3 factoring through F,.

See §6.2]for notions from p-adic Hodge theory, including the definition of labelled
weights, and Conjecture for a more refined version of the conjecture covering
all weights k.

In §6.4] we discuss what happens as we vary m (the weight component we as-
sumed here to be trivial), and in particular its interaction with twisting and with
partial ©-operators.

In we discuss the relation with the notion of being modular of weight k
in the sense of [BDJ10] and its generalizations, which we call algebraic modularity.
In particular, we conjecture that the notions are equivalent for ke mZ§2 N Zmin-
Furthermore, using ingredients of the proof of Theorem [A] we prove one direction
of this equivalence. (For partial results in the other direction, under the assumption
that p is unramified in F, see [Yan25a].) More precisely, we prove the following
(see Theorem , which allows one to transfer algebraic modularity results of
Gee and others ([GLSTH, [GK19, [New14] into ones towards Conjecture

Theorem C. If p: Gal (F/F) — GLx(F,) is irreducible and algebraically modular
of weight ke Zgz, then p is geometrically modular of weight k.
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We also present a conjectural converse (Conjecture to our result on Galois
representations associated to ordinary forms, i.e., that if p is as in Conjecture
then it arises from a form f of weight k which is ordinary at all primes p dividing p
such that p|q,, (Fy/Fy) has the requisite shape. We also explain how results in this
direction follow from analogous ones in the context of algebraic modularity.

In Section 7, we prove results towards Conjecture [B]in the case of partial weight
one, where I’ a real quadratic field in which p ramifies. Note that such weights
are outside the setting where results on algebraic modularity apply, so we use the
approach developed in [DS23] and [Wie21a]. The idea is to relate the properties of
crystalline liftability and geometric modularity in these irregular weights to those
properties in regular weights, so that one can apply the results of Gee and others
on algebraic Serre weight conjectures.

Before specializing to the case of real quadratic F', we generalize the results we
need from [DS23] on stabilized eigenforms to the case where p is ramified in F'. We
also generalize results of [GLS15] and [Wie25] on reductions of crystalline repre-
sentations to the case of irregular weight. In §7.3] we specialize the p-adic Hodge
theory results to the ramified quadratic case in order to relate crystalline liftability
in irregular and regular weights. Finally in the last section, we use partial Hasse
invariants and ©-operators to obtain analogous relations for geometric modularity.
Putting everything together gives the following result:

Theorem D. Let F be a real quadratic field in which p is ramified, p the prime of
F dividing p, and k = (1,w) € Z* for some w € [2,p]. Suppose that p is irreducible,
geometrically modular of some weight, and satisfies a Taylor—Wiles hypothesis. If
Plcal (Fo/Fy) has a crystalline lift of weight E, and is reducible if w = 2, then p is

geometrically modular of weight k.

The Taylor-Wiles hypothesis (on the image of p; see the statements of Theo-
rems and for details) is needed in order to apply results on algebraic
Serre weight conjectures. We also prove a converse (see Theorems and ,
assuming our conjecture that geometric implies algebraic modularity for weights
ke Zgz N Zmin- On the other hand, we are able to use ad hoc arguments to remove
the Taylor—Wiles hypothesis from our results in this direction.

Finally, we remark that the additional reducibility hypothesis on the local Galois
representation in the case w = 2 is needed in order obtain the relation between crys-
talline liftability, as well as geometric modularity, in irregular and regular weights.

1.3. Notation and conventions. We fix a totally real field F' # Q throughout
the paper, and let d = [F : Q] denote its degree. We denote its ring of integers Op
and let 9 € Op denote its different.

For any field L, we write L for its algebraic closure, and we view Q as a subfield
of C. We let ¥ denote the set of embeddings F' < Q, which we often identify with
the set ¥4 of embeddings F' — R.

We write F'[* for the subgroup of totally positive elements of F*. More generally,
we use the subscript “4” to denote the set of totally positive elements of any subset
of iy = FRR = Haezm R. We extend this usage to matrices via the determinant,
so for example GLo(F')+ denotes the set of elements of GLo(F') with totally positive
determinant.

For any finite place v of F, we write Op, (resp. F,) for the completion of Op
(resp. F') at v. We let A denote the ring of adeles of Q@ and Ap the adeles of F', so



ON GALOIS REPRESENTATIONS ASSOCIATED TO HILBERT MODULAR FORMS 7

Ap = F®A =F, x Apg where Apy = F ®2 c [, Fv, the last product being
over all finite places v of F. o -
We fix a rational prime p and an embedding Q — Q,,, and let S, the set of

primes of O containing p. We write Op,(,) for the localization O ® Z,,) of OF

at the prime ideal (p) = pZ of Z. We let Ag”)f denote the prime-to-p finite adeles of
F; ie., the kernel of the natural projection Apg — F), := Hpesp F,.

For each p € S, write F, for the residue field Op/p. Denote the maximal
unramified subextension of F}, by F} o, and identify it with the field of fractions of
the ring of Witt vectors W (F,). Let f, denote the residue degree [F, o : Qp] =
[F, : F,], and e, the ramification index [F, : F,o]. We choose a uniformizer
@y € Op,(p),+ such that @w,Op ,) = pOF (). On the other hand, of v ¢ Sy, then
w, will simply denote a uniformizer in Op,,,.

We let ¥, denote the set of embeddings F, — @p, and let ¥, o denote the set
of embeddings Fy o — Q, (or equivalently W (F,) — W(F,), or F, — F,,). We fix
a choice of embedding 7,0 € Xy, and for i € Z/f,Z, we let 7, ; = ¢' o 7, o where
¢ is the Frobenius automorphism of Fp (sending x to xP). We also fix an ordering
Op,il>0pi2s- -+ 0pie, Of the embeddings o € Xy, restricting to 7, ;. Our choice of
embedding Q — @p allows us to identify ¥ with Hpesp Yp, so that

Y= {0P717j|p€SP7iGZ/fPZ71 <J < ¢ }
We also let Xo = [ [,cg Zp,0 = {7p,i|p € Sp,i € Z/fyZ }, and define a permutation
@ of X by ¢p(0p,ij) = opij+1if j # ep and ©(0pie,) = Opiv1,1-

Let K be a finite extension of Q, (in @p), which we assume is sufficiently large
to contain the images of all o € X; let O denote its ring of integers, w a uniformizer,
and F its residue field.

We write k for the element of Z= (or ZZ= or Z¥) with o-component k,. We
often abbreviate k,, , . by ky ; ;. For ke Z*, we write Ep for its image in Z>» under
the canonical projection (induced by the inclusion X, < X). For o € £, we let €,
denote the standard basis vector associated to o (so e, = 1 or 0 according to
whether or not o = ¢’). A special rol will be played by certain elements hy € Z%,
defined as follows: Let EU = V€41, — €5, Where v ;; = p or 1 according to
whether or not j = 1.

For a non-zero ideal n of O, we write U(n) and U; (n) for the following standard
open compact subgroupsﬁ of GLa(Apg): U(n) denotes the kernel of the projection
GLQ(@F) - GLQ((’)F/n) and

Ul(n)z{ (¢ %) eGLa(Or) c,dflen(ap}.

When we consider more general open compact subgroups U of GLa(Ag¢), they are

often assumed to be of the form [ [, U, with each U, < GL2(OF,,), in which case we

write U = U,U?, where U, = [] Uy, € GL2(OFp) and U? = [[ U, c GLQ(A;?)f).
pesS, vgS, '

For a (non-split) quaternion algebra B over F, we let ¥ denote the set of

places of F' at which B is ramified, and let X% = %8 ~ $,. We choose F,-algebra

isomorphisms B, = M (R) for each 0 € X, — X, and B, ®g C = M,(C) for each

4As weights of partial Hasse invariants; see
5By contrast, Up(n) (for n prime) will be defined below relative to an open compact subgroup
U, and only used in the context of quaternion algebras; see below.
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o€ Eg. We also fix a maximal order Op in B and Op-algebra isomorphisms
O,y = M3(Op,,) for each finite v ¢ Y8 and write Op,p) for Op ® Z,). We let

By = B®A = By x By, where By, = BOR =[]y, B, and By = BRZ —
B ®r Apg < [ By, and write Bﬁp) for B @p Ag)f c Hv¢sp B,. For v € B,

we write o (resp. e, %p)) for its image in By, (resp. B, ng)). We let det
(resp. tr) for the reduced norm (resp. trace) map B — F', as well as its extension
to maps B, — F,, By, — Fy,, etc., and again use the subscript + for subsets of
B (or By) to denote those elements with totally positive image under det. We
again generally only consider open compact subgroups U of By of the form [ [, U,
with U, = Og,, for all v, and write U = UpU? with U, < Op , = [],cq OF,
and U < []4g, O, © (Bﬁp))x. For v ¢ ©P such that U, = 0% ., we let
Uo(v) = UnhUh™!, where h is any element of Op ,, such that det(h) is a uniformizer
in Op,y (so h € B < By', and Up(v) only depends up to conjugacy in Op , on the
choice of h).

For any field L, we let G, denote its absolute Galois group. If L has characteristic
different from p, then we let xcyc : G — Z, denote the p-adic cyclotomic character
(or the mod p cyclotomic character G, — F,; if clear from the context). We use
¢ (as above) to denote the Frobenius automorphism in Gf,, as well as its lifts to
automorphisms of W (F,) and its field of fractions.

If L = F, (or a finite extension thereof), then we write Iy, for the inertia subgroup
of Gr. We let Frob, denote the geometric Frobenius element of Gr, /Ir, = Go, Jo-
(In particular, if p € S}, then Frob, = #~f7.) We often view G, as a subgroup of
G r via the inclusion Gg, — GF, determined up to conjugacy in Gr by a choice of
F-embedding F < F,. We let Wg, denote the Weil group of F,, i.e., the preimage
of (Frob,) in GF,, and normalize the Artin isomorphism W;ilu) ~ F© of local class
field theory so that lifts of Frob, correspond to uniformizers in F,*. In particular if
v ¢ Sp, then the restriction of xcy. corresponds to |-|, (where w, has absolute value
Nmp/g(v)~!). We normalize the local Langlands correspondence for GL; so that
the principal series representation I(1y]-|Y/2, 4s|-|1/?) of GLa(F,) (for by # 1 |-|F1)
corresponds to the representation 11 @ of W, (conflating continuous characters
of Wg, and F)).

For o € 3y, we let w, @ Ip, — F; denote the fundamental character associated

to X, defined as the composite I, — (’);’p — Fy < Ef (where the first map is
induced by the Artin isomorphism). Note in particular that w, depends only on
the restriction of o to Fj o.

For o € F* and k € Z=, we let o denote [1, o(a)k € Q”. We use the same
notation similarly in various related settings; for example, if « € O;(p), then we

may view o as an element of O*, or more generally in R* for an O-algebra R

that should be clear from the context. We sometimes further extend this notation
to allow exponents in %ZZ for totally positive a.
Note that if £’ %ZE and R is a an O-algebra such that p" R = 0, then there exist

continuous characters € : (Agf)f)X — R* such that &(a) = of for all o € (@) ()4
We make use of such characters, especially for R = FE, in various constructions and
arguments. We often use e; to denote a basis for a rank one R-module on which
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GL4 (Agf)f) X or (BEP)) % acts via odet. Note that if £ € Z=, then ¢ extends uniqeuly
to a continuous character of Ay /F* Foé -, which we also denote by £. Furthermore,
we have &(u) = Haezp o(u)~* forallpe S, and u € Ok ,- In particular, if R = E,
then the restriction to Ir, of the character of G'r corresponding to £ via class field
fe —t,
theory is [ ], ey wo'-
For notation related to p-adic Hodge theory, see We mention here only our
convention that Xcye : Gg, — Q, has Hodge-Tate weight 1.

Remark 1.3.1. We caution that our conventions in this paper with regard to
Hecke actions differ by a twist from those in the prequel [DS23]. More precisely,
the definition of the action of g € GLq (Agf}) on spaces of Hilbert modular forms
in [DS23, §4.2] (for p unramified in F') involves a factor of || det(g)|| which is not
included here, so for example, our Hecke operator T, is Nmp/g(v) times the one
denoted T, in [DS23]. The reason for this is that the normalizations in [DS23] were
chosen for consistency with the more familiar setting of classical modular forms, but
the ones in this paper were chosen for consistency with a more general framework of
automorphic forms, including Hilbert modular forms over C of non-paritious weight,
of which we make repeated use. In the same vein, our representation DE,m,E, of

GL(Op/p) is the twist by the character [] (o odet™") of the one denoted Ve 5 in
[DS23].

2. HILBERT MODULAR FORMS OVER C

2.1. Hilbert modular varieties over C. For an open compact subgroup U of
GL2(Ap¢), the Hilbert modular variety of level U over C is defined as the quotient

Yi = GLy(F)\GLy(AF)/UUy = GLa(F):\($7 x GLa(Apg)/U),

where Uy, = ngzw R*SO2(R) € GLy(Fy), $ is the complex upper half-plane,
and GLg(F); < GLa(R)%* acts componentwise on > via linear fractional trans-
formations. Note that we have a natural right action of GLa(Ap¢) by right-
multiplication on the inverse system of the Yy (for varying U). More precisely, if U
and U’ are open compact subgroups of GLy(Ap¢), and h € GLo(Apy) is such that
U’ < hUh™!, then we have the map py, : Yy — Yy induced by (7, gU’) — (1, ghU),
and these satisfy py o pp = ppp (for U” = h'U’R'~1). Furthermore the determinant
map induces a bijection between the set of connected components of Yy and the
set

AJJFXFJ_, det(U),

compatibly with the obvious action of GLa(Ap¢).

If U is sufficiently small, then Yy inherits the structure of a d-dimensional com-
plex manifold from $H*=. Furthermore Yy also naturally has the structure of a
quasi-projective variety over QQ, but we shall be primarily interested in the special
fibre of an integral model over a (sufficiently large) finite extension of Q,, and only
in the case when the level U is prime to p (see below). To facilitate statements
relating the complex and p-adic settings, we shall often view Yy as a variety over
Q.

The Hilbert modular variety Yy admits a minimal compactification Y,}“i“ (see
for example [Dia24]). The complement of the open immersion i : Yy < YP™ is the
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finite set of cusps Cy of Yy, in canonical bijection with
B(F):\ GLa(Arg)/U

where B(F'), denotes the subgroup of upper-triangular matrices in GLa(F) ;. We
let j : Cpy < Y™ denote the closed immersion complementing 4.

The description of the completion of Y[’}“i“ at each cusp is given for example in
[Dia23], §7.2]. In particular if U = U(n) for some non-zero ideal n ¢ Op, then the

completion (’)f,min .= (ix Oy, ), at each cusp x of YI}ni“ is isomorphic to
fnin,

Z T @™ | Tm € Cy 1y =1y forall v e Vi o, men™tM, + U {0} ¢,
men—t M, 4, u{0}
where M, is a certain oriented invertible O p-module and V,, = ker(Op — (Op/n)*).
Similarly if U = U;(n), then we have the same description of each O3 .., but with
U
n~'M, replaced by M, and V, replaced by O;.

2.2. Hilbert modular forms over C. Suppose now that k= (ko)oes,, € ZF=.
For g = (‘; Z) € GLy(R)4, 7 € $, let j(g,7) = det(g)~"?(cr + d) € C.

If U is sufficiently small, then we have the complex line bundle £; = E,;U on
Yy defined by (holomorphic sections of)

CL2(F);\(H™* x C x GLy(Apg)/U),
the action of v € GLJ (F) being given by the formula

v (77 279) = ('yw(T)vj(vaT)kVYfg)

where j(%o,T)E =11,7(c(v), 7o)k for 7 = (15), € H=.

A section f € Mp(U,C) := H°(Yy, L) is called a Hilbert modular form of weight
k and level U. The natural action of GL2(Apf) on the inverse system of Yy gives
rise to a left action of GLa(Ap¢) on

ME = @ME(U,(C).
U

More precisely for h € GLa(Apg) such that U’ < hUh™!, we have the isomor-
phism p¥ Ly, = Lj ;, induced by (7,gU’, z) — (7,ghU, z), and hence (injective)
maps M3 (U,C) — M;(U’,C) which yield the action. Furthermore we may identify
M;(U,C) with ng

By the Koecher Principle, the direct image L’%ﬁn := 4L} is a coherent sheaf
on Y and in fact a line bundle if k is parallel (i.e., if k, is independent of o).
The completion of /.:gli“ at each cusp of Y is as described in [Dia23 §7.2]. In
particular if x is a cusp of Y[}n(inn), then (ﬁgﬁn)g is isomorphi(ﬂ to

Z TnG™ | T € C, 7y = V*2p,,, for all v e V, y, men™ M, , U {0}
men—t M, 4 u{0}

6The isomorphism depends on a choice of basis for a certain one-dimensional complex vector
space depending on the cusp representative and the weight k; see [Dia23| for a more canonical
description.
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. A k
as an Ofmin

min -module (where v¥/2 = [T o(v)"/2). Again the description with
U(n) replacéd by Ui(n) is the same, but with n=1M, replaced by M, and V,
replaced by Of. Note in particular that ro = 0 unless k is parallel. We recall
also the g-expansion Principle, which states that if C' is any set of cusps of Y, '"
containing at least one cusp on each connected component, then the natural map
M(U,C) — D(LF™);
zeC
is injective.
We call f e Mp(U,C) a cusp form if the coefficient 7o of its g-expansion at each
cusp vanishes. Note that this holds automatically if k is not parallel, so letting
S;(U,C) denote the space of cusp forms of weight k and level U, we have

Sp(U,C) = HO(Y™, £3) « HO (Y™, L2™) = M (U, C),

where E%‘lb = ker([,%“i“ — j*j*ﬁ‘%ﬁ“) if k is parallel, and E%‘lb = E%ni“ otherwise.
The action of GLy(Ap ) on M restricts to one on
Sg = lim 5z (U, €),
U

and Sp = 0 unless k, > 1 for all 0 € ¥, in which case it may be described in terms
of cuspidal automorphic representations of weight k of GL2(AF). More precisely,
for an integer k greater than (or equal to) 1, let Dj, be the irreducible unitary (limit
of) discrete series representation of GLo(R) of weight k. We then have

SE% (—B f,

WECE

where Cy is the set of cuspidal automorphic representations m = 7, @ 1¢ = &/,
of GLa(AF) such that 7, =~ Dfﬁa for all o € .

2.3. The Jacquet—Langlands Correspondence. We shall also make use of au-
tomorphic representations of B, where B is a (non-split) quaternion algebra over
F. Recall that ©® denotes the set of places of F' at which B is ramified, and
$B = %8 A ¥, Recall also that for each (finite or infinite) place v ¢ 2, we have
chosen an isomorphism B, =~ Ms(F,) of F,-algebras, as well as an isomorphism
B, ®r C = M, (C) of C-algebras for for each o € £8. For k > 2, let D;, denote the
representation of B defined by det®=%/2 @ Sym*~2 C2. (Note that det(BX) < RX
if o € ©8, so this is well-defined.)

Recall that if v € B, then the local Jacquet-Langlands correspondence (see
[GJT9, §8]) defines a bijection JL, between the sets of (isomorphism classes of)
smooth irreducible representations of B and discrete series representations of
GL3(F,). In particular, if k¥ > 2 then JL (Dy) = Dj,.

Suppose now that k € Z®» is such that ke = 1for all o0 € ¥ and k, = 2
for all o € X5, We let Cf denote the set of all infinite-dimensional automorphic
representations 7 = ®),m, of B = (B® A)* such that m, =~ Dj_ if 0 € £& and
T =D ifo¢Xh.

The (global) Jacquet—Langlands correspondence can then be stated as follows:

Theorem 2.3.1. There is an injection JLkE : Ci? > Cy such that if Il = @, 11, €
Cg, then JL EB(H) =7 = Q! m, is characterized by
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o m, =11, for allv ¢ XB;

o 7, = JL,(IL,) for all v e ©B.
Furthermore the image of JL]? is the set of all m = Q! m, such that m, is a discrete
representation of GLy(F,) for allve X5,

2.4. Automorphic forms on totally definite quaternion algebras over C.
We have the following explicit description of CEB in the case that B is a totally

definite quaternion algebra, i.e., 2 = ¥ . For an open compact subgroup U of
B := (B® Ag)*, let

M]f(U,(C) ={f: B = Dz| f(yau) = ux'f(z) for all ye B*, x € B, ue B5U },

where Dp = ®,Dy, (and we assume k, > 2 for all ¢). Note that restriction
identifies M]-f(U, C) with

{f:Bf = D f(yeru) = v f(x) for all y e B,z € B, ue U }.

Furthermore if U is sufficiently small, then B* nU is contained in (’);’ +» and hence

acts trivially on Dj. We may then identify le(U, C) with H°(Y;Z, D), where Y?
is the finite set B*\B{ /U =~ B*\B, /BXU, and Dj is the sheaf on Y;? defined by
B*\(Dy x B¢ JU).

Just as for Hilbert modular forms, we have a natural action of B{* on the direct
limit

MZE = lim M7 (U, C).
U

If k, = 2 for all o (so Dy is the trivial representation), then we define If(U, C)c
M]-?(U, C) to be the subspace of functions B, — C factoring through the map

By %5 Aj — FPX\AS/F) , det(U)

(where we use det to denote the reduced norm); otherwise let T 5 (U,C) = 0. Letting
B _ 1 B B _ 1 B B _ B B
I7 = lim, I (U,C) and &7 = lim,  S¢ (U,C), where S (U,C) = M (U,(C)/IE (U,0),
we have
B _ AqB/7B ~

TecB
g

as representations of By'. Furthermore we may identify MEB(U, C) (resp. SS(U, C))
with (Mf)U (resp. (Sf)U).

2.5. Automorphic forms on Shimura curves over C. Suppose now that [L2 | =
d —1, and let o be the unique element of ¥, — X8, Let Y[}B denote the Shimura
curve

BI\((%9 x Bf)/U),

where B} acts on §) via its embedding in B, (for which we fixed an isomorphism
with GL2(R)). Thus Y{? is a compact Riemann surface, and if U is sufficiently
small, then the stabilizer of any point in ($ x Bg")/U under the action of B is
contained in Of ..
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We let D = ®, Dy, as a representation of B;ML, and hence B, where Dy, =
det®7#20)/2 @ SymFa0 =2 C2 with its action of By . = GLy(R),. For sufficiently
small U, we have a locally constant sheaf on Y;¥ defined by (sections of)

B9 x Bf x Dp)/U),
which we denote by V]f U
Now consider the cohomology groups Mlg(U7 C) := HI(YIF,V]?U). As in the

case of Hilbert modular varieties and forms, for h € By and U, U’ such that
U’ < hUh™!, we have morphisms pj, : Yy — Yy and pZVfU — V’?U,, yielding

maps MEB(U, C) — M]f(U’, C) giving rise to an action of B{* on

B ._1; B
M = lim MP(U.C).

‘We then have
ng >~ @ (Hf @Cg)

TiecB
k

as representations of By (as in [DT94, (4)], for example). Again we have the
identification (MZ)Y = MP(U, C).

3. HILBERT MODULAR FORMS OVER (O-ALGEBRAS

3.1. Hilbert modular varieties over O. Let Ag’))f = F®i(p), where 72 —
[ 1y Ze denotes the prime-to-p completion of Z, so Ap ¢ = Ag)f %[ Tpes, Fp- Let U
be a sufficiently small open compact subgroup of GL2(Ag¢) containing GL2(OF,)),
so that U = U,U? where U, = GL3(Op,) and U? GLQ(A%:)f).

Let Yy be the O-scheme representing isomorphism classes of data (A, ¢, A, n, F*)
as in [Dia25] §2.2], i.e., abelian schemes with O p-action and suitable quasi-polarization,
level UP-structure and Pappas-Rapoport filtrations. Recall that this is a smooth
quasi-projective scheme of relative dimension d over O equipped with an action of
O;,(p), ,» and the quotient Vi = O;’(p)’ +\3~)U is a smooth model for the Hilbert
modular variety Yy, i.e., we have an identification of yU,@p with YU’@p as complex

manifolds. For U, U’ as above and h € GLQ(A;%) such that U’ < hUh™!, we have

a morphism py, : J7U/ — 37(], and these morphisms define an action of GLQ(A;%) on

the inverse system of the Yo (for varying U as above). Furthermore the morphism
pr, is compatible with the action of (’); ()4 inducing a morphism pp, : Yo — Vu
which is compatible (in the obvious sense) with the one previously so denoted,

We will also make use of the minimal compactification y{}“i“ of Yy, as defined
in [Dia23, §7.2]. The reduced complement of Yy is a finite O-scheme Zy;, and we
assume O is sufficiently large that its components (as well as those of y{;ﬁn) are
geometrically connected. Thus Zy is a disjoint union of copies of Spec (O), which
we also call cusps, corresponding to the cusps of Y[’]“in. The description of the
completion of Y™ at each such cusp is the same as for Y2 but with C replaced
by O.

We note also that the connected components of Yy (or equivalently Y#in) cor-
respond to those of Y.
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3.2. Hilbert modular forms over (J-algebras. For E,T?l € Z*, we have the
automorphic line bundle

A ko+me
E,ﬁz = ® LU o ®M¢77n8
oED
on 3~JU, where L, . . is the subqotient ]-"g) /]-"T(z;l) of the Pappas-Rapoport filtra-
tion on the 7, ;-component of the Hodge bundle of the universal abelian scheme over

3~}U7 and similarly M, is a certain invertible subquotient of its relative de Rham

cohomology (see [Dia25], §2.3]). The line bundles A . are equipped with a natural

E,m

action of O (p),+ OVer its action on Yy, i.e., isomorphisms

o+
O . 4_‘ N) * 4_,
Ko k,m wu k,m

X
F,(p),+

v are the underlying automorphisms of 37U.

+

for pe O satisfying ar = ¢% (o) o ay for p, i’ € OF o)+ where 1, and

If k + 21 is parallel (in the sense that k, + 2m, is independent of o), then
this action defines descent data to a line bundle A; - on )Yy. Furthermore for

any O-algebra R in which the image of u’;”’?’ = [1, o(u)ke*2me is trivial for
all 4 € U n O, we similarly obtain a line bundle AE,m,R on Yy,r. Note that if
pVR = 0 for some N > 1, then this condition holds for all sufficiently small U. We
then define the space of Hilbert modular forms over R of weight (E, m) and level U
to be the R-module

My (U, R) := H(Vu,r, Ag 7 p)-

For the purpose of arguments involving lifting to characteristic zero and applying
the Jacquet-Langlands correspondence, we shall also need integral structures on
spaces of Hilbert modular forms for which the k, differ in parity. To that end,
suppose that K is sufficiently large to contain o(p)Y/? € Q" < @; for all p €

O;y(p)#, 4 € ¥. We may then define another action of O;’,(p),+ on j,;ﬁ by setting
ait = K 204#, yielding well-defined descent data and hence a line bundle on Yy
which we denote by L ,. This is compatible with our previous notation in the

sense that the line bundle ﬁ,;@ over yU@ may be identified with the base-change
Qp Qp

of the line bundle £; on Yy (defined over Q). For any O-algebra R, we define
My(U, R) := H*(Vu,r, L 5)-

The relation between the M _ (U, R) and My (U, R) will be described below.

3.3. g-expansions. Again letting ¢ : Yyp — y{}fiﬁ denote the open immersion

of Yy in its minimal compactification, the direct images A;;m,% = i3 A - p and

R
min

E%ﬁ; = i*ﬁg R are coherent sheaves on yU’ - Furthermore their completion at
cusps have a similar description to that of Eg‘in, but with C replaced by O (and

k/2 replaced by —m). Note however that formation of Ag“% (or Lg‘i;) does not

R

commute with base-change. For example, .A%“T% is a line bundle if and only if k (or

,0
equivalently m) is parallel, but Ag‘irj is a line bundle for all k, m and sufficiently

m,E
small U.

s
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The g-expansion Principle holds in this setting as well, i.e., if C' contains at least
one cusp on each connected component of )y, then the natural maps
M, (U, R) — @AFE )r and  Mg(U,R) — @D(LFR)2
zeC zeC
are injective.
We shall often assume U = Up(n) or U(n) for some n prime to p, and take C
to be the set of cusps at oo, in the sense of [Dia24l §6.4]. Such cusps have the

form B(F)+( é (1) )U for t e (Agg)f)x (or equivalently B(Opy(p))Jr( 8 (1] )Up) for

te (Agf)f)x and are in bijection with the set of connected components of Yi". If
z € C is the cusp associated to ¢, then the oriented invertible Op-module M, is
isomorphic to t 107 'Op N F, where 0 is the different of F. We then writeﬂ rt (f)
for the coefficient of ¢ in the g-expansion of f at the cusp corresponding to ¢
(with 7!, understood to be 0 if, for example, U = U;(n) and m ¢ M, ; u {0}). The
dependence on the choice of ¢ is given by the formula

(1) () = o (f)
4o UE (@;?))X if U = Uy(n), (and further that v = 1 mod n if

U = U(n)), where atu is understood as an element of (Agf’)f)X (see [Dia24l (6.1)]).

We define the spaces of cusp forms Sy - (U, R) and Sp(U, R) as in the complex
setting, via vanishing of the constant term of the g-expansion at all cusps. We
can again identify S “,m(U7 R) with the R-module of sections of a coherent subsheaf

for a € O;(p)

A%u;l R of A%“ﬁ,rfb Ry in this generality the kernel of a (possibly trivial) morphism to
J%Oz,  (writing j for the closed immersion Zy p — y;]m;;) Similarly we have
Sz(U,R) = H°(YVu,r, E%"‘;) where E%‘j}g = ker(ﬁ‘éji; — jxOz, ). Note that, unlike
AEm;% R and E‘E‘f;‘, formation of ASE"‘% R and ESE"I; do commute with base-change.

3.4. Hecke operators. Suppose now that U and U’ are sufficiently small open
compact subgroups containing GL2(OpF,,), and that h € GLQ(A;%) is such that
U’ < hUh™!. We again have a canonical isomorphism p¥ Az - o — 'A/E . p of line

1, R

bundles on Yy g (where AIE . is defined as above with U replaced by U i ), giving

R
;
rise to an R-linear morphism

My . (U.R) — M (U, R).

Furthermore (assuming k + 217 is parallel or that p¥ R = 0 for some N > 0), these

morphisms define an action of GLQ(Ag)f) on

m

Mg (R) = lim M (U, R),
U

restricting to one on S - (R) :=lim, S (U, R). If U is such that ,u’;“'ﬁ is trivial
in R for all € UnOF, then we may identify My (U, R) with (M . (R))Y"; more

"Here as well the coefficient is viewed as an element of R after choosing a basis for a certain
invertible R-module; see [Dia23] §7.2]
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generally for any U containing GLa(OF,;), we define Mj; . (U, R) to be (M SRV,
and similarly for S; _ (U, R). The space

Mot (U, R):= P M,

k,mez>
then forms an R-algebra in which Sio (U, R) := @ S; . (U, R) is an ideal.

We may similarly define an action of GLQ(A;?}) on Mz(R) := lim, Mp(U, R)
for any k € Z* and O-algebra R. As above, this restricts to an action on Si(R) :=
lim  Sz(U, R), and we recover the previously defined Mg (U, R) (and S(U, R)) by
taking U-invariants.

For any open compact subgroups U, U’ of GLa(Ap¢) containing GL2(OF,,), and
he GLQ(A;{)}), we define the R-linear double coset operator

[U'hU] = My (U, R) = (Mg, 1, (R) — (Mg ()Y = Mg (U, R)

k,m

as Y.~ hi, where U'hU = ][, h;U, and the action of the h; on My .(R) is
the one defined above. (For U, U’ sufficiently small, this can be written as a
suitably normalized composite of pull-back and trace maps, as in [DS23] §4.3], but

see Remark [[.3.1] for a discussion of the difference between the conventions here
and in [DS23].) Note that the operator [U’hU] restricts to a map Si . (U, R) —

S,;m(U "'R).
In particular if v is a prime not dividing p and U contains GL2(OF,,), then we
have the usual Hecke operators

T—U(w“ )U and S, —U(W“ 0 )U

Wy

as endomorphisms of M~)m(U, R) and Mp(U,R) (where w, € Op, is any uni-
formizer at v). If U = Uj(n) or U(n), the effect of T;, on Fourier expansions at
cusps at oo is given by [Dia24, Prop 6.5.1], which translated to our conventions
becomes the formula

o (Tof) = Nmpjg(0)rset(f) + ' (Suf)-
In the case that
U=ti(n)i={ (¢ 4 )eGLOr)| cu & nOp, forall v |

for some ideal n of O prime to p, we also define T, as above for v|n. The effect on
Fourier expansions at cusps at oo is then given by the formula

o (To f) = Nmp g (v)riet (f).

Furthermore if p € S}, and

(2) Z min(my, + 1,my, + ky) = 0,

o€,

then we have the endomorphism T}, of Mj (U, R) defined as in [Dia25] §5.4] for
arbitrary U containing GLy(OF,). More precisely, assuming instead of [Dia25,
(54)], we may replace ¢* by p/r¢)* in the definition of the morphism [Dia25, (55)] in

order to conform to the conventions of this paper. Similarly if dez (ks+2mg) =0,

T—k—2m

then the operator S, is given by w’;”mSﬁ,p, where p~/» w, is replaced by
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wp_E_Qm in the definition of S, in [Dia24} §6.7]. Translating the formula in [Dia24,
Prop. 6.8.1] for the effect of T}, on g-expansions then gives

- 7 —1 P
(T f) = ey g () + @ D, (S, ),

X
(p)

and z = w,gp).

where € = p/*Nm(w,)™! € Z
endomorphism of Si - (U, R).

We also have the usual Hecke operator T, on Mj(U, K) (assuming also now that

In particular 7T}, restricts to an

a(wp)l/ 2 € K for all 0 € ¥), whose effect on g-expansions is given by the same
formula as above, but with m replaced by —E/Z (with S, being the usual Sy).
Note in particglar that it does not preserve integrality of g-expansions, but that
To, =p 7 w:f/QTp does, provided >} ¢y, (ko —1) = 0. Therefore it follows from

the g-expansion Principle that (under this assumption on E) T, restricts to an
endomorphism of My (U, O) (and of course Sj(U, O)) satisfying

vt (T f) = 15 L (F) + 0~ by (S, ).

1
wp m

Finally we recall that all the operators defined above commute whenever defined.
See in particular [Dia24l Cor. 6.8.2] for the case of T, and T, when v and v’ are in
Sp.
3.5. Twisting. We now explain how the spaces My (U, R) for varying n (and
fixed k) are related.

Recall from [Dia23l, Prop. 3.2.2] that the action of GLQ(A;{)}) on Mg ;(R) factors

through the determinant, and as a representation of (Agf)f)x is isomorphic to the

smooth co-induction of the character O, ot R* defined by a — of.

It follows (as in [DS23| §4.6]) that if £ : (Ag)f)X — R* is a continuous character
such tha (a) = of for all a e O;ﬁ(p% » then the corresponding eigenspace

{f € Mg AR) | gf = €(det(g))f for all g € GLa(A¥}) }
is free of rank one over R. Multiplication by a basis element thus defines a
GLQ(Ag%)—equivariant isomorphism M . (R)(£ o det) — Mz 7 (R). In par-
ticular if £ is trivial on det(UP), then we obtain an isomorphism

(3) €¢ t ME,TE(U’ R) - M,—C‘7[+7ﬁ(U, R)

such that T, (e¢ f) = ec&(w,) Ty (f) and Sy(esf) = ec&(w,)?S,(f) for all vt p such
that GL2(OF,,) < U. This holds for example if U = U(n) and ¢ is trivial on V;, 4,
in which case we may choose e¢ so that its effect on g-expansions is given by the
formula
rn(eef) = &), (f).

We may similarly relate the spaces Mj (U, R) and My (U, R). (Recall the im-
plicit assumption that either k+ 2 is parallel or that pV¥ R = 0 fqr some N > 0
in order to define M; (U, R).) For U sufficiently small that %2 is trivial in

m

R, we may write Ay . » = L, ® N for a line bundle N' = Ny on Yy g, and

8Note that such characters always exist with R = F sufficiently large.
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define in the usual way an action of GLQ(Ag)f) on lim, - H°(Yy r,Nv). The same
argument as the proof of [Dia23, Prop. 3.2.2] then yields the same description of
the representation as an inflation of a smooth co-induction, but with ¢ replaced by
m+ k/2.
Suppose now that ¢ : (Ag)f)x — R is a continuous character such that
f(a) _ am+/$/2.

for all o € O}, ()4 (Again such characters necessarily exist with R = E, pos-
sibly after enlarging E, but note that they do not extend to continuous char-
acters of AL/F*Fy . unless k € 2Z”.) As above we can twist by a basis e
for the corresponding eigenspace to obtain a GLo (Ag)f)—equivariant isomorphism

Mp(R)(€ o det) — M _(R). It follows that for sufficiently small U containing
GL2(Op,), we have an isomorphism

(4) 65 ME(U’R);)ME (U,R)

,m

with the same behavior as above with respect to Hecke operators and g-expansions.

3.6. Totally definite quaternionic forms over O-algebras. Let B be a totally
definite quaternion algebra unramified at all p € S,. Recall that Op denotes a
maximal order in B, and we have fixed isomorphisms Op, = M3(OF,) for all
ve¢ LB,

Let T be an O-module equipped with a smooth action of an open subgroup U,
of Op , = GL2(OFp). For U an open compact subgroup of By such that u, € U,
for all uw € U, we define

MBU,T)={f: B} — T| f(yazu) = uy ' f(x) for all vy € B, x € By, ue B5U }.

In particular, if U = U,U? for some open compact subgroup U? of (Bf(-p))x, then
we may identify MZ(U,T) with

{f: (Bg’))X - T|f('yl£p)xu) =v-f(z)forallye B*nU,, x€ (Btgp))x7 ue UP}.
Taking the limit over such U, we have a natural action of (Bﬁp ))X on

MP(U,, T) :=1lim MP (U, T)
U

identifying MP(U,T) with MB(U,,T)V". In particular, we have a commuting
family of Hecke operators T, and S, on MB(U,T) for all v ¢ ©8 U S, such that U
contains O .

Note that taking T' = O with trivial action of U, = Ogﬁp, we have a natural
action of By on MPZ(0) := lim, | MB(U, O) (where the limit is now over all open
compact U), from which we recover

MP(U,T) = (MP(0)®o T)” and MP(U,, T) = (MP(0) ®0 T)"

for arbitrary U,, T" and U as above.

Suppose that E,ﬁi € Z* with k, > 2 for all o € £, and let R be an O-algebra
such that p¥ R = 0 for some N > 0. Consider the R-module

DE,ﬁ‘z,R = ® det Mot ®r Symk"72 R?

oeX
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equipped with the action of

0}, = GLa(Or,) = | [ GL2(OFy)
peS,

provided by the identification of ¥ with the set of embeddings F' — @p. Thus
the action on the factor of the tensor product indexed by o € ¥, is defined by the
corresponding homomorphism GL2(OF,) — GL2(O). We then let

Mg _(U,R) = MP(U, Dy ; ).

Taking the limit over open compact U containing U, = (’)g’p, we have a natural

action of (B p)) on
B T B
M7 _(R) = h;anZ,m(U’ R)

identifying lem(U’ R) with Mgm(R)Up. Suppose, as in that £ € Z= and
¢ (Ag)f)x — R* is a character such that £(a) = of for all o e (’)F (p),+- Multi-

plication by the element e = £ odet € /\/léB AR) then defines a (Bt(np )) -equivariant
isomorphism MB = (R)(€ o det) = /\/lkiB Z+%(R)’ and hence isomorphisms as in

for sufficiently small U.
Suppose now that U = U,U?, where U, corresponds to either GL2(Op,) or

Uip)y = { (¢ )€ GLa(Ory) | e~ 1,d € pOr, |

(and UP < GLQ(A(p))) In addition to the operators T, and S, as above, we may
also define Ty, prov1decﬂ ZJEE me + 1) = 0 (or p is invertible in R). Indeed in

this case the action of O} pon Da AR extends to that of the multiplicative monoid
Og,p, and we let (T, f)(z) = Zh f(zh;), where the sum is over h; such that

UyhU, =[], hiUy and h corresponds to ( e (1) ) under the chosen isomorphism

Opyp = M3(Op,). It is straighforward to check that this gives a well-defined
endomorphism T, of M EBﬁ(U7 R) commuting with the operators T, and S, for v as

above (or of MIZBm(R) commuting with the action of (Bﬁp))x). Note that we may
similarly define an operator Sy if U, = Op , and Znezp(kg +2mg,) = 0 (or p is
invertible in R).

Remark 3.6.1. In anticipation of consideration of the case of indefinite quaternion

algebras B, we remark that Mgm(U, R) may be identified with H°(Y?,D; . ),

where Dy . 1 is the sheaf on the (finite discrete) set Y2 = B*\B{ /U associated
to DR?’?LR'
pull-back and trace morphisms relative to the action of B{ on the inverse system
of sets V2. In particular, if U = UPU, with U, = (’)E’p and UP sufficiently small,
we can identify T}, can with the composite

HO(YI}gapng)_’HO(YU/ D )_’HO(YU’ kaR) HO(YI}gapng)a

where U’ = U n hUh™! (for h as above), the first map is pull-back (relative to the
map py, 1 Y5 — Y2 defined by right-multiplication by h), the second is given by

We can then interpret the Hecke operators defined above in terms of

k,m,R

9In fact we shall only make use of Ty in the case that /m = —T.
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the morphism of sheaves induced by & on Dj; and the third is the trace relative

R
to the projection py : Y5 — V5.

X

For any ke Z§2 and O-algebra R, we may also consider the action of Oy )

on

Dy g = det 1—k/2 & Sym*s~2 R%.

oeX

For U = U,U? with U, = Op ,, we define le(U, R) to be
{f: (Btgp))X — DE’R|f(7§p)xu) = f(z) for all v € Ogﬁ(p), T € (Btgp))x, ueUP}.

We again have a natural action of (Bﬁp ))X on the direct limit Mg(R) over open

UP

compact U containing Og)p, from which we recover M EB(U, R) as ./\/lg (R)Y" and

equip it Hecke operators T, and S, for v ¢ & U Sp such that Of , < U. The
definitions are consistent with those in in the sense that there are identifications

(5) MP(U,C)=CegME(WU,Q) and MEU,T,) =T, o5 MEW,T)

compatible with Hecke actions, where M/? (U, Q) is defined as above with R = Q.
We may also define an operator Ty, on M. g(U, R) for U containing (’)g)p. We
choose 6 € B* such that d, € hU, (where h is as in the definition of T}), and write

Op.»90% () = L1;0:05 (- Note in particular that each det(d;) € @, OF ), so

that p—7 wﬁpdw defines an endomorphism of Dy ., and we let

(Tw, (@) = S0P b/5,,) - F((57) ).

i
Just as for T}, on M]fm(U, R), this gives a well-defined operator T, on MEB(U, R)
commuting with the 7, and S, (or on ME(R) commuting with (ng)) *). Further-

more, the usual Hecke operator T}, on Mj(U, C) corresponds to ple @, k/ 2Twp under
the identifications of 1D (For completeness we note that if U contains Og,p’ then
the usual Hecke operator S, is well-defined on My (U, R) for any O-algebra R.)

If PR = 0 for some N > 0, and ¢ : (Ag)f)X — R* is such that £(a) = a™+F/2
for all v € O;y(p)ﬁ, we can again twist by e¢ = £ o det to obtain Mg(R)(g odet) =
./\/lg ﬁ(R)’ and hence isomorphisms as in 1' for sufficiently small U. In particular

we have T,(ecf) = ec&(w,)Ty(f) and Sy(ecf) = ecl(wy)?Sy(f) for v as above;
furthermore it is straightforward to check that

(6) Ty(eef) = e(@) ot lee T, (),

where € = p/*Nm(zw,) ! and z = wép).

Note that M213(U7 R) = MB(U, R), as defined above with T = R and U, = Og’p
acting trivially. More generally we let MQB(U, R) = MB(U, R) for arbitrary open
compact U < B{*. Note that holds in this context as well, and that MiB(U, R)

coincides with MP (U, R) as defined above if pY R = 0 for some N > 0.
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3.7. Cohomology of Shimura curves over (O-algebras. Now suppose that B
is a quaternion algebra over F' which is unramified at all p € S, and at a unique
009 € Y. Recall that we have chosen a maximal order O and isomorphisms
Op.» = M3(Op,) for all finite v ¢ £B. For open compact subgroups U of Bgyf, we
consider the compact Riemann surface

Y7 = BX\((% x BY)/U)
defined in

Let T be an O-module with a smooth action of an open subgroup U, of Op .
For sufficiently small U (and in particular satisfying u, € U, for all u € U), consider
the locally constant sheaf 7 = T;Z on Y;Z defined by (sections of)

BIN(® x Bg x T)/U),
where the actions of B and U are defined by
v (z,z,t)u = (’YOO(Z)?’YfJ;U,Up_lt).

Note that if U = U,U? for some open compact subgroup U? of (Bép))x, then we
may rewrite Y2 as (BX n U)\((§ x (BI))/UP) and T2 as

(BX n U)\((H x (B)* x T)/UP),

where the actions are defined by v - (2, z,t)u = (Yo (2), *yﬁp)xu, Ypt).

Note that for U, U’ as above and h € (Bép))X such that U’ — hUR™!, the identity
on T induces an isomorphism pzT[}B > T,}B, , where pp, : Y[’,B/ — Y,jB is the covering
map induced by right multiplication by h. We thus obtain pull-back and trace
morphisms

H'(YF, ) — H'(YS, Tin) and H'(YE, Tn) — H'(YS, Ti7)

relative to pp. More generally, for any U, U’ as above and h € (Bigp ))X, we define
the double coset operator [U’hU] to be the composite

H'(YE TY) — H' (Yo, Ti) — H' (Y5, Ti),

where U” = U’ n hUh™1, the first map is the pull-back relative to py, : Y&, — Y&,
and the second is [U' n Of : U" n OF] timeﬂ the trace relative to p; : Y5, — V5.
These maps satisfy the usual compatibilities, so in particular we obtain a commuting
family of operators T, and S, on H! (Y2, TP) for all v ¢ X8 U S, such that U
contains Op . We leﬂ MEB(U,T) = HY(YE, T;2).

Suppose that E, m € Z with all k, > 2, and R is an O-algebra such that p¥ R = 0
for some N > 0. For sufficiently small U, we let D . ., denote the locally constant
sheaf on Y;# associated to D; . . (defined as in , and let

MP _(U,R) = MP(U,Dyg ) = H' (Y, Dy s )-

Suppose as usual that £ € Z= and ¢ : (Ag’)f) * — R* is a character such that {(a) =

of for all o € OF (p).+- Then & o det defines an element of e¢ € H(Y?, D5 7 )

for
10Note that this normalization factor is [U’ : U”]/ deg(p1).
Hwe  avoid considering direct limits over U of the ME(U,T) since the natural maps
MB(U,T) - MB(U',T)V (for U’ normal in U) are not necessarily isomorphisms.
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sufficiently small U (in particular if U = U,UP and det(U?) < ker(¢)). Furthermore
ifhe (Bt(wp))X and U’ = hUh™!, then the pull-back

H’ (YUBa DE,%,R) — H° (Y(Jga IDE,WLR)
relative to pp, sends eg to {(det(h))es. It follows that the cup product with eg
defines an isomorphism as in for sufficiently small U.

As in the case of definite quaternion algebras, we may define operators T}, for p €
Sp such that U = U,UP, where U, corresponds to either GL2(OF,) or Ui(p), and
dezp (my,+1) = 0 (or p is invertible in R). Indeed consider the two covering maps
01, Ph - Y[? — Y[f, where h € Op ;, corresponds to ( o (1) ) and U’ = UnhUh™.
The endomorphism h of D .. . then induces a morphism

* *
phDE,m,R > P1 DE,m,R

of sheaves on Y5 (defined by B (z,zh,t)U’ — B} (z,x,ht)U’ on the fibre over
B’ (z,2)U’). We then define T, on H'(Y?,D; . ) as in Remark ie., as the
composite
H (Y2, D

)HHZ(Y(}%MDZD% )HHZ(YlﬁapTD

k,m,R HI_-IZ‘(YV[JJBaD

Em,R E,m,R) E,m,R)'

In particular this defines an endomorphism 7} of M 5m(U7 R) commuting with the
T, and S, (for v as above), and we may similarly define S, (again assuming U, =
O}, and that 3] (ks +2me) = 0 or p is invertible in R).

For k € Z§2 and R any O-algebra, we define the locally constant sheaf D;g R on

oeX,

YZ by (sections of)
O (. (98 X (B x Dy ) /UP),

where U = U,U?, U, = Og,p and Dy g is defined as in 11 For such U, U’ and
he (ng))X satisfying U’ < hUR™!, we again have the isomorphism i Di r = D; R
induced by the identity on D;; R and hence pull-back and trace morphisms between

M;(U, R) and Mp(U’, R). We can therefore define double coset operators [U’'hU] as
above (without the assumption that U’ = hUh™!), and hence obtain a commuting
family of Hecke operators T, and S, on Mp(U,R) for v ¢ ¥B U S, such that
(’)g,v c U. The definitions are again consistent with those in in the sense that
there are identifications as in compatible with Hecke actions.

To define T, for p € S, and U containing Op ,, choose § € B such that
dp € hU, (for h is as in the definition of T},). We can then write

Y& =T\((9 x BI)*)/UP),

where I' = Bf n U, = 60 ®) L0t nOg ()4 SO that pp YE — VP takes
the form T'(z, 2)U? — Of L (051 (2), (5§p))’1z)U”. We then have a morphism

PiDy p — piDy  of sheaves on Y} given by

D(051(2), (0) " La, )UP > Tz, 2, (p~Fr o/ 26,) ) U,
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on the fibre over I'(z,z)UP, and we define T, on Hi(Yf,ngR) as the resulting
composite

H'(YF Dy ) = H' (Y, 05Dy 5) = H' (Y5, pi Dy ) — H' (Y, Dy )
In particular we obtain an operator Ty, on M (U, R), which it is straighforward
to check commutes with the T, and S,,, and corresponds to p~f» wf/ 2Tp under the

identifications as in . (Again for completeness we note that if U contains Op .
then the usual definition yields an operator S, on My (U, R) for any O-algebra R.)

Ifp"R=0and¢: (AEE{”)f)X — R* issuch that {(«) = a™ /2 for all o € Or.

we again have an isomorphism e¢ : Dy = Dy, -  defined by o det, i.e.,

OE,(p)7+ (2, x, &(det(x))t)UP

,(p),+’

(z,2,t)UP — OE’,(ID),-*-

on the fibre over Ogy(p)#(z,x, )UP. This gives rise to isomorphisms as in (4) for
sufficiently small U, and satisfying the same compatibilities with Hecke operators,
and in particular @

Finally, we let MZ (U, R) = MP(U,R) = H'(Y#, R) for any sufficiently small
open compact U, noting again that (5)) still holds, and that MiB(U, R) = Mf_T(U, R)
if pV R = 0 for some N > 0.

4. HILBERT MODULAR FORMS IN CHARACTERISTIC p

4.1. Partial Hasse invariants. We first recall the existence of certain partial
Hasse invariants (as constructed by [Gor(Ol], [AGO05] and in this generality by
[RX17T]).

For each o € X, we let ﬁg = VUg€p1, — €, Where v, = p if 0 = 0y ;1 for some
pesSy ieZ/fyZ, and v, = 1 otherwise. (In particular n, = p for all o if p is
unramified in F.) We then have the partial Hasse invariant

H, € Mj; 5(U,E).

Furthermore, multiplication by H, defines an injective GLg (Ag’)f)—equivariant ho-
momorphism

M (U, E) — Mg ; (U, E)

+H,,.,m
for all k, 77 and U as in Similarly we have elements
Go € Mj; (U, E)

inducing GLg (Ag)f)—equivariant isomorphisms

MEﬁL(U, E) = ME,W@-&-HU(

U E)
(see [Dia23, §4.1]). Note in particular that H, and G, commute with the operators
T, and S, (whenever defined) for v { p. Furthermore the g-expansions H, and G,
at every cusp are non-zero constants (see [Dia23, §8.1]).

Recall from [DK23bl, §8] that for each non-zero f € M~’m(U, E) and o € &, there
is a maximal integer r, such that f is divisible by HZ< in the ring Mo (U, E). Then
f is divisible by [ [ .5, HS°, and we define

Emin(f) = E_ Z Tojia~

oeX
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The main result of [DK23b| then states:
Theorem 4.1.1. If0 # f € My (U, E), then kmin(f) € Emin, where
Emin = {k € Z% [ noky = k1) for allo e S}

Since Epi, is contained in the cone spanned (rationally) by the partial Hasse
invariants, we obtain the following:
Corollary 4.1.2. If k¢ {3 rohy|re € Q=g for all o € 3}, then M; (U, E) = 0.
oeX ’
4.2. Weight-shifting operators. We recall also the existence and properties of

certain weight-shifting operators in characteristic p. For each element 7 = 1, ; € X,
we have a partial ©-operator

O, : My (U E) — M;

k+t1,m—a,(

U, E),

where o = 0 ; ., and t = hy + 26, (see [Dia23| §5]). Then each ©, is GLgy (Agiﬂ)—
equivariant, and hence commutes with the Hecke operators T, and S, (whenever
defined) for v 1 p. Furthermore the ©, are E-linear derivations on M;u(U, E)
which commute with each other (see [Dia23| §8.2]), as well as with multiplication
by partial Hasse invariants (since ©,(H, ) = 0 for all 7 € g, 0’ € ¥). Their effect
on g-expansions is given by the formula

1 (07(f)) = mr(m)ry, (),
where 7, is an isomorphism (M/pM) ®r, E — E (again depending on a choice
of basis; see [Dia23], (30)] for a more precise statement).
The partial ©-operators also have the following property ([Dia23, Thm. 5.2.1]):
Theorem 4.2.1. Suppose that T = Tp;, 0 = 0pi., and f € Mg (U, E). Then
O, (f) is divisible by H, if and only if [ is divisible by H, or k, is divisible by p.

Finally for each p € 3, we have the partial Frobenius operator
V;J . ME,M(U’ E) I ME/,m/(Uv E)

defined in [Dia23, §6], where ¥ = & + X5 koho and i/ = 7+ 3, moh.

These too are GLQ(Ag)f)—equivariant, and hence commute with the Hecke operators
T, and S, (whenever defined) for v { p. Furthermore they commute with each other,
and define E-algebra endomorphisms of Mo (U, E). Their effect on g-expansions
is given by the formula

7) V() = (),

where again x = w with a more precise description in [Dia23], §8.3]). Finally, we
have ©, 0V, = 0 for all 7 € ¥, o; in fact the following stronger result holds ([Dia23,
Cor. 9.1.2]):

Theorem 4.2.2. Suppose that f € M;; (U, E) and 7 € ¥y 9. Then ©.(f) = 0 if
and only if

'(JP) (

£ =Valo) [] Gtz

oex
for some g € Myt (U, E), 7€ 2%, 5§€ Z>.
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We now use an idea of Deo, Dimitrov and Wiese (see [DDW24, Prop. 1.22]) to
refine Theorem 111

Theorem 4.2.3. If0 # fe M (U, E), then Emin(f) ezt

m min

U {0}, where

Ehn = ke Z2) | noko = ky-1(p) for all o € B}

—min

Proof. Let k = kmin(f). Note that we may assume U = U(n) for some sufficiently
small n prime to p. Furthermore since the isomorphism of preserves divisibility
by partial Hasse invariants, we may assume m = 0. We must prove that if k, =0
for some o € X, then k = 0. First note that by Theorem we have k, > 0 for
all 0 € ¥, and if k, = 0 for some o € X, then k, = 0 for all o € 3,,.

Suppose then that £k, = 0 for all 0 € 3,. Note that this implies that V}, is an
endomorphism of M z(U, ). We claim that the g-expansion is constant at each
cusp at 00. Suppose this is not the case, and let

n(f) = min{vy(m) | rh, (f) # 0 for some ¢ € (A%} }.

(Note that by 7 it suffices to consider one representative ¢ for each cusp, or
equivalently each component of Yi;.) Equation (7)) implies that n(V,(f)) = n(f)+1,
and hence that n(V;/(f)) = n(f)+i for alli > 0. It then follows from the g-expansion
Principle that the elements V; (f) (for i = 0) are linearly independent, contradicting
the finite-dimensionality of Mg (U, E).

We now show that k& = 0. Let N = Hpesp(pfp — 1) = |det(A)|, where A is

the d x d-matrix of coefficients of the weights l_ic, of partial Hasse invariants. Then
Nk = > rgﬁg for some 7 € Z*, where each 7, > 0 by Corollary Since
the g-expansion of H, at each cusp is a non-zero constant, it follows that for each
connected component ); of Yy g, there is a constant ¢; such that

Ny = [ H v,

oeXx
and hence fV = e[ 5
for some o € X, then fV is divisible by H,. Since the vanishing locus of H,
is reduced, it follows that H,|f, contradicting our assumption that k= Emin( -
Therefore 7 = 0, so k=0. (]

H!- for some e € H*(Vu g, Oy, ). In particular, if r, > 0

min*

Corollary 4.2.4. If0 # f € S; (U, E), then kmin(f) € E,

4.3. Ampleness. We assume that U sufficiently small, in particular ensuring that
the coherent sheaves A%‘irj  are in fact line bundles. We let § € Z* be defined by

do,,, =J— 1. (Note that § = 0 if p is unramified in F.)

We record the following slight variant of [RX17, Lemma 4.5].

Lemma 4.3.1. The line bundles .A;i%ﬁl g ore ample on YR for sufficiently large
leZ. o

Proof. Consider the morphism 7 : Y — Yj“jé‘ defined by forgetting the Pappas—
Rapoport filtrations), where Yf‘}}‘ is the minimal compactification of the Deligne—
Pappas model (see [Dia24, §2.10]), so that .A’Tng‘E = m*w for an ample line bundle

min
w on Y,,E-
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Furthermore recall that Ag’g‘E is relatively ample (with respect to 7). Indeed 7 is

an isomorphism in a neighborhé)od of the cusps (more precisely, the ordinary locus),
so we can replace m by Yg — Yg _, and hence by the morphism 7 : Yg — Yg _, and
min

50 by “156 - The very definition of Yg factors through a closed immersion

?E — X Flagf/E,,(S*QA/f’E,,)T’

TEY

where the product is fibred over ?E), and the factors are the (full) flag varieties

ep)

associated to the vector bundles .7-"7(),71.

= (S*QA/Y/E )7, (where s : A — }N/'EV_ is
the universal abelian scheme). The relative ampleness then follows from the fact
that the closed immersion identifies the pull-back of O(1) under the usual projective
embedding of the flag variety with

ep . €p

o , N -

® (/\F ’ (‘7:7(?1)/‘7:7(?1)> = ®‘c¢]7p,i.,j'

Jj=1 j=1
It follows from [sta, Lemma 0892] that E:%G ,, 1s ample for sufficiently large ¢.

is a torsion line bundle on Y the ampleness of .A?Jri%

: : min
Finally since A@, o B
([

m,E

i

follows from [stal, Lemma 0890].

5. ASSOCIATED GALOIS REPRESENTATIONS

5.1. Associated Galois representations in characteristic zero. Recall that
Cy is the set of cuspidal automorphic representations of GL2(Ar) whose local factor
is D;c(, at each archimedean place o € ¥. Thus if 7 € Cy, then it is C-algebraic (in
the terminology of [BG14]) if and only if all the k, are even, and L-algebraic if
and only if all the k, are odd. In this case, through the work of many people,
we can associate Galois representations to m compatible with its local factors m,
under the local Langlands correspondence recr,. More precisely, by the results of
many authors (in particular, [Car86], [BR93|, [RT83], [Tay89], [Jar97], [Sai09] and
[BLGGT14]), we have:

Theorem 5.1.1. Suppose that w € Z is such that w = k, mod 2 for all 0 € ¥, and
let ™ = ®),m, be an irreducible subrepresentation of |det |*/2S;. Then there ezists

a unique (up to isomorphism) irreducible representation pr : Gp — GL2(Q,) such
that

(8) WD (prcp, )T = recp, (| det| ™)

for all but finitely many non-archimedean places v of F. Furthermore if k, = 2 for
allo € X, then (@) holds for alE| v, in which case px|gy, is de Rham with o-labelled
Hodge-Tate weights (“the=2 w=ka) for all v|p.

Recall that for all but finitely many non-archimedean places v of F', the rep-
resentation 7, is unramified i.e., 7Jv is non-trivial, and hence one-dimensional,

for U, = GL3(OpF,). For such a v, let a, and d, denote the eigenvalues of the
double-coset operators T, and S, on this one-dimensional space (where T, and S,

1256 below for definitions and conventions of notions from p-adic Hodge theory. We
remark also that local-global compatibility is even known under mild technical hypotheses without
the assumption that all k» > 2; see especially [New15, Thm. 1.4] for v { p and [BP21] Thm. 6.11.2]
for v|p.
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are defined as in §3.4). In this case, (8) means that if v { p, then p. is unramified
at v, and that the image of a geometric Frobenius element at v has characteristic
polynomial X? — a, X + Nmp/g(v)d,. On the other hand if v[p (and , is unrami-
fied), then pr|c,, is crystalline and this is the characteristic polynomial of ¢/* on
Derys,r, (Prlcr,) (Where Nmp g (v) = pf/*). Note also that with our normalizations,

the determinant of p, is the product of a finite order character with Xé”yzl.

5.2. Associated Galois representations in characteristic p. We now prove an
analogue of Theorem [5.1.1] for mod p Hilbert modular eigenforms. This generalizes
[DS23] Thm. 6.1.1], which proves such a result under the hypothesis that p is
unramified in F. Under an additional parity hypothesis on the weight, this was
previously proved independently by Emerton, Reduzzi and Xiao (JERX17]) and
Goldring and Koskivirta ([GK19]), the latter as a special case of much more general
results. The parity hypothesis was removed in [DS23| using congruences to forms
of higher weight and level not necessarily prime to p.

Allowing p to ramify on F, the approach of [ERX17] was generalized by Reduzzi
and Xiao (JRX17T]), and recent work of Shen and Zheng ([SZ25]) does the same for
that of [GK19], but these results still require a parity hypothesis on the weight.
Along with some additional work, the parity hypothesis can be removed by com-
bining the methods of [DS23] and [RX17], but we have decided to give a different
argument, which is inspired by remarks of David Loeffler and George Boxer. Again
the proof ultimately relies on congruences to forms with level involving primes over
p, but instead of producing them using the geometry of Hilbert modular varieties
with (mildly) bad reduction, we lift (twists) to non-algebraic automorphic forms
and apply the Jacquet-Langlands correspondence to transfer the problem to a more
amenable setting.

Theorem 5.2.1. Suppose that U is an open compact subgroup of GLa(Apg) con-
taining GL2(OFyp), and Q is a finite set of primes containing all vlp and all v
such that GL2(Op,) & U. Suppose that k,m e ZE and that feM; (U E)is an
eigenform for T, and S, (defined in for all v ¢ Q. Then there is a Galois
representation

pr: Gp — GLo(E)

such that if v ¢ Q, then py is unramified at v and the characteristic polynomial of
pr(Frob,) is

X? — a, X + Nmpgg(v)d,,
where T, f = ayf and S, f =d, f.

Remark 5.2.2. Recall from Remark that the Hecke action defined in [DS23]
differs by a twist from the one defined here. More precisely, if f is an eigenform
for the operator T, (resp. S,) of this paper with eigenvalue a, (resp. d,), then
it is so for the operators defined in [DS23], but with eigenvalue Nmp/g(v) ™ a,
(resp. Nmpq(v)~2d,). Therefore the Galois representation associated to f in
[DS23] is the twist by the mod p cyclotomic character of the one in the preced-

ing theorem.

Proof. First we note that the same arguments as in the start of the proof of [DS23],
Thm. 6.1.1] apply to show that we can replace E by any finite extension; further-
more we may assume that U = U(n) for some sufficiently small n prime to p and
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that @ is the set of primes not dividing np. In particular, we choose n so that if
a € O is such that (o — 1)? € n, then @ = 1 mod p for all p|p.

Let T = TEQ,m(U’ E) denote the E-subalgebra of Endfp(M,;m(U, F,)) generated
by the operators T, and S, for v ¢ (). Restriction to E - f defines an F-algebra
homomorphism T — FE, and hence a maximal ideal m; < T; moreover my is
generated by the elements { T, — a,, Sy, — dy | v ¢ Q}. Conversely, every maximal
ideal m of T is the kernel of an E-algebra homomorphism ¢ : T — F; replacing
F by a finite extension, we may assume it contains the image of #, and hence that
m is generated by the elements T, — 0(T},), S, — 6(S,) for v ¢ Q. As m is in the
support of Mg,m(U, E)), it follows that the eigenspace

Mg (U, E)[m] = {geM; (U E)[Tg=0foralTem}

m
= {ge€ ME,m(U’ E)|Tyg = ayg, Spg =dyg for allvé¢ Q}
is non-zero, i.e., that m = my for some f as in the statement of the theorem.
Recall that, under our assumption that U is sufficiently small, Ag";‘l 5= isAp o g

min

is a line bundle on Y5, in which case A%“li B JxJ *A;;“ii‘ B where ¢ is the open
) ,m, s1,

immersion Yy g — y;;li,g, and j is the closed immersion Zy g — y{j“E“ We thus
have an exact sequence

(9) O—)S]_{Jﬁ(UaE)—)ME (U7E)—)Cﬁ)m(U>E)7

where C}; (U, E) = HO(Zu,EJ*A%l;%E). Just as for M (U, E), we obtain an
action of GLQ(Ag)f) on
Crm(B) = lim Oy 2 (U, B),
U

and hence Hecke operators T, and S, on Cj (U, E) = Cy _(E)Y" for all v ¢ Q.
Furthermore these operators commute (for varying v) and are compatible with their
action on M (U, E). We may therefore assume that m is a maximal ideal of either
T or T¢, where these (respectively) denote the E-subalgebras of the endomorphism
rings of S - (U, E) and Cj, . (U, E) generated by the T}, and S, for all v ¢ Q.

We first treat the case of T¢ by explicitly describing the action of GLQ(A;{)}) on

C: . (F,) =F, Qg Ct.m (E). Recall that

E,m
Zy5, = B(F):\GLa(Arg)/U = B(Op )4\ GLa(AL) /UP
(viewed as a scheme over F,). Furthermore the construction of the minimal com-
pactification provides a trivialization of j *Agmj & » identifying it with the coherent
s, p
sheaf defined by (sections of)

B(Op,))+\(Fp x GLo(AL})/UP),

where B(Op, )+ acts on F, via the character & . ( o ? ) > G+ This
identification is compatible with the action of GLQ(A%}), so that C} - (F,) is iso-
GL2(A¥})
B(OF,(»)+
¢ : GLy(A%}) — F, such that

(vgu) = & 1, (1)d(g) for all 5y € B(Op )+, g € GLo(AL))

morphic to Ind &r > Which we define to be the space of smooth functions
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(where by smooth, we mean that ¢(gu) = ¢(g) for all g € GLg (Agf)f) and u in some
open compact subgroup U’ of GLg(Aﬁf)f)) Letting [{z ] : B(OF )+ — W(F,)*
denote the Teichmiiller lift of &z ., we thus have Cf =) = F, Qw C, where

C = In dGI(Jg(FA(F)f) ({5 ] and W = W (F,). Furthermore our hypothesis that U

is sufficiently small implies that C, (U, F,) = Cr = (Fp W =T, @w CU”. This
identification in turn yields a surjective homomorphism Te — T€, where T¢ is the
W-algebra of endomorphisms of cvr generated by the T, and S, for v ¢ Q). As Te
is free of finite rank over W, it follows that there is a W-algebra homomorphism
g T — Z, lifting 0, and hence an eigenvector f € (@p Rw 6’)Up such that
TU]?: 5vf and Svf = cz,ffor all v ¢ Q, where the @, and CZJ are lifts of the a, and
d, to Z,

We now determine the possible homomorphisms ) by analyzing the smooth ad-
missible representation

B(Aify)

ng S 45D I 1]
OF (p)) k,md

B(A(p)) In d

where [513 -] is now viewed as taking values in @,,. Firstly the density of O (,) in
( (P)

A%’)f implies that Ind OF )+ [5 7] decomposes as the direct sum of all characters

¢: B(A F)f) — Q; of the form ( o Z ) — &1(a)éa(d), where & and &, are smooth

characters (Agf_)f)x — @; such that
E+20m

] for all § € O

&i(e) = [@™] forall ac OF ), and &&(8) =[0 .

It follows that @p Qw C decomposes as the direct sum over such & of the represen-
tations

GL2(A ) GLy(F,)
Ind (Am” ® In dB(li;) Sy
vip
where ®' denotes the restricted tensor product and &, the restriction of £ to B(F,).
Finally if (Ind g%;ifv)fv)GLZ(oF’v) # 0, then it is one-dimensional, with T, and S,
acting by multiplication by

Gy = NmF/Q(U)fl (wy) + &2(wy)  and Jv = &1(w) 62 (),

respectively, and the homomorphisms g :Te — @p are precisely those defined by
T, — Qy, Sy — Jv for pairs of characters (£1,&2) as above.

The analogous statement describing the possible homomorphisms 6 : T¢ — F,
now follows. In particular we conclude that

Ay = NmF/Q(’U)& (@) + 52(7371) and d, = El(wv)gz(wv)a

where &, and &, are smooth characters (Ag‘f,)f)x — F; such that

_ _ N S —<k+2m x
{i(a) =a™ forall aeOf and &,&,(0) =0 T for all e Ok )

(p),+’
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The desired representation p¢ is therefore given by ngch1 @ x2, where x; corre-
sponds via class field theory to the unique extension of &; to a character Ay — F;
trivial on Foé +F* (and necessarily also the maximal pro-p subgroup of O p).

Suppose now that m is a maximal ideal of T?, or equivalently that it is associated
: . _ 0 (y/ min sub
to an eigenform f e S ﬁ(U E)=H (YU,E’A;;?@E)' By Lemma we may

choose an integer ¢ > 0 such that @;%6 5 is ample. We thus have
y;min sub _
H' ( UE”Ak+N I+ 5),m,E) =0

for sufﬁ(nently large mtegers N.

Since £ + 5 e = Zmin © SHasse, S0me positive multiple is the weight of a product
of partial Hasse invariants. More explicitly, we have (p — 1)(£ + ) = >} .5 Toho,
where

Topis = Hep + (T =D =1)) + (eplep =1 + (G = 1)(G = 2)(p — 1))/2.
Thus if N = M (p—1), then multiplication by [ [, HM" defines a Hecke-equivariant
injective map

Sé,m(U’ E) — Sk+N (T+38),m + (U, E).

We may therefore replace k by kE+N (ﬂ + (5) for some sufficiently large N divisible
by p — 1 so as to assume Hl(yg‘,‘g,ASE‘j%E) =0.

Since the character (Agf)f) X — E* defined by a — @™ %2 has kernel containing
(’)X )+ NUP, and 0;( )+ U? has finite index in (Ag)f)x, we may extend it to a
character £ A(p ) EX (after enlarging F and hence K if necessary). Multipli-
cation by the section e¢ € H'(Vu g, N) (defined in §3.5)) yields an isomorphism of

sheaves Aiusl . — .AS“b, so we have that H 1(:)7{}1’5‘51,,4%‘1;) = 0. Since the closed

immersion ¢ : ymm — ymm induces an isomorphis t*ASE“b - ASE“};, we have a

short exact sequence
0— ASEUb = ASEUb — t*ASE“g — 0,
so the vanishing of H 1(3/3}5, A%‘lg) implies that of the finitely generated O-module
H(ymin Az}lb)7 and hence the surjectivity of the reduction map
Sp(U,0) = HO (Y™, AXP) — Ho(ygfg,Agj};) = S:(U, E).
Composition with the isomorphism e¢ of thus yields a surjection
m: Sp(U,0) = 5; (U, E),
such that
Ty(n(h)) = &(wy)m(To(h)) and  S,(m(h)) = &(a)*m (S, (h))

for all h e Sp(U,0) and v ¢ Q.

Letting TO denote the finite flat O-algebra of endomorphisms of Si(U, O) gen-
erated by the T, and S, for v ¢ @, we obtain a surjection TO — T sending T, to

&(w,)T, and S, to £(w,)2S, for all v ¢ Q. The same argument as for T¢ thus yields
an eigenform f’ e Sz(U, Q ) such that T, f" = @l f and S, f' = d., f for all v ¢ @,

L3Note that this is false with sub replaced by min unless kis parallel.
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where the @, and d/, are lifts of the &(w,) a, and &(w@,) 2d, to Z,p. Viewing the

a, and Jg, as elements of C via the chosen embedding Q < Q,, we may replace

ps
f’ by an eigenform in S (U, C) with the same eigenvalues. We thus obtain an au-
tomorphic representation 7’ € Cj: such that the local factor 7, is the unramified
principal series with T}, = @/ and S, = cz) on (7/)GL2(Orv) for all v ¢ Q.

Suppose now that d = [F' : Q] is even, and let B be the quaternion alge-
bra over F such that ¥® = X,. We may then apply the Jacquet-Langlands
correspondence (in the form of Theorem to obtain an automorphic repre-
sentation IT' € CEB such that II = #/ for all v ¢ ¥, and hence an eigenform
Qe Sf(UB, C) = Mf(UB, C) with the same eigenvalues as f’ for all v ¢ Q, where
Up corresponds to U under the isomorphism B Qf ~ GLy(Aps) obtained from a
choice of maximal order Op and Op, = M(OF,) for all v ¢ . It then follows
from the identifications and @p Qo M]?(UB,O) = M]f(UB,@p) that there is
such an eigenform in MIf(UB7 0), and hence a non-zero ¢’ € M]%B(UB7 E) such that
To(¢) = &(wy)tayy’ and S, (¢') = &(w,) 2dpy’ for all v ¢ Q. The analogue
of for B defined in then gives an eigenform ¢ € M,f,ﬁ(UB»E) with the
same eigenvalues as our original f. l

Now let U' = {u € U|u, =1mod p for all pe S, } and define T? to be the E-
subalgebra of endomorphisms of M, iB (Ug, E) generated by the operators T, and S,
for all v ¢ Q. Similarly letting TB be the finite flat (O-algebra of endomorphisms
of MEB (Ug, O) generated by the same operators, the Hecke equivariant surjection
MiB(UJ'B, 0) —» MiB(U]’B, E) yields a surjection TZ — TZ. Combining this with the
Hecke-equivariant inclusion

(10) M]fﬁl(UB,E) c M7 (Up, E) ®& Dy e

we deduce the existence of an O-algebra homomorphism T2 — Q, sending T, — d,
and S, — c?v for all v ¢ Q, where the a, and Jv are lifts of the a, and d, to Zp.
Furthermore it follows from 1D that a,, (Zv € Q, and that there is a Hecke eigenform
Qe MiB(U,g,,(C) such that T,3 = 4, and S,3 = d, for all v ¢ Q.

Suppose that @ € Ig(Ug, C) = (1213)(];3 (as defined in . As a representation
of B g’f, IﬁB decomposes as @, o det, where 1 runs over the smooth characters of
AL ¢ which are trivial on F'J'. We therefore have

I3 (Up, C) = D Cfy
v

as a Tg-module, where ¢ runs over characters Ape/(FI det(U')) — Q", and

T, fy = (Nmpsg(v) + Dp(w,) and S, fy = (@)

for all v ¢ Q. It follows that a, = (Nmp/g(v) +1)¢(w,) and d, = ¥(w,) for such a

character 1, and the conclusion of the theorem is satisfied by p = nglcx@x where
X is the character corresponding to 1 by class field theory.

Finally if & ¢ 1213(U]’3,7 C), then its image in S5(Ug, C) generates a cuspidal auto-
morphic representation II € CiB such that II, is the unramified principal series such

that T, = &, and S, = d, on H?B’” for all v ¢ Q. Applying Theorem to IT
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and then Theorem to m = JL (II) yields a representation p, such that p; = 5,
satisfies the conclusion of the theorem.

Suppose now that d = [F : Q] is odd. The same proof as in the case of even d
then carries over, but with B chosen so that ¥% = 3, — {00} for some o( € By,
and only the following other change.

The analogue of the inclusion is the Hecke-equivariant map

s ME L (Us, B) = H (Y, Dy ) — H' (Y, Di ) = M5 (Up, EY®EDj 7

induced by the projection 7y : YUBi — Ylf; , which is not necessarily injective. If
B

U? is sufficiently small that & = 1 mod p for all p € S, and « € U n OF, then 7y is

étale with Galois group G = Up/Up = [],c s, GL2 (Fy,), and the Hochschild-Serre

spectral sequence identifies ker(7;) with

Hl(GvHO(Y[ZaE) ®E D§7m7E)7

compatiblyﬁ with the action of the Hecke operators. Moreover note that H O(Yﬁ ,E)
B
is isomorphic to the space of functions Cyr — E, where

CU' = A;f/F-:—( det(U/)
is identified with the set of components of Y[i . Assuming further that UP is
sufficiently small that the kernel of the homomorphism § : G — Cy» induced by det
is G =[],e s, SLy(Fy,), Shapiro’s Lemma gives a canonical isomorphism

ker(rj;) = Coindg 7 H' (G, D ),

where H'(G1, Dz . ;) is endowed with the natural action of §(G) =~ G/G; =
Hpesp F. Note in particular that since §(G) is abelian of order prime to p, the
representation H' (G, Dy, . ;) decomposes as a direct sum of characters. Further-

more if h € (Bﬁp))X and Us  hUU1h~! for a pair of open compact subgroups Uy, Us
as above, then the map

. Cul vy o
Coind; () H (G1, Dy s p) — Coind;, ¢\ H (G1, Dz )

induced by pp, is defined by composition with multiplication by the image of det(h)
in Cy;. An argument similar to the ones in the analyses of C}; . (U, E) and I5(Ug, C)

,1m

then shows that a, = (Nmp/g(v) + 1)¢(ww,) and d, = ©¥(w,) for some character

) AY/(FY det(U')) — F;, and hence the conclusion of the theorem is satisfied
by a representation py of the form xLx @ x.

We may therefore assume ¢ € M5(Up, E) ®g Dj; - 5 and complete the proof as

in the case of even d. Note also that having obtained an eigenform @ € M, QB (Ug,C)
with eigenvalues lifting those of f, we immediately obtain the desired cuspidal auto-
morphic representation IT € CZ without the need to consider the space I2(Ug, C).

O

We also record the following immediate consequence of the proof of Theorem[5.2.1

4The compatibility is presumably a formal consequence of general functoriality properties of
the Grothendieck spectral sequences underlying this identification, but for lack of a clear reference
to that effect, we note that it follows from the explicit description of the edge maps given in the
Appendix of [Mum70} §1.2].
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Proposition 5.2.3. If f is as in the statement of Theorem [5.2.1] and py is abso-
lutely irreducible, then f € Sy - (U, E).

Proof. If f ¢ Sp (U, E), then the exact sequence @ produces an eigenform
Cy. (U, E) with the same eigenvalues as those of f. By construction, the associated
Galois representation is then reducible (after possibly extending scalars). (]

Remark 5.2.4. If p > 2, then any embedding F < C gives a complex conjuga-
tion ¢ € Gp such ps(c) has distinct eigenvalues =1 € E. It follows that absolute
irreducibility is equivalent to irreducibility if p > 2.

5.3. Ordinariness. Let us now fix a prime p € S, and suppose now that m = -1
and that k, > 1 for all o € 3. In particular, the inequality is satisfied, so there
is an endomorphism 7}, of M, E,m(U’ E); furthermore T}, commutes with T, and S,
for all v such that GL2(Op,) c U.

Theorem 5.3.1. Suppose that k, = 1 for all 0 € 3, and that k, > 1 for some
o€, andlet f € ME,fi(Uv E) be as in Theorem m If T, f = apf for some

ap, € E*, then
X2 *
pslar, ( 0 XeyeXa )

for some characters x1,x2 : Gr, — E*, where xa is the unramified character
sending Froby to ay.

Remark 5.3.2. The key step in the proof (maintaining ordinariness in the shift
from weight k and prime-to-p level to weight 2 and level p) is based on a fundamental
principle (and technique) conceived by Hida (see [Hid88| §8], for example). Aside
from this and some technical adaptation of the preceding proof, the rest of the work
is in dealing with cases where we know a priori that the global Galois representation
is reducible, and therefore so is its restriction to the local Galois group, but we still
need to show it has an unramified constituent with the correct Frobenius eigenvalue.

Proof. As usual, we may replace U by an arbitrary small open compact subgroup
containing GL2(OF,,). In particular we may assume U = U(n) for some n prime to
.

Suppose first that f ¢ S; _;(U, E). Recall from the proof of Theorem that
pF = Xc_ylc X1 @ X2, where the y; correspond to characters &, : A} — F* whose
restrictions to O;,p are determined by k and . In particular, since 71 = —1, the
character nglc X1 is unramified at p (in fact at all primes over p), so the content of
the theorem in this case is the characterization of a;, as a Frobenius eigenvalue.

By assumption, the constant term of the g-expansion of f is non-zero for some
cusp ¢ € Zy5 . Writing ¢ = B(Op,p)) +gU? for some g € GLQ(Ag)f), we may
replace f by gf (shrinking n and enlarging () and E as necessary) so as to assume
ry # 0 (writing rf, for the coefficient of ¢" in the g-expansion of f at the cusp at
o0 associated to an element ¢ € (A%fj)f)x). Since T, f = apf, the assumption on k
and the formula for the effect of T}, on g-expansions imply that

7 = ape trt

for all t € (Ag)f)x, where € = p/*Nmp g (w, ') € OFpy and z = wép) € (Ag)f)x.
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Choose v ¢ ) representing p~' in the strict ray class group Cyeo = FJS \AL¢/Un

(where U, = ker(OF — (Op/n)*), so & = aw,u for some a € OF (p).+ and u € Uy,
and hence implies that
(11) T = ape triT = ape_leF/@(a_l)rg”'“t = ameF/Q(v)rZ)””t

for all t € (Ag)f)x. Since T,,f = a,f and S, f = d,, f, the formula for the effect of
T, on g-expansions implies that
—1
a,rh = NmF/Q(v)rg’“t +dyrg " ¢
forallte (Ag)f)x. The description of the Galois representation in this case renders
this equality as

(N (0)E; (w0) + Ex(0))rh = Nmpyg(u)rg™" + & (@0)Ex (@) .

Combining this with and the non-vanishing of rf for ¢ = 1, we deduce that

ap’1 is a root of

(X — Nmpyg(v)&; (@) (X = &5(w0)).
It follows that either
ay = (Nmpg(0)€ (@)™ = Xeye X1 (Froby ) = xge xa (Froby),

or that a, = &,(w,)~! = x2(Frob, ") for all v ¢ Q representing p~' in Che.
The first possibility gives the desired conclusion with the roles of Xc_ylc x1 and xo
interchanged, and the secondE| implies that y, is unramified outside n and that
ap = x2(Froby).

We suppose from now on that f € S;; (U, E). As in the proof of Theorem
we may assume k is sufficiently large that H' (y{}fi]} AS;;HEI E) = 0. (Note that our

assumption on k implies that multiplication by [ [, H. Mra i compatible with T}.)
We may assume furthermore that k, > 2 for all ¢ € ¥ and that k, > 2 for some
0 € Xp.

Consider now the surjective homomorphism 7 : S;(U,0) — S; (U, E) in the
proof of Theorem The formulas describing the effect of T}, Ty, and e¢ on
g-expansions imply that

rn(To(m(f)) = et h(w(f)) = (@ tre L (F)
@), Tz, ) = e§(2) "1y, (7(T, )
for all ¢ and m, so Ty(n(f)) = €£(x) ' (T, f). Arguing as in the proof of Theo-
rem , but with TO (respectively T) generated by T, (respectively, T, ) along
with the T, and S, for v ¢ @, it follows that we may choose f’ so that Tp]?’ = Epf’,
where wgk/ 2)_15; is a lift of £(z)ap to Z,. It follows that the form @’ obtained

in the proof of Theorem via the Jacquet—Langlands correspondence satisfies
T,¢' = @,¢', and hence that

TWp (z/ _ pffp wk/Q&;@/ _ eilw(k/z)*f%é’,

which in turns implies that T, ¢" = €~ '¢(2)ap¢’ (where T, was defined in §3.6/and
11) and therefore by @), the form ¢ = e’ € MEB_T(UB, E) satisfies Ty = app.

15Note that this is only possible if 2 i(koy 5 — 1)p* is divisible by pfe — 1 for all p € Sp.
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Now consider the representation L, = CoindzL2(F”)E(X) of GLy(Fy), where H
is the subgroup of upper-triangular matrices and xy : H — E* is the character

defined by
b ko —2
X( 8 d ) = H U(d) .
M
Let Ty, | denote the representation Dy, ; , ®p Ly of Op ,, where Ly is viewed
as a representation of Up, = Og)p via the fixed isomorphism with GL2(OF,;)

(and inflation from GLo(F,)), and k' is defined by k. =2if o e X, and k, =k,
otherwise.

We thus have the space M (Ug, TE’,X)7 equipped with operators T, and S,, for
v ¢ Q, on which we now also define an endomorphism 7. First note that L, may be
identified with the space of functions v : Fﬁ — E such that ¢(dx, dy) = x(d)y(z,y)
for all d,z,y € Fy (setting x(0) = 0), where the action of GL2(Op,) is defined by
(g-¥)(x,y) = ¥((x,y)g). (To make the identification explicit, let ¢ correspond

v w

to the function ( vy ) — 1(z,y).) Letting L) denote the restriction of L, to
Ugp=Upypn hUgp yh~* along u — h~'uh (where as usual h € Op , corresponds

to ( = (1) )), we have a Up ,-equivariant map

U/
.7/ B,p
d: Lx — ResUvaLX

defined by 0(1))(z,y) = ¥(0,y). Tensoring with the identity on Dy, _; . then gives
o U; _ .
a Uj-equivariant map Tl%ﬁx — Res; 2Ty, |, (where Up = Up n hUph Land Tl%/,x is

the restriction of T%, N along u — h~'uh), and hence a morphism
% *
Pthgx — P 7';31,X

of sheaveﬂ on YUB;B. We then define T}, on Hi(YUiJ—E',X) (and in particular on

MEB(Ug, Ty, +)) as the resulting composite
(12) H(VE, T ) — H(VE 0 Te ) — H(YE piTe ) — H(VE, T, ),

where as usual the first map is pull-back along p;, and the third is the trace relative
to p1. It is straightforward to check that T}, commutes with the operators T}, and
S, for v ¢ Q.

We will now define a Hecke-equivariant map
M (Up, E) = MP(Up, D _7 5) — M"(Us, Ty, ).

Recall that ®U€Ep Sym** =2 E2 can be identified with the space of homogeneous
polynomials over E in the variables { X,;,Y, | o € X, } with total degree k, — 2 in
each pair (X,,Y,), where the action of GLy(F,) is defined by

(9-9)(Xo, Ya)veEp = V((Xo, YU)U(g))UEEp'

16\When [F : Q] is even, so B is totally definite, we may write everything more explicitly in
terms of functions on Btf, but for the sake of uniformity, we view MZ(Ug, Ty X) (for example)

as HO(YUBB,E, x)’ where YgB is the finite set B*\B{ /U and Ty, s the sheaf associated to
B*\(Bg x Ty x)/U (see Remark .
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(To make this identification explicit, the monomial Haezp XeY e corresponds to
Roes, (@M ® fOma) where (e,, f,) is the standard basis of E2.) We then have
the GLy(IFp )-equivariant map

e: ) Sym* ?E* — L,
o€,

defined by evaluation, i.e., (e(¥))(z,y) = ¥(o(x),o(y)). Transporting structure to

g’p and tensoring with the identity on DE’ﬁT,  then yields an Og’p—equivariant

map DE,—T, g TE/,X7 and hence a morphism of sheaves inducing maps

i (vB i (v B
Hz(YUB ) DEﬁT,E) — H' (YUB ) 77—5'0()’
and in particular M EB—I(U 5. E) > MB(Ug, Ty, o)+ The compatibility of the result-
ing map with the opérators T, and S, for v ¢ @ is straighforward. For the compat-
ibility with T}, note that in the above optic, the morphism p}D;: 7 — pi Dy 1 5
in its definition is induced by tensoring the identity on Dy, _; , with the U g)p—linear
map

/
A Symf 2E?| — ResU%’” Sym"< 2 E2
(f’@p ' ) ve (ng ' >
defined by A(V)(Xs,Ys)oex, = ¥(0,Y,)sex, (Where again we transport structure
to Ug,p = Op , and the first * denotes restriction along the inclusion Up , — Up,p
defined by conjugation by h~!). The desired compatibility then follows from the
fact that £ o A = § o e. Furthermore we have ker(e) < ker(A) and im(d) < im(e).
The first inclusion immediately implies that 7}, annihilates the kernel of the map
MS—T(UB’ E) — MP®(Up, Ty, ) if d is even. In the case that d is odd, consider the
exact sequences

0>E—>Dp ;,>F—>0 and 0>F Tz —G—0

—LE X

of locally constant sheaves on Y(f; , where £, F and G are, respectively, the kernel,
image and cokernel of D,;ﬁi B = E,’X. The maps in the resulting long exact
sequences in cohomology are then compatible with operators 7}, defined in the usual
way, but using the morphisms piH — pfH induced by A and ¢ for H = &£, F and
G. The inclusions ker(e) < ker(A) and im(§) < im(e) implym that this morphism,
and hence T}, is zero in the cases of H = £ and G, from which it follows that T,
is nilpotent (in fact 77 = 0) on the kernel of Mfff(U& E) - MB(UB,TE,’X). In
particular, the element ¢ is not in its kernel, so its image, which we again denote by
¢, is a non-zero element of MZ(Ug, TE/,X) with the same eigenvalues with respect
to the operators Ty, T, and S, (for v ¢ Q).

Now let Up, denote the subgroup of Up consisting of elements u such that
up € Og,p >~ GL2(Op,) is upper-triangular, and let 7 be the locally constant sheaf
on Yli,o associated to the representation T' = Dy, 1, ®g E(x) of Upo,p (where
X is viewed as a character of Ug o, by inflation from H). Note that 7:’»( is canon-

ically isomorphic to 747, where 7 is the natural projection Y(ﬁ; . Y(fs , so that

17In fact this argument shows that Hi(Yl?B’DE,—T,E) — Hi(YL?BvTE/,X) is an isomorphism

on ordinary components, i.e., after localization at the subset {T}'} of E[T}].
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HY(YE, ,\T) = H(YS,, Ty, ), and in particular MP(Up,T) = MP(Up, Ty, ).

Furthermore we claim that T, on H Z'(Y(EB T X) corresponds to the composite

(13) H(YS, ., T) — Hi(Y,f;O, oFT) — Hi(Yliyo,afT) — H'(YE . T),

where Ufa,o =Upon hUB,oh_l, 01 and oy, are the projections induced by 1 and
h, the first and last maps are pull-back and trace, and the middle one is defined
by the isomorphism of sheaves induced by the identity on 7. Indeed the desired
compatibility amounts to the commutativity of the outer rectangle in the following
diagram:

H\(YE 7 T) —— Hi(YlZ,pfbw*T) — Hi(Yli,p’fﬂ*T) —— H'(YZ, 7 T)

I
ZJ (*) | (%) ZJ
4

HI(YE,, T) —— H'(YS, o}T) —— H'(YS, ofT) —— H'(YE, . T),

where the rows are and and the outer horizontal maps are the canonical
isomorphisms. For the dashed arrow, let 7’ denote the projection Yo, . — Yu,

so that p; o’ = wo oy and p, o = moop. In particular, we have the natural
transformation pjm, — w0}, giving the desired map

H'(Yg , pimeT) — H' (Ym0 T) —> H'(YS o} T).
Furthermore it follows from general abstract formalism that the diagram

T — Ph,*PZW*T
N l

* / *
T OhsxOF T = PhsTyeOr T

commutes (where the two maps from 7,7 are induced by adjunction and the down-
ward arrow by the morphism pfm,T — wlojfT), and hence so does the square
labeled ().

The commutativity of the rectangle (##) follows from that of the following dia-
gram of morphisms of sheaves on Yf; :

Pl,*PZW*T — Pl,*PTﬂ'*T —— T

|

PLaThOF T —— Ty01 405 T —— T,

where the downward arrow is given by the natural transformation pj . — 7,0}, the
two leftmost horizontal ones by the morphisms pj; Tz, | — pi Ty, and oy T S oFT
in the construction of the operators, and the other two by trace maps. To verify this
commutativity, we consider the corresponding diagram on stalks, given by tensoring
the identity on Dy, 3 p with the Up y-linear maps

. U,y 11 . UB,p Ug p
Coind s Lx ——~ Coind vl ResUB,p Ly L,

|

. . . U; .
Coind g;;,p E(x') == Coind /" Coind gggjz Res;,” 0" E(x) —— Coind 2% E(x),
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where
e \' is the character of UjB’O’p defined by restricting x along u — h~luh
(which is the same as its restriction along the natural inclusion, justifying
the lower left equality),

e the downward arrow is Coind Us, 5 where ¢ : L) — Coind B P E( ") is
defined by e(¢(u)) = (h™ uh) for ueUg, and Y e L, (v1evved as a
function Ugp — E),

e the top left arrow is Coind ;; Us, *’5

e the top right arrow is the trace map 1y, /U
e and the bottom right arrow is Coind & Unh , (t L Up o.0/Ul o p).

It is straightforward to check that the composite along the left and bottom of the
rectangle sends an element § : U, — L/ to the element of L, defined by

w3 e ),

UeUBv(LP/U,B,O,p

and that this is the adjoint of §, giving the desired commutativity.

Now let Up,; denote the subgroup of Up consisting of elements u such that u,
is in the subgroup of (’)g)p corresponding to Uy (p),. Note that Up; is a normal
subgroup of Up o of index prime to p, and that we may view x as a character of
Up,o/Up, = k. Furthermore the pull-back of T to Y7, , may be identified with

Dy, 1 p»> and the injective map

MB(UB’O,T) — M]g’ff(UBJ’ E)

is equivariant with respect to T, as well as the T, and S, for v ¢ ). We may
therefore replace ¢ by its image in Mlg _Up1, E).

Now let Up ; = {u€ Up,1,|uq =1 mod q for all q € Sy, q # p} and consider the
map

(14) ME (U, E) — MP(Ul,. E)®5 Dy,

-1.E°

analogous to (10). As in the proof of Theorem this is Hecke-equivariant (now
also with respect to T},), injective if d is even, and has kernel isomorphic to

Hl(G’,HO(Yi, E)®g Dy _1 ) = C01nd6(G,)H( D _tp)

if d is odd, where now G’ = UB,1/U,/3,1 is isomorphic to the product of the GLy(F4)
for q € Sp, g # p. The same analysis as in the preceding proof shows that T, is ple
times composition with multiplication by the image of (wy), in CU/ ,» and hence
that T, annihilates the kernel. It follows that ¢ is not in this kernel and we may
deduce as before the existence of an eigenform ¢ € M5(Ug ;,C) with eigenvalues
lifting those of f, for T}, as well as T, and .S, for all v ¢ Q.

If d is even and @ € I;(Uﬁgyl, C), then the same analysis as in the proof of Theo-
remshows that @ is in the span of fy, for some character v of A ¢/F' det(Up )
(in particular of conductor prime to p). Now however we have

Ty fy = PP ((@p)p) fus
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which contradicts the assumption that a, # 0. We may therefore replace ¢ by its
image in S5(Up ;,C) (whether d is even or odd).

As in the proof of Theorem [5.2.1} we obtain a cuspidal automorphic representa-
tion 7 € C5 such that m, is the unramified principal series such that 7, = @, (lifting
ay) and S, = d, (lifting d,) on WSLZ(OF’”) for all v ¢ @, and moreover that 7erl(p)
contains an eigenvector for T, with eigenvalue @, lifting a,. In particular m, has
conductor dividing p, and more precisely is

e cither a principal series representation of the form (|- |2, |- |*/?) with
12 an unramified character such that s (w,) = @, (and ¢ at most tamely
ramified),
e or a special representation of the form ¢ ® St, where ¢ is an unramified
character such that ¢ (w,) = @, and St is the Steinberg representation.
In the first case, Theorem implies that p,r|GFp is potentially crystalline with
o-labelled Hodge-Tate weights (0,1) for all o € 3, and WD(pr|Gy, ) = ¢1 @ ¢2. It
is then a standard exercise in p-adic Hodge theory to conclude that p|a . has the

form
( %2 >
0 Xlchlc ’

where Yo corresponds to ¥ and X1 to 11] - | by local class field theory. Similarly
in the second case, we get that p,|q r, has the form

~®<1 * >
X 0 Xee )7

where X corresponds to ¢. It therefore follows in either case that pflG,, = p7[cs,
has the desired form. 0

6. GEOMETRIC WEIGHT CONJECTURES

In this section we generalize the geometric Serre weight conjecture of [DS23] to
the case where p is ramified in F', and discuss the relation with the corresponding
generalization due to Gee (see [Geellal, §4]) of the algebraic Serre weight conjecture
of [BDJ1Q].

6.1. Geometric modularity. Let
p: Gr = Gal(F/F) — GLy(F,)

be an irreducible, continuous, totally odd representation of the absolute Galois
group of F.
We make the following definition as in [DS23]:

Definition 6.1.1. We say that p is geometrically modular of weight (E, m) if p is
equivalent to the extension of scalars of p; for some open compact subgroup U and
eigenform f € M - (U; E) as in the statement of Theorem

M

Thus p is geometrically modular of weight (E, m) if there is a non-zero element
f €Mz . (U; E), for some U > GLy(Op,)) and E < F,, such that

T,f = tr(p(Frob,))f and Nmpgg(v)S,f = det(p(Frob,))f

for all but finitely many primes v.
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Note also that by Proposition (and our running assumption that p is irre-
ducible), we can replace Mj (U, E) by S; - (U, E) in the definition of geometric
modularity. 7 7

As in the setting of [DS23], it is a folklore conjecture that every p as above is
geometrically modular of some weight (E, m), and our aim is to predict exactly
which weights in terms of of the local behaviour of p at primes over p.

We first note an immediate consequence of the existence of partial Hasse invari-
ants. By the discussion in §4.1I] we have injective Hecke-equivariant maps

M;;,m(U,E) - E+Zm(UaE)

for all £ € Eqasse, Where
EHasse = { Z Taho |Tg S Z;O for all o € E}
gEY

is the (integral) Hasse cone. We therefore have the following:

Proposition 6.1.2. Suppose that E, m e Z% and that [ e EHasse- If p is geometri-
cally modular of weight (k,m), then p is geometrically modular of weight (k+£¢,m).

6.2. Crystalline lifts and labelled Hodge-Tate weights. Suppose now that

p: Gr, — Autg (V) = GLq¢(Q,) is a continuous representation of Gp,, given
P p—

by its action on a d-dimensional vector space V over Qp. Recall that Dcrys(V) =

(V ®q, Berys)“"™ is a finitely-generated module over

(@, ®q, Berys) ™ =Q, ®0, Fro= [] Qp

TEEp’Q

and hence decomposes as the direct sum of finite-dimensional @p—vector spaces
Derys(V)7 for 7 € 3, ¢ (on which Fy o acts via 7). Furthermore Deys(V') is equipped
with a semi-linear automorphism ¢, sending Derys(V )7, ; t0 Derys(V)7, ,_;, so that
Deyys(V) is in fact free of finite rank over [ | Q

if this is rank is d.

Similarly p is de Rham (resp. Hodge-Tate) if the filtered (resp. graded) mod-
ule Dgr(V) = (V ®q, Bar)“™ (resp. Dur(V) = (V ®q, Bur)“™) is free of
rank d over @p ®q, Fp = Hoezp @p. Furthermore, if p is crystalline, then it is
de Rham, and hence also Hodge-Tate, in which case Dqr(V) = Derys ®F, , Fp
and Dur(V) = gr(Dqr(V)). In particular, for each o € X,, the corresponding
component Dyt(V), of Dyt (V) is a graded d-dimensional vector space over @p.

Definition 6.2.1. If p is Hodge Tate and o € 3, then the o-labelled weights of
V are the d-tuple of integers (w1, ws, ..., wq) € VA such that wy > wy > -+ = wy
and Dy (V), is isomorphic to @¢_;Q,[—w;], where Q,[—w;] has degree —w;.

€Sy 0 Q,, and we say that p is crystalline

We restrict our attention now to the case d = 2.
Definition 6.2.2. Suppose that p : G, — GL;(TF,) is a continuous representation
and that (I;, m) e Zipl x Z*». We say that p has a crystalline lift of weight (E, m)
if there exists a continuous representation:
p: G, — GL2(Z,)
such that p ®z, F, is isomorphic to p, and p ®z, @p is crystalline with o-labelled
Hodge-Tate weights (—1 — my, —k, —m,) for all 0 € Z,,.
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Note that this definition differs slightly from the one in [DS23| Def. 7.2.2], re-
flecting the difference in conventions in the definitions of the Hecke action and
o-labelled Hodge—Tate weights.

6.3. Statement of the conjecture. First recall the definition of the (positive)
minimal cone appearing in Theorem [4.2.3]

kpin <kpia <--- <kpie, <Pkpit11 }
b

=+ K z
Smin = {k €L forallpe S,, i € Z/ foZ

where we have written ky ; ; for kg, , ..
Recall also that for k € ZZ, we let 1;’,, denote its image in Z¥» under the natural
projection.
Our generalization of Conjecture 7.3.1 of [DS23] is then:

Conjecture 6.3.1. Let p : Gp — GLy(F,) be an irreducible, continuous, totally

odd representation, and let m € Z>. There exists Emin = Emin(p, m) € E:{lin such
that the following hold:

(1) p is geometrically modular of weight (I;, m) if and only ifE— Eoin € EHasse;
(2) ifke E:ﬁn, then k — kmin € EHasse 4f and only if P‘Gpp has a crystalline lift
of weight (Ep,ﬁip) for allp e S,.

We can view the conjecture as comprising several parts:

e Firstly, we incorporate the folklore conjecture that every continuous, irre-
ducible, totally odd p is modular, in the sense that it arises as py from
a mod p Hilbert modular eigenform f of some weight. While this can be
called the “weak version” of (the analogue of) Serre’s Conjecture in this
context, it is almost certainly the hardest part.

We remark on a possible alternative formulation of the weak version of
the conjecture. Note that it follows from the construction of p; in the
proof of Theorem that if it is irreducible, then it arises as p, for
some 7 € Cs; note however that the conductor of 7 need not be prime to
p. Conversely, we will see below (Corollary that if 7 is as in the
statement of Theorem (for any k and w all of the same parity), and
P is irreducible, then it arises as py for some f as in Theorem The
weak version is therefore equivalent to the assertion that every continuous,
irreducible, totally odd p is of the form p_ for some 7 € Cs.

e Assuming p is geometrically modular (of some weight), the existence of
Emin as in (1) is an assertion purely about mod p Hilbert modular forms.
Recall from Theorem that for each eigenform f giving rise to p, we
have Emin( f) e =k, (the irreducibility of p; ruling out the possibility that

Fain(f) = 0). The conjecture thus predicts that among all such f, i.e.,

those (for fixed mi) with the same systems of Hecke eigenvalues outside a

finite set of primes, there are those for which K, (f) is uniquely minimal

with respect to the partial ordering induced by Zpasse-
The difficulty in proving this arises when p¢|a Py is reducible for multiple
primes p € S;,. More precisely, if f is ordinary at p, in the sense of the hy-

pothesis of Theorem then py will also arise from Hecke eigenforms g,

also with 77 = —1 but different Emin, such that T,(g) = 0. The conjectured
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existence of Emin as in (1) is based on the expectation that p arises from
an f (with m = —1) which is simultaneously ordinary at all p € S, for
which p|e,, is ramified and ordinary (in the sense of the conclusion of The-
orem , and with k, = 1 for all o € S, for which p|c,, is unramified.
The fact that this holds (at least under mild technical hypotheses) follows
from the main results of [BLGGI12 BLGGI13] and forthcoming work of the
authors.

e Complementarily, the existence of Fmin as in (2) is a statement purely
about integral p-adic Hodge theory. Indeed let p : G — GL2(F,) be
any continuous representation, where L is any finite extension of Q,, and
(re)define Ertlin and Epasse as subsets of Z=, where ¥ is the set of embed-
dings {0 : L — Q,}. The assertion then amount to the existence of a

+

unique minimal ke =7, (with respect to the partial ordering induced by

EHasse) Such that p has a crystalline lift of weight (E, —T). The existence
of such a k is strongly suggested by its consistency with the Breuil-Mézard
Conjecture in conjunction with modular representation theoretic consider-
ations, and in particular Conjecture 2.3 of Wiersema’s thesis [Wie21a] (in
the case that p is unramified in F').

e Finally, the conjecture predicts that the minimal weights characterized in
the preceding two points coincide; in particular if p arises from a mod p
Hilbert modular eigenform of some weight, then the set of such weights is
determined by the local Galois representations p|g,, for p € .S,. More pre-
cisely, granting the “weak” conjecture and the existence of minimal weights
as in parts (1) and (2), then their coincidence is equivalent to the following
generalization of [DS23, Conj. 7.3.2], which we may view as the “weight
part” of the analogue of Serre’s conjecture in this context:

Conjecture 6.3.2. Suppose that p : G — GLa(F,) is irreducible and geometri-
cally modular some weight, and that ke Et..- Then p is geometrically modular of
weight (l_c'7 m) if and only if P|GFp has a crystalline lift of weight (Ep,ﬁip) for all
pesS,.

Remark 6.3.3. We remark that the “only if” in Conjecture [6.3.2] may fail for
certain k ¢ Ef..; see [Yan25b, Example 3.2.21] for an example due to Bartlett.
On the other hand, the results in S. Yang’s thesis (see [Yan25bl, Rmk. 4.1.3]) show
that, for the purpose of ensuring the “only if” implication, the inequalities in the
definition of the =, are not sharp. (See also Remark below.)

In any case, for a version that covers all E, we could replace “weight (Ep,mp)
for all p € S,” with “weight (I%’D,ﬁip) for all p € S, and some k' € . such that

N _’/ _ ) min
k—k' e “Hasse-

6.4. Dependence on m. We first note that the conjectural characterizations of
kmin(p, M) depend only on a mod p character associated to 3.

18The local statement is a priori stronger, but in fact equivalent by [GKI19, Prop. A.1]. Note
also that we have assumed here that m = —1I, to which the general case reduces by twisting
arguments discussed below.
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Proposition 6.4.1. Let p : Gp — GLo(F,) be an irreducible, continuous represen-
tation. Suppose that k,m, 7 € Z* are such that Haez,, whe = Haezp wle for all

p €Sy, where w, : Fy — ﬁ; is the character induced by o.
(1) p is geometrically modular of weight (k,m) if and only if p is geometrically
modular of weight (k,);
(2) ifpe Sy, then P‘Gpp has a crystalline lift of weight (ky,my) if and only if
it has a crystalline lift of weight (Ep,ﬁp).
Proof. First note that the condition on 7 and 7 means that @ — m € ker(\), where
\:ZF — H Hom(F;,F;)
peSp

—

is the surjective homomorphism defined by A(¢), = Haezp wl . Since hy € ker())
for all o € X, and
(27 ) Zho] = det(4)] = [T (0" 1),
ocEX peS,

where A is the d x d-matrix with columns &, it follows that ker(\) = 3 _. Zh

and therefore 7 = M + >, & rgl_ig for some 7 e Z>.
Recall from that we have Hecke-equivariant isomorphisms

My 2(U.E) > My 5 (U, E)

sMthe
for all o € ¥, so it follows that Mg (U, E) = M (U, E), which implies (1).

To prove (2), recall that a character £ : G, — @; (necessarily Z; -valued) is
crystalline with o-labelled Hodge-Tate weights (w,) for o € ¥, if and only if the
restriction O;p — @; of the character corresponding to £ via local class field theory
has the form [ [ ¢y, 0" (see [Conlll App. B]). The condition on 17 and 7 therefore
implies that there is such a character ¢ with trivial reduction and o-labelled Hodge—
Tate weights (mq — no) for o € ¥, Thus if 7 is a crystalline lift of p|,, of weight

(Ep, M), then { ® p is a crystalline lift of p|c,, of weight (Ep, Tip). O

Let @ be a finite set of primes of F' containing Sy, and suppose that x : Gp — ﬁ;

is a continuous character unramified outside Q. Write & : A /F*F | — F; for
the character corresponding to x via class field theory, so in particular, £(w,) =
Xx(Frob,) for all v ¢ Q). Note also that x is tamely ramified at all p € S,,, and that

3 o3 induces the character F; — F: corresponding to x|;, via local class field
P
theory.

Proposition 6.4.2. Let p: Gp — GLa(F,) be an irreducible, continuous represen-
tation, and let x : Ggp — F; be a continuous character. Suppose that E,Zm e 7>,
and that €|O;,p = Haezp gl forallpe Sp, where & is the character corresponding
to x wvia class field theory.
(1) p is geometrically modular of weight (E, m) if and only if x ® p is geomet-
rically modular of weight (I;, 7+ m);
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(2) ifp e Sy, then plG., has a crystalline lift of weight (Ep,ﬁlp) if and only if
(X ® p)lay, has a crystalline lift of weight (EP,E:, + 7).

In particular, Conjectures [6.5.1] and [6.3.3 hold for p if and only if they hold for
X® p.
Proof. (1) Suppose that p is geometrically of weight (k, ), and let f € My (U, E)
be an eigenform such that p; is isomorphic to p. Note that since & is trivial on
F*Fg ., its restriction to (Agf)f) * satisfies £(a) = o foralla e O;,(p)
shrinking U and enlarging E as necessary, we have the isomorphism

e¢: My (U E)— Mgz, . (UE)
of , and hence an eigenform ¢ = esf € M;

4~ Therefore,

s

E,0+m
71U, E) such that T,,(p) =
£(wy)ave and S, (p) = &(w,)2d,¢p for all but finitely many primes v of F, where
a, = tr (p(Frob,)) and Nmp g (v)d, = det(p(Frob,)). It follows that p, is isomor-
phic to x ® py, and therefore that x ® p is modular of weight (E,F—l— m).
The converse holds by symmetry.
(2) We claim that x|, has a crystalline lift X, whose o-labelled Hodge-Tate
weight is —¢,. Indeed, this follows from [Conlll App. B] on taking X, to correspond
via local class field theory to a lift of £|7, whose restriction to O, is [oes, ot

Therefore if p, is a crystalline lift of p|q,, of weight (Ep,n_ip), then X, ® p, is a

crystalline lift of (x ® p)|c, of weight (Ep,g; + 1y ). This gives one direction of
the implication, and the converse again holds by symmetry. O

Remark 6.4.3. Recall that conjectures along the lines of those above are formu-
lated in [DS23] under the assumption that p is unramified in F. However, due
to the different conventions in the definition of the Hecke operators, the Galois
representation associated to an eigenform f in [DS23] is x ® py in the notation of
this paper, where x is the cyclotomic character (see Remark . Therefore p is
modular of weight (k, ) in the notation of [DS23] if and only if x ! ®p is modular
of weight (E, m) in the notation of this paper, which, by the preceding proposition,
is equivalent to p being modular of weight (E, m—1)

The analogous statement holds for our conventions with respect to weights of
crystalline lifts, i.e., plg,, has a crystalline lift of weight (Ep,rﬁp) in the notation
of [DS23] if and only if it has a crystalline lift of weight (Ep, My — 1) in the notation
of this paper.

It follows that if p is unramified in F', then Conjectures @and [6-3:2] above
are equivalent to Conjectures 7.3.1 and 7.3.2 of [DS23], but with kpin(p, ) of that
paper equal to Emin(X71 ® p,m) = Emin(p,’fﬁ — 1) of this paper (where y is the
cyclotomic character).

Finally we note the following consequence of the effect of ©-operators.

Proposition 6.4.4. Let p: Gp — GLy(F,) be an irreducible, continuous represen-
tation. Suppose that E,ﬁi € Z* and s € ¥. If p is geometrically modular of weight
(k,m), then p is geometrically modular of weight (k + he + 2€.,m — €.).

Proof. Suppose that p is geometrically modular of weight (E, m), and let f €
M;: - (U, E) be an eigenform giving rise to p. We first treat that the case where

,m
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S = Opie, for some 7 = 7y; € ¥g. We wish to reduce to the case that f ¢
ker(0,). Recall that ker(©,) is described in Theorem in terms of the im-
(

ages of the maps Vj, : MZﬁ UE) — Z, (U, E), where ¢! = 7+ Zaezp &,EU and
=m0+ Zaezp Ny hey .-

First we claim that we may assume f is not divisible by any partial Hasse
invariant H,. Indeed, we may write f = ¢Hae2 H- for some 7 € Zgo and ¢ €

k, (U, E) not divisible by any H,, where K = kmm(f) and k — k' ¢ EHasse. If
the proposition holds for ¢, then we have that p is geometrically modular of weight
(I;’—i—f_ig +2¢é.,m—¢.), and hence of weight (E+ he+2é., m—eé.) by Proposition

Next we show that there is a maximal non-negative integer n such that

r=vwwllecr
ceX

for some ¢ € ME/,m'(U7 E), K ,m' 7 e Z°. Indeed since V, and multiplication by
the G, are Hecke-equivariant, the formula implies that ¢ is an eigenform giving
rise to p, whose irreducibility then implies that k' # 0. Furthermore since f is not
divisible by any H,, neither is ¢ (see [Dia23 §9.3] for the effect of V,, on the H,
and G, ), so Theorem implies that k= Emin(o) € Hj;lm. The boundedness
of n then follows from the fact that in the definition of V,, if each ¢, > 0, then
Zoezp ff; > ZUGEP KU

Now note that for ¢ as above, we have ©,(¢) # 0. Indeed, if ¢ € ker(©,), then
Theorem implies that

¢6=Volo) [[ G
oeX

for some g € M;_(U, E), 6, i,5 € Z* (since ¢ is not divisible by any H,), which
contradicts the characterlzation of n. Therefore p arises from O, (¢), and hence is
geometrically modular of weight (K + he + 2¢., 7/ — €.). Since k — k' € Sasse and
A(m) = A(n) (in the notation of the proof of Proposition [6.4.1)), it follows that
p is geometrically modular of weight (E + he + 28,1 — é.) (by Propositions

and [6.4.1).

Finally suppose that ¢ = o, ; ; for some j < e,. Note that
(hg + 26;) — (hg/ + 2€</) = hg + hg/ € SHasse and )\(é;) = )\(é}/),
where ¢ = 0y, ; j+1. The desired conclusion therefore follows (by induction on e, —j)

from Propositions [6.1.2] and [6.4.1] O

Remark 6.4.5. Under the assumption that k, > 2 for all ¢ € X, a statement
analogous to Proposition for crystalline lifts follows from the Breuil-Mézard
Conjecture and a modular representation theory calculation. In the same vein, so
does an analogue of Proposition under the further assumption that & and
k+le= = min-

Remark 6.4.6. If there exist kmin(p,m) as in part (1) of Conjecture then
Proposition implies that

];/:min(pa m — go’) < k’mm(p, ) + h + 260-

where 0 = 0y ; ., and the partial ordering is defined by E<Kifk—ke EHasse-
(The same holds for o = o, ; ; if j < ey, but in view of the final step in the proof of
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Proposition this is a weaker assertion.) Furthermore, it follows from [Dia23|
Thm. 5.2.1] and the proof of Proposition that if k& = kunin(p, m) satisfies p|ko,
then in fact . .
kmin(p7 m — é:;) < k(p, T?L) + 2€,.
Recall also from Proposition (and its proof) that kmin(p,m) will depend

only on the image A(m) € Hom (T, F;), where T = [] Fy.
the resulting function Hom (7T, F;) — EF. (defined by \(m) — Fmin(p, 1)) as a
generalized “O-cycle.” Note however that the information is slightly cruder than
what is provided by the original notion in the classical setting (as in [Edi92) §3]),
since it fails to distinguish between ordinary and non-ordinary forms giving rise to
the same Galois representation.

peS, We may view

6.5. Algebraic modularity. We now discuss the relation with “algebraic” Serre
weight conjectures in this context, as formulated in [BDJ10] for p unramified in
F, and then generalized to the ramified case by Schein [Sch08] and Gee [Geella).
Recall that (for F unramified at p) a weight V in [BDJ10] is an F,-representation of
GL2(OF/p), and the notion of a representation p : Gp — GL2(F,) being modular
of weight V is defined terms of the manifestation of p in Jacobians of certain
Shimura curves over F', or equivalently, the appearance of p in their cohomology
with coefficients in an étale sheaf determined by V' (see [BDJ10, Lemma 2.4]).
Furthermore, this is in turn equivalent to the presence of the corresponding system
of Hecke eigenvalues arising in such cohomology (see [BDJ10, Lemmas 4.10, 4.11]).
One can make similar definitions in terms of Hecke eigensystems on forms associated
to totally definite quaternion algebras (as in [Geellb]).

To adapt these notions to our setting, let Op be a maximal order in a quaternion
algebra B over F', where B is as in §3.6]or so B is unramified at all p € S, and
at most one archimedean place of F'. In either case, we defined a space M. EBm(U’ F,)
for any ke ZEQ, m € Z* and sufficiently small open compact U — B Aif containing
(’)g,p7 and equipped it with an action of (commuting) Hecke operators T, and S,
for all primes v ¢ S, such that B is unramified at v and O , < U. We thus have

an action of T® on lem(U, F,), where T¢ is the polynomial ring over F, in the
variables T, and S, for all v ¢ @, and @ is any finite set of primes of F' containing
all v such that v € Sy, B is ramified, or Op , ¢ U.

Suppose now that p : Gp — GL2(F,) is any continuous, irreducible, totally odd
representation, and @ is a finite set of primes containing all those in S, and those
at which p is ramified. We let m? denote the maximal ideal of T® generated by
the elements

T, — tr (p(Frob,)) and Nmpgg(v)S, — det(p(Frob,))
for all v ¢ Q.
We then make the following definition:
Definition 6.5.1. For p, k and 7 as above, we say that p is definitely modular
(resp. algebraically modular) of weight (k,m) if
MP (UF,)[mP] #0
for some B, U and @ as above, where B is totally definite (resp. unramified at
exactly one archimedean place).
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Note that since My _ (U,F,) is finite-dimensional, the action on it of T factors
through an Artinian quotient. It follows that the condition in the definition is

equivalent to the non-vanishing of M ]iﬁ(U, E,) @ Or equivalently the containment
9 P
Amna(MP_(UF,)) € md.

We note also that if m? is in the support of Mégm(U, F,), then so is m?l
for all finite Q' > Q. Furthermore, if Og,p c U < U and Q' contains all v
such that Op , ¢ U’, then mg, is also in the support of M/fm(U/’Fp)' This
is clear if B is totally definite; otherwise, we need to show that m?/ is not in
the kernel of the map le (U,Fp) — MEB:ﬁ(U’,ﬁp) induced by the projection
Y — YZ, for which we may assume that U’ is normal in U. As in the proof of
Theorem [5.2.1] the Hochschild-Serre spectral sequence identifies this kernel with
HY(G,H°(Y5, Dy )) as a T? -module, where G = U/U’(U n O}), and a stan-
dard argument shows that HO(Y[}%,DE%F )sz = 0 (see for example the proof of

L p Zm g

Lemma below).

The above notion of algebraic modularity generalizes the one in [BDJ10] and
[DS23], but with different conventions. More precisely, if p is unramified in F', then

m

,m,F,

p is algebraically modular of weight (E, m) in the sense above if and only if it is
algebraically modular of (k, 7 + 1) in the sense of [DS23], or equivalently modular
of weight Dy _» - ¢ 7, in the sense of [BDJI10], where

D iiis, = @ (et @ Sym* 2 )
geX
(as defined in is viewed as a representation of GLa(Op/pOF).

We note that part (1) of both Propositions and hold with “geomet-
rically” replaced by either “definitely” or “algebraically.” Indeed in the case of
Proposition this is immediate from the definitions, and for Proposition [6.4.2
the same proof as for geometric modularity carries over.

Recall that Conjecture 7.5.2 of [DS23] predicts (for p unramified in F') that if p
is algebraically modular of weight (k,1) (where k € ZZ,), then it is algebraically
modular of the same weight, and that the converse holds if in addition ke Zmin-
We extend the conjecture to the current setting as follows:

Conjecture 6.5.2. Suppose that p : Gp — GL3(F,) is a continuous, irreducible,
totally odd representation, and that (k,m) € ZZ, x Z*>.

(1) p is definitely modular of weight (k,mm) if and only if p is algebraically
modular of weight (E, m).

(2) If p is algebraically modular of weight (E, m) then p is geometrically modular
of weight (E7 m); furthermore the converse holds sz € Emin-

Under a Taylor—Wiles hypothesis on p, part (1) follows from results of Gee—Liu—
Savitt [GLS15] (see Theorem and Corollary below). As explained in
[DS23], the first assertion in (2) is straightforward if all k, have the same parity.
Here we prove the forward directions of (1) and (2) unconditionally. The other
direction of (2) is more difficult, but some cases are proved in S. Yang’s PhD
thesis [Yan25b| (see also [Yan25a)).
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Before proving the implications, we recall the following well-known behavior
of weights with respect to definite (resp. algebraic) modularity. Note that the
action of GL2(OF,) on Dy 5, factors through [] GL2(F,), and recall that

this representation is irreducible if and only if k has the property that for each
T = Tp,; € X, we have

peS,

2<kpi; <p+1forsomej,e€l,...,e,, and ky;; =2 forall j # j,.

Observe also that such a Dy - & depends only on the pair (A(71), K0), where (1)
is a character of Hpesp Fy (as in the proof of Proposition ) and kY € Z>0 is
defined by ky ; = max{kyi1,...,kpie,}. In particular, it does not depend on the
jr such that kg’i = kpj, (but such a k is in Enyi, if and only if kg’i = kpie,
for all 7 € ¥p). Recall also that for such IZ, the representation Dgﬁﬁp is dual to

Dg _f-mF
y—R—M,p
modularity to consideration of such weights.

. The following lemma reduces the question of definite (resp. algebraic)

Lemma 6.5.3. Suppose that p : Ggp — GLo(F)) is a continuous, irreducible, totally
odd representation, and that (E, m) € Z§2 x Z*. Then p is definitely (resp. al-
gebraically) modular of weight (E, m) if and only if p is definitely (resp. alge-
braically) modular of some weight (£,7) such that Dy - % is a Jordan-Hdélder factor
Of DE,?‘?L,?I;'
Proof. We only sketch the argument, which is standard.

Consider first the case of algebraic modularity. Adopting the notation of
an exact sequence 0 - T — T — T” — 0 of O-modules with smooth actions of
Up = O, yields an exact sequence

0—T —T —T"—0

of locally constant sheaves on Y}J, where U = U,UP for sufficiently small UP.
Furthermore the morphisms in the resulting long exact sequence

HYYF,T") — H'(YF, T) > H'(Y7,T') » H'(Y?, T") — H*(Y7,T)
are T@-equivariant. It follows that if mg is in the support of My _(U,F,) =
HY(YZ, Dz .5 ), then it is in the support of M (U, F,) = H' (Y, D;_.5 ) for
some Jordan-Holder factor Dy of Dy - & .

»
To prove the converse, it suffices to show that m? is not in the support of

Hi(y(f,DZﬁﬁp)
we claim that these spaces vanish for such ¢, unless 7 =0. Fori = 0, this follows
from the fact that the sections on each connected component are identified with

for any such Jordan-Hoélder factor and ¢ = 0 or 2. Furthermore,

the invariants in Dy ; 7 under the action of B} n gUg™! for some g € (Bﬁp))x7 and
the image of this group in [],.q GL2(Fy) contains [],cq SLa2(Fp) by the Strong
Approximation Theorem. The vanishing for ¢ = 2 then follows from Poincaré
Duality (and the duality between Dﬁ,mﬁp and Dy E—ﬁm,Fp)'

We now assume ¢ = 0 and analyze the Hecke action on H oY , Dg ﬁ,Fp) by

identifying it with the space of UP-invariants in the smooth F,-representation

lim H(Y{?, Dg 5 5,) = lim HO(CF, w04 Dg 5 7,)
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of (ng ))*, where the limit is over sufficiently small U? and 7y : ;B — CB =
AL ¢/FY det(U) is the projection to the set of connected components. Furthermore
”U,*D(iﬁfp may be identified with the locally constant sheaf over Cy defined by
sections of
(Ape x Fp(&a))/F det(U),

where the character & of F' det(U) is trivial on F[ det(U?) and (the inflation of)
z — 2" on O;’p. In particular, it follows that if v ¢ @ splits completely in the
abelian extension L of F corresponding via class field theory to ker(£z), then

T, =1+Nmpg(v) and S, =1

on H(Y{, Dg5,)- So if m& lies in its support, then the Cebotarev Density and
Brauer—Nesbitt Theorems imply that p|S§L is isomorphic to 1 + nglc , which in turn
implies that p is reducible, yielding the desired contradiction. Using Poincaré Dual-
ity, we similarly obtain a contradiction to m? being in the support of H? (Y,jg7 DG, i, ).
The proof for definite modularity is similar, but much easier, since it only involves
HO. The result therefore follows directly from the exactness of sequences of the form

0— HYP, T)— H'YVE,T) — H'YE,T") — 0.
O

We recall also an analogue of Thara’s Lemma in the setting of totally definite
quaternion algebras, essentially due to Taylor [Tay89]. Let B be a totally definite
quaternion algebra over F' unramified at all p € S,, U a sufficiently small open
compact subgroup of B g’f containing Ogm’ and @ a sufficiently large finite set of
primes of F'. For w ¢ @, choose an element h € Op , = M2(OFp,,) such that det(h)
is a uniformizer, let Up(w) = U n hUR™!, and consider the level-raising map

B ME(UF,) — ME_(Uo(w).F,)

defined by B(f1, f2)(x) = fi(z) + fo(xh). Note that 3 is T -linear, where Q' =
Q v {w}.

The analogue of Thara’s Lemma is the following, for which our proof is based on
the one in [DT94, Lemma 2].

Lemma 6.5.4. Suppose that B, U, Q, w and 8 are as above, and p, k and i are
as in Conjecture . Then mf;2 is not in the support of ker(S3).

Proof. If fi, f2 € MP _(U,F,) are such that B(fi, f2) = 0, then fi(z) = —fa(zh)

for all z € BY. It follows that fi(yezu) = u,'fi(x) for all y € BX, x € By and
uw e (U h™'Uh) = UBL,, where B}, is the kernel of det : B — F.X. In particular,
filyezu) = fi(x) for all v € B*, x € By and u € U'By,, where U’ = UPU), and
U; c (’)gp is the principal congruence subgroup of level Hpe s, b-

Suppose now that v ¢ @ splits completely in the abelian extension L of F
corresponding via class field theory to F det(U’). Then for any =z € B{ and
g € B, the Strong Approximation Theorem implies that xg = ~rzu for some
v € B, ue U'B,, from which it follows that T, f; = (Nmp/g(v) + 1) f1 = 2f and
Sufi = fi. Thus if mgy is in the support of ker(8), then T, — 2,5, — 1 € mf;?l for all
such v, which (by the Chebotarev Density and Brauer—Nesbitt Theorems) implies
that p|e, has trivial semi-simplification, contradicting the irreducibility of p. O
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We now prove one direction of each part of Conjecture [6.5.2]

Theorem 6.5.5. Suppose that p, k and /i are as in Conjecture .
(1) If p is definitely modular of weight (k,1m), then p is algebraically modular
of weight (k,1m).
(2) If p is algebraically modular of weight (I_ﬂ'7 m), then p is geometrically mod-
ular of weight (I;, m).

Proof. (1) Firstly, by Lemma we may assume that Dgﬁﬁp is irreducible, and
in particular that 2 < k, <p+ 1 for all o € X.

Let B, U and @ be as in Definition [6.5.1] with B totally definite, so there exists
a non-zero f e M E,m(U7 F,) (for some sufficiently small open compact subgroup U

of level prime to p and sufficiently large finite set of primes @) such that T, f = a, f
and S, f = d, f for all v ¢ Q, where

a, = tr (p(Frob,)) and d, = Nmp/@(v)*l det(p(Frob,)).
As usual, we choose a character ¢ : (A}’{)f)x — F; such that &(a) = a2

for all & € OF
isomorphism

Fop) o+ and (after shrinking U and enlarging @) as needed) apply the

e¢ : M (U, Fy) — M (U,F,)

to obtain an eigenform ¢ € le(U, F,) such that T, = al,¢ and S, = d, ¢ for all
v ¢ Q, where a), = £(w,) ta, and d, = &(w,) 2d,.

Let L = err(p) denote the splitting field of p. By the Chebotarev Density
Theorem, we may choose a prime w ¢ @ such that the conjugacy class of Frob,,
in Gal(L((p)/F) is that of a complex conjugation. Since p is totally odd and
Xeye(Froby,) = —1, we have a,, = tr (p(Frob,)) = 0 and Nmpg(w) = —1 mod p.

Now consider the level-raising map

B MEP(U,0)> — M2 (Up(w), 0)

defined by 8'(p1, p2)(z) = p1(z) + p2(zh), where Up(w) and h are as in the defini-
tion of 8 (preceding Lemma . Thus 3’ is T-linear, where T is the polynomial
ring over O in the variables T, and S, for v ¢ Q' = Q U {w}. Let m denote the
kernel of the homomorphism T — E defined by T, — al, S, — d.,. It follows from
Lemma 4] and the commutativity of the diagram

R

7 ﬂm® ]F
ME(U,Fy)2 —— ME (Uy(w),F.
(e, &(ww) Tee) [
B o
= P
MP (U2 o — MP_(Uo(w),Fy), o

that the reduction
—/
B : ME(U, E)3 — M2 (Uo(w), E)m
of ], is injective, and hence that g}, is injective with torsion-free cokernel.

Let us note also that the same argument, applied with 7 replaced by —k— m, p
replaced by X;ylc ®p" and £ replaced by ¢! shows that the same conclusions hold
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with m replaced by n, where n is the kernel of the homomorphism T — E defined
byTde/ 1 / S *—>d/ 1

Next recall that since 2 < k, < p+ 1 for all o, the 027 -module D3
equipped with a perfect E-bilinear pairing

<’>:DE,EXDE,E_>E

kElS

satisfying (ya,vb) = (a,b) for all y € OF () @b €D i (see [Jarl3] for an explicit
description). We thus have a perfect pairing on le (U, E), for any sufficiently
small U’ containing Op , defined by

{p1,02) = ) (p1(@), p2(a))

where the sum is over double coset representatives, i.e., (B(p )< =11, (’)X xU’

One sees also that for any g € (Bt(f) ))X, the adjoint of the double coset operator
[UgU'] is [U'g~'U]. In particular, the adjoint of T, (resp. S,) on MEB(U7 E) is
ST, (resp. S;1) for all v ¢ Q. Furthermore, extending the pairing diagonally to
a perfect pairing on M]?(U, E)2, the adjoint of B/ is the map

a’ = ([Uo(w)1U], [Uo(w)h™'U]) : M (Uo(w), B) — M (U, E)?

In particular @ is T-linear, and @, is surjective (since B; is injective).
Now consider the composite @ o B/, which is the T-linear endomorphism of
M (U, E)? given by the matrix

NmF/Q(w) +1 Tw
STy, Nmp/g(w) +1

Since (¢,0) € ker(@ o B )[m], the localization @, o B, is not an isomorphism,
so its cokernel is non-trivial. Since @, is surjective, it follows that S, has non-
trivial cokernel. Furthermore, since this cokernel is torsion-free, it follows that
there is a prime ideal p of T in the support of coker (8') such that p n O = 0, and
hence (enlarging K if necessary) an eigenform @ € coker (ﬁ ) ®o K such that that
T,p =a,p and S,@ = d.g ' @ for some @, € O lifting a! and d’ € O lifting d,.

Letting II € CB denote the (necessarlly cuspldal) automorphic representation

generated by @, we have that HUO(w) # 0, but ng = 0, from which it follows that
IT,, is a discrete series representation of B =~ GLg(F,). Theorem therefore
implies the existence of a cuspidal automorphic representation I’ € Cf such that
I/, ~ II, for all finite v # w, where B’ is a quaternion algebra over F' such that
$B = ©B U {w} — {00} for some archimedean place oo. This in turn yields an
eigenform @' € Mlg/(U’, O), where U’ contains Op, , and OF, , for all v ¢ Q', with
T,3 = @@ and S, = d.@ for all such v. Reducing mod w thus yields an
eigenform ¢’ € MB,(U’ E) such that T,¢" = al,¢’ and S,¢’ = d, ¢’ for all v ¢ @,

and finally applying e¢ yields the desired eigenform f’ e M 5’ (U ') E) such that
T,f =a,f and S, f' =d,f forall v¢ Q'

(2) Now let B, U and Q be as in Definition [6.5.1] but with B indefinite, so there
exists a non-zero f € M; (U, F,) for some sufﬁ01ently small U of level prime to p
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and sufficiently large @ such that T, f = a, f and S, f = d, f for all v ¢ @, where
ay = tr (p(Froby)) and d, = Nmp q(v) " det(p(Frob,)).

Again choose € : (A%”)f)X — F; such that &(a) = a™*/2 for all a € O;’(p)’+
(and shrink U and enlarge @ and E), so that applying e¢ yields ¢ € MEB (U,E)
such that T, = alp and S, = d,p for all v ¢ Q, where a,, = £(w,) ta, and
i, = &(wy) 2 dy.

The next step is to lift ¢ to an eigenform in le (U, 0). To that end, let T denote
the polynomial ring over O in the variables T, and S, for v ¢ @), and m the kernel
of the homomorphism T — FE defined by T, — a/, and S, — d), for v ¢ Q. We claim
that the homomorphism M]%B(U7 O)m — MEB(U, E)m induced by reduction mod w

is surjective. Indeed from the long exact cohomology sequence

H'(VP, Dy o) — H' (Y, Dy ) — HA(YP . Dy o) B HA(Y{, Dy ) — HA(Y{, D

and Nakayama’s Lemma, we see that it suffices to prove that H? (Y[}B, DE,E)m = 0.
Applying eg : HQ(YUB,D,;FP) = H%Yf,@,;ﬁlﬁp), we are reduced to proving that
H2(YZ, DE,m,E, ) m@ = 0, which was already established in the proof of Lemmaw
Similarly, we see that H O(YUB,DE 5)m = 0, and it follows that the sequence

0— MZ(U,0)n => MP(U,0)g — Mp(U, E)q — 0

is exact.

We have now shown that MEB(U, O)m is non-zero and torsion-free, so the usual
argument gives an eigenform @ € M 5 (U, K) (after enlarging K if necessary) such
that T,(3) = @@ and S,(F) = d,& for all v ¢ Q, where @, € O lifts a, and d,
lifts d!. This in turns yields a cuspidal automorphic representation IT € C];B, to
which we can apply Theorem to obtain an eigenform ¢’ € My (U, K) with the
same eigenvalues as @ for T, and S, for all v ¢ @. Finally, the usual argument
of reducing mod w and applying e, yields an eigenform f’ e Mg’m(U, E) with the
same eigenvalues as f. O

Remark 6.5.6. As we will recall below (Corollary , the converse to (1) in
the preceding theorem follows from the main result of [GLS15] under a Taylor—Wiles
hypothesis on p.

Alternatively, one can try to argue more directly along the lines of our proof of
(1) above. However this requires an analogue of Thara’s Lemma in the context of
Shimura curves over F, for which the strongest results to date are due to Manning
and Shotton [MS21], which also require a Taylor—Wiles hypothesis on p.

Finally we remark that the argument we gave for part (2) of the theorem can be
easily adapted to give a more direct proof that definite modularity of weight (E, m)
implies geometric modularity of weight (E, m).

Corollary 6.5.7. Suppose that 7 is as in the statement of Theorem and that
p = p, 1is irreducible. Then p is geometrically modular of some weight (£,7) with
Ce[2,p+1]* such that £y, ; =2 for allpe Sy, i€ Z/fZ and 1 < j < e, — 1.

Proof. Suppose first that [F': Q] is odd, and let B be a quaternion algebra over F
which is unramified at all finite places and exactly one archimedean place of F'. By
the Jacquet-Langlands correspondence, there is an irreducible subrepresentation IT
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of | det [*/ 2S; such that II, = 7, for all finite primes v of F. For some sufficiently
small open compact U’ = U, U'? ¢ By, we have T, (resp. Nmp/g(v)S,) acts as
tr (pr(Frob,)) (resp. det(p,(Frob,))) on IIV" for all v not in some finite set of non-
archimedean places @) of F', from which it follows that m? is in the support of
szm(U’,Fp) = Hl(Ylﬁ,Dlzymﬁp),

where m, = —(w + k,)/2 for o € X.

Letting U = OF U/, the projection ¢ : Y7 — Y7 is étale (for sufficiently
small Uy), and 04Dy - ¢ is isomorphic to the locally constant sheaf 7 on ¢

m,
OX

associated to the smooth representation 7" = Ind U,B’pD,;ﬁL? of (’)gp. We thus
D Z 1,0 p )

paE) = H'(YP,T) of T%modules, and (the
easier direction of) the proof of Lemma then implies that m:;2 is in the support
of My (U, F,) for some Jordan-Hélder factor Dy - 7, of T.

It follows that p is algebraically modular of some weight (Z i) as in the statement
of the corollary. Theorem 2) now implies that p is geometrically modular of
such a weight.

The proof in the case that [F' : Q] is even is similar, but using forms on a definite
quaternion algebra over F' and parts (1) and (2) of the theorem. O

obtain an isomorphism H (Y, D

Corollary 6.5.8. Suppose that p is irreducible and geometrically modular of some
weight (k,m). Then it is geometrically modular for some weight (¢,7) as in the

conclusion of Corollary[6-5.7]

Proof. From the construction of the Galois representation p; associated to an eigen-
form f € ME,m(U7 F,), we have that p; =~ p, for some 7 € Sz. Applying Corol-
lary therefore gives the desired conclusion. (I

In view of Theorem [6.5.5] one can obtain results towards Conjecture |6.3.2] us-
ing ones on the algebraic Serre weight conjecture, which was proved by Gee—Liu—
Savitt [GLS15] (combined with work of Gee—Kisin [GKI9] or Newton [Newld])
under a Taylor—Wiles hypothesis. We recall the statement, or more precisely a
variant which is immediate from Theorems 4.2.1 and 6.1.8 of [GLS15] and the fact
that if p is geometrically modular of some weight, then it is algebraically modular
of some weight:

Theorem 6.5.9 (Gee-Liu-Savitt). Suppose that p is irreducible and geometrically
modular of some weight (k,m). Suppose further that p > 2, p|p(,) is irreducible,
and if p = 5, then the projective image of p|p(c,y is not isomorphic to As. If

(Z ) € Z§2 xZ* is such that D%ﬁ 5 18 irreducible, then the following are equivalent:
;1L p

(1) p is definitely modular of weight (0, );

(2) p is algebraically modular of weight (¢,7);

(3) plar, has a crystalline lift of weight (£y,17i,) for all p € Sy
Combined with Lemma this implies:

Corollary 6.5.10. Suppose that p > 2, (12, m) e ZZ, x X, and p: G — GLo(F,)
is such that p|F(<p) is irreducible, and if p = 5, then the projective image of p|r(c;)
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—

is not isomorphic to As. Then p is definitely modular of weight (k,m) if and only
if p is algebraically modular of weight (k,m).

6.6. Ordinary modularity. Suppose now that ke Zgl, so the Hecke operator
T, on Mj; _3(U, E) is defined for all p € S;,. Since the operators 7}, commute with
cach other as well as the T, v and S, for v ¢ @, it follows that if p ~ pys for some
eigenform f € M E,—T(U’ E) as in the statement of Theorem then we may in
fact take f to be an eigenform for the T} for all p € S, as well.

Recall from Theorem that if f is ordinary at a prime p € S, in the sense
that T}, f = ap f for some ap, € £, then so is the associated local Galois represen-
tation pylg,, in the sense that it has an unramified subrepresentation (with our
conventions), provided k, > 1 for some o € .

On the other hand, if k, = 1 for all o € 3, then one direction of Conjecturem
amounts to the well-known expectation that p; be unramified at p. Using the
argument of [DDW24l Prop. 2.5], we at least have the following;:

Proposition 6.6.1. Suppose that f € My (U, E) is an eigenform (as in The-
orem , and moreover that Tyf = apf for some a, € E. Then ,0f|sC§F|D is
unramified and ay(f) = tr (ps(v)) for any v lifting Frob, to GF,.

Proof. We first note that det(py) is unramified at p, and moreover that

det(ps(Froby)) = 5ewf’1 e B,

where § is the eigenvalue of S, on f and e is the reduction of p/» Nm(w,)~" (see
$1).
Letting ¥ = k + Y,

map”

ves, hy and relating the actions of T, under the “doubling
My _+(U,E)* — My, _;(U, E)

as in [DDW24, Prop. 2.5], one deduces the existence of an eigenform f,, € My, (U, E)
such that T}, fo = af, and py, ~ py for each root o of the polynomial

X2 — ay(f)X + det(ps(Froby)).

It then follows from Theorem that p; has a non-trivial unramified subrepre-
sentation L, on which Frob, acts as a.

If the polynomial above has distinct roots o # o', then it follows that p|p, is
isomorphic to Lo @ Lys. Therefore py is unramified at p and

tr (ps(Froby)) = a+ o' = ay.

On the other hand, if the polynomial factors as (X — «)?, then det(ps) is the
unramified character sending Frob, to . Therefore the quotient of Pf|Gpp by L
is also isomorphic to L, and p|j$p is isomorphic to L,® Ly, again giving the desired
conclusion. |

Remark 6.6.2. Note that for f as in the proposition, it is immediate that p; is
unramified at p if the polynomial in the proof has distinct roots (or if py itself is
reducible). If it has repeated roots (and py is irreducible), then the unramifiedness
is proved by De Maria ([DM20, Thm. D]) under the additional assumption that the
k, are odd (for all o € X).



ON GALOIS REPRESENTATIONS ASSOCIATED TO HILBERT MODULAR FORMS 55

In view of the proposition, if k, = 1 for all o € 3, then we view any T},-eigenform
fe ME,—T(Uv E) as being ordinary at p.

We extend the notions of ordinariness to more general weights (]; m) with ke
Z;l by twisting by characters as in Suppose that f € M~ﬁl(U7 E) is an
eigenform for 7, and S, for all v ¢ @ (as in Theorem . Enlarging FE if
necessary, let £ : A;/FXFOEHF — E* be a continuous character such that &(u,) =
H?*T for all u € O, so its restriction to (A%’,”)f)X is as in with £ = — — 1.
Shrinking U and enlarging ) as necessary, we have that ecf € M, 127—T(U’ E) is an
eigenform for T, and S, for all v ¢ Q. We say that f is p-ordinary if either k, =1
for all 0 € X, or Ty(ecf) = apcecf for some ap ¢ = ap¢(f) € EX. If & and & are
two such characters, then

Tp(ee, [) = Ty(euee, f) = mlmp,p)enTy(ec, f)
where p = & ¢, Tt follows that the notion is independent of the choice of &,
and that if f is p-ordinary, then the ap¢ as & varies are related by the formula
ap,e, = p(Froby)ay ¢, , where we have written p also for the character Gp — E* to
which it corresponds via class field theory.

Definition 6.6.3. Suppose that S is a subset of S, k € ZZ, and m € Z>. We

say that a continuous, irreducible p : Gr — GLa(F,) is S-ordinarily geometrically
modular if p arises from some f € M (U, E) (as in Theorem | which is
p-ordinary for all p € S.

We may similarly define ordinarily definite and algebraic modularity. Recall that
for k € ZEQ, pe S, and B and U as in Definition the Hecke operator T} is
defined on M lf—f(U’ F,) (see . Recall also that for arbitrary 7, we have

(after possibly shrinking U) isomorphisms
e : M{ L (UFp) — M7 _(U,F,)

associated to characters § : Ap/F*FF , — ET such that &(up) = ™+ for all

p
X
Uy € OF,p'

Definition 6.6.4. Suppose that S is a subset of S, ke Z§2 and m € Z=. We
say that a continuous, irreducible p : Gp — GLo(F,) is S-ordinarily definitely
(resp. algebraically) modularif there exists a non-zero ¢ € M 5m(U, F,) [mg] for some
B, U and Q as in Definition such that B is totally definite (resp. unramified
at exactly one archimedean place) and for all p € S, we have

Ty(ecp) = apeecp
for some ay ¢ = ay¢(y) € F, and character £ : A} /FXFY . — T, as above.

Just as for ordinary geometric modularity, if the condition on e¢ in the definition
holds for some character § such that £(u,) = *;’:”T for all u, € O;,p above, then
in fact the condition holds for all such £. Furthermore, the a, ¢ for varying ¢ are
related in the same way as for ordinarily geometric modularity.

The analogue of Theorem holds in the setting for definite or algebraic
modularity. Furthermore, we can extend the description of the local behavior at p

to all p-ordinarily modular Galois representations as follows (writing p instead of

{p})-
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Theorem 6.6.5. Suppose that p € Sp, E,Tﬁ € 7=, with k, = 1 (resp. = 2) for all
o €Y, and that p : Gp — GLa(F,) is irreducible and p-ordinarily geometrically
(resp. definitely or algebraically) modular of weight (IZ, m). Then

‘ - X2 *
PlGry 0 Xeex1 )’

for some characters x1,x2 : Gr, — F; , where xo corresponds via class field theory
to the character Fy — F; defined by x — {fl(a:)aspg(w) for any & and ap¢ as in

Deﬁnition (resp. , unless ko =1 for all o € ¥y, in which case the same

conclusion holds with a, ¢ replaced by any root of the polynomial
X2~ a, e X + (x° det(p))(Froby),
where x corresponds via class field theory to & (so x?det(p) is unramified at p).

Proof. Consider first the case of p-ordinarily geometric modularity, and let f and
& be as in Definition Since py ~ X_lpegf (where x corresponds to £), we can
replace f by e¢f and reduce to the case m = —T and € = 1. The assertions are
then given by Theorem and Proposition [6.6.1
Consider now the case of dinarily definite or algebraic modularity, and let
6.

¢ and ¢ be as in Definition [6.6.41 Since egp € M}fif(U, ?p)[mg®p]7 we can again

reduce to the case M = —1 and € = 1. An inspection of the proof of Theorem m
(starting from the introduction of the representation L, ) shows that this is pre-
cisely the input required in order to obtain the desired conclusion, except that it
is assumed at that poinﬂ that k, > 2 for some o € ¥,. However if k, = 2 for all
o € Xy, then one can a give a similar (and much simpler) argument by making the
following changes:

Firstly, in the setup, replace the representation L, by the trivial representation
E, € by the identity, Up o and Up,; by Up and 7 by the identity.

One can then skip directly to the introduction of the subgroup U }371 in the proof.
The formulas describing T}, on the kernel of (14) in the algebraic casﬂ and on
j'éB(U)’&17 C) in the definite case are no longer valid (the factor of p/» being replaced
by pf* +1). However if ¢ is in the kernel of or ge IiB(UJ’BJ, C), then the proof
of Theorem gives that p ~ Xc_ylcw @ for some character 1, contradicting our
assumption here that p is irreducible.

Finally we obtain a cuspidal automorphic representation 7 € C5 such that p ~ o
and 7, is an unramified principal series I(t1] - |'/2, 42| - |*/2) such that ¢, () and
o (wyp) are the roots of

X%~ X + dpp

for some lift @, of a, and root of unity Jp (both viewed in O* N Q < C). We may
therefore assume that v, (w,) is a lift of a, and conclude exactly as in the proof of
Theorem E.3.1] O

We conjecture the following converse to Theorem [6.6.5}

19The formula e 0 A = § o€ in the proof fails if k; = 2 for all o € .
20Note also that whether we are in the algebraic and definite case is no longer determined by
whether the degree d = [F': Q] is even or odd.
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Conjecture 6.6.6. Suppose that p : G — GLo(F,) is irreducible, S = S, and
(E, m) € ZZ, x Z*. Suppose that P|Gpp has a crystalline lift of weight (ko, Mg )ocs,
for allp € S, and moreover that for all p € S, we have

X2,p *
G ~ —
p| e ( 0 chchl,p >
for some characters x1,p, X2, such that )(27,3|1Fp corresponds via class field theory
to the character (’);p — ?; defined by ||

geometrically modular of weight (E, m), and furthermore is S-ordinarily definitely
and algebraically modular of weight (k,m) if k € ZZ,.

G t=™me. Then p is S-ordinarily

o€,

Remark 6.6.7. Note that the hypotheses on p\gpp imply also that the characters
X1,pl1s, correspond to [[,cx Gl=ke—ms for p e S. Conversely, if plcr, has this
form for such characters x1,p, X2,p, then it necessarily has a crystalline lift of weight

(kgyMg)oes,, provided ky = 2 for all o € ¥, and some k, > 2.

We expect that the proof of Theorem can be modified (by imposing an ordi-
nariness condition in the relevant local deformation rings) to establish the preceding
conjecture in the definite and algebraic settings under the additional hypotheses of
that theorem. However, we have not checked the details, so we content ourselves
with the following result, which can be deduced more directly from results of Gee—
Kisin [GK19], and will suffice for the purpose of the intended applications to the
ramified quadratic case in the next section.

Theorem 6.6.8. Suppose that p is irreducible and geometrically modular of some
weight (k,m). Suppose further that p > 2, p|F(<p) is irreducible, and if p = 5, then
the projective image of p|p(c,) is not isomorphic to As. Let (Z ) € Z§2 x Z> be
such that D% is irreducible and for each p € Sp,

n
® maxigj<e, bpij < p+ 1 for someieZ/f,Z;
. p|GFP has a crystalline lift of weight (Z_;,,ﬁp) ;
X2,p *
e plg. ~ _ or some characters , such that I
ol Fp ( 0 chchLp )f X1,pr X2,p pexy Fp
=X R
corresponds to the character (’);p — [, defined by Haezp o

Then p is Sp-ordinarily definitely and algebraically modular of weight (lz 7).

Proof. Firstly, we can reduce to the case 7 = -1 by twisting.
Note that the hypothesis that P|Gpp has a crystalline lift of weight ({5,745 )scx,

ves, 2% . Recall also that the hypothesis

implies that x1,p|r,, corresponds to [ ]
_ is irreducible means that 2 < ¢, ;; < p+1foralli =1,...,e, and

that D%n
je Z/fp’Z, and that £, ; ; > 2 for at most one j for each 7. Let Sy denote the set of
primes in S, such that k, # 2 for some o € 3,.

For each p € Sy, let 7, denote the inertia type 1 @ &,, where &, : I, — O* (for
some sufficiently large O) is the Teichmiiller lift of x1,p|1,, -

As in the proof of Theorem let us also choose an auxiliary prime w ¢ S,
at which p is unramified and the conjugacy class of Frob,, in Gal (L({,)/F') is that
of a complex conjugation, where L is the splitting field of p.

By [GK19, Lemma 4.2.5] (applied to xcyc ® p), there is an automorphic repre-
sentation 7 € C5 such that
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® Pr ™ P
o Ty ~ Uy ® St for some unramified character ,,;
e if p € S, then , is principal series of the form I(11] - |2, 4o - |'/2) where
1| o3 corresponds to &, and 1, is unramified,
P

. X2, *
o if p € 5y, then plg,, ~ < Sp Xol%ip
cycAl,

lift of x2,, and X1, is a tamely ramified lift of x1, (so )?17,3|1F1D =&).

), where X», is an unramified

Y we

Since 7, corresponds via local Langlands to WD(pr|c,, ) = X2p @ X1,p
have 11 = X1p|-|7! and 12 = X2, after possibly interchanging ¢; and ¢ if p ¢ Sp
(conflating characters of W, and F)°).

Let B denote the totally definite quaternion algebra over F' ramified at either
S or Sy U {w}, according to whether d is even or odd. Then by Theorem
there is an automorphic representation II € C; such that m, = II, for all finite
places v # w.

For p € Sy, define Uy o (vesp. Up,1) to be Of  to be the open compact subgroup

of (’)g,p corresponding to

U@ ={ (¢ %) eCLaOry) | cepOr, |

(resp. Ui(p)y); otherwise let U, g = Up1 = Og’p. Let Uy < Uy < U be open
compact subgroups of B{ of the form

Uy ,UP < Uy ,UP < U,UP,

where Ui, = [[,es, Uip for i = 0,1, U, = O ,, and (the same) U? < (Btgp))X is
sufficiently small that TIV* # 0 (in addition to the usual sense).

For a sufficiently large finite set of primes of () containing S,, we have T, = @,
and S, = d, on IV for all v ¢ @, where a, is a lift of tr (p(Frob,)) and d, is
a lift of Nmp/g(v)~! det(p(Frob,)). Furthermore, for p € Sy, we have T, = @,
on IV, where @, € O* is a lift of xa,,(Frob,) (more precisely, X2 ,(Froby) or
Xa2,p (Froby) + p/* $1 p (Froby), according to whether or not p € Sy). Furthermore for
each p € Sy, Upp/Urp = IF; acts on ITY' via the Teichmiiller lift of Haezp 52t

Let T9 denote the polynomial ring over O in the variables T, and S, for v ¢ @,
and T, for p € S, and let m denote the kernel of the homomorphism T?® > FE
defined by

T, — tr (p(Frob,)) and S, — Nmpg(v)~" det(p(Frob,)), for v ¢ Q;
T, — x2,p(Frob,), forpe S,.

Let x = [ [,es, 7'>~2 and ¥ its Teichmiiller lift, viewed as characters of Uy, /Uy , =
F, inflated to characters of Upp, and consider the action of T? on
MP(Uy, O(X)) = (MP(U1,0) @0 O(X))"".
Since the surjective map
MB(U,,0)®0 C = MB(U,,C) - OY

is compatible with the action of Uy and 'E‘, it follows that there is an eigenform in
MEB(Uy, O(X)) for T? on which T, acts as @, and S, as d, for v ¢ @, and T}, as
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dp for p € S,. Therefore the maximal ideal m® is in the support of MZ(Uy, O(X)),
and hence in that of MB(Uy, E(x)).

Now let T' = Coindggva(X). As in the proof of Theorem we have a U,-
equivariant homomorphism ¢ : szff — T in this case it is even injective as a
consequence of the irreducibility of D;T—f' Furthermore, we have an endomorphism

T, on MB(U,T) for each p € S, which is compatible with the resulting maps

M7 (U, E) — MP(U,T) = M"(Uo, E(x))-
We claim that m,, is not in the support of the cokernel. In order to prove this, write
So = {p1s-- e} Dy _g = ®j_, Di where D; = ®,,cy, Sym™ 2 E, T = ®, T,

where T; = Coind gg L Xi and y; = Haezp. 7> ~2, and factor ¢ as the composite of
morphisms of the form

£ (RT)®(RD) — (T ( QD D)
i=1 i=j i=1 i=j+1

for j =1,...,r (defined as the tensor product of the morphism D; — T with the
identity in the other factors). The argument in the proof of Theorem then
shows that T}, annihilates the cokernel of the map on cohomology induced by &;,
from which it follows that m, is not in its support. Therefore m, is not in the
support of the cokernel of the resulting composite morphism. It follows that m,, is
in the support of M;_T(U, E) and hence that M;_T(U, E)[m,] # 0, which implies
that p is Sp—ordinarify definitely modular. ,

The proof of Sp-ordinarily algebraic modularity is exactly the same, starting
instead with the quaternion algebra over F' ramified at either Sy, u {w} — {0} or
Seo — {00} for some gg € Xyp.

We will also make use of the following refinement of some of the implications in

Theorem [6.5.5

Theorem 6.6.9. Suppose that p, k and 7 are as in Conjecture and let S
be a subset of Sy,. If p is S-ordinarily definitely or algebraically modular of weight

(I;, m), then p is S-ordinarily geometrically modular of weight (12, m).
Proof. Firstly, as usual we may twist to reduce to the case m = —1 and suppose
the existence of a non-zero ¢ € M,?,I(U’ Fp)[m?] (with B as in Definition D

such that for each p € S, we have T, = app from some a, € O*.

We then proceed exactly as in the proof of part (2) of Theorem except that
instead of T, we use the polynomial ring T over (some sufficiently large) O in the
variables T, and S, for v ¢ @, and T, for p € S. Letting £, a;, and d;, (for v ¢ Q)

be as in the proof of Theorem and setting a;, = e_lg(wép))ap for p € 9, we get
that m is in the support of M (U, E), where m is the O-algebra homomorphism
defined by

T, — a, and S, — d,,, for v¢ Q; T, — ay, for pe S,
It then follows as in the proof there that M}?(U, O)s is non-zero and torsion-
free. This implies the existence of an eigenform in Mg (U, O) for the operators in

’ﬁ‘, with eigenvalues lifting those above (after possibly enlarging @). This in turn
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gives an automorphic representation to which we may apply the Jacquet—Langlands
correspondence to obtain an eigenform in M3 (U, O) with the same property. Finally
reducing mod @ and untwisting yields an eigenform f € My (U, E) with the same
eigenvalues as the original ¢ for T, and S, for all v ¢ @Q, as well as the T, forpe S.
In particular py ~ p and f is p-ordinary for all p € S, as required. (]

Remark 6.6.10. The proof of part (1) of Theorem can be similarly modified
to show that if p is S-ordinarily definitely modular of weight (E, m) and Dy, . is

irreducible, then p is S-ordinarily algebraically modular of weight (E, m).

7. PARTIAL WEIGHT ONE MODULARITY

In the final sections, we will specialize to the case where F' is a real quadratic
field in which p ramifies. We will determine precisely when the conjecture predicts
that a representation p arises from a Hilbert modular form of partial weight one
and prove strong results in this direction, analogous to those of [DS23l §11] for the
quadratic inert case.

In order to do this, we need some extensions of results from [DS23] and [GLST5H].
We do this in more general settings, as it requires no extra work and could be useful
in extending our methods beyond the ramified quadratic case.

7.1. Normalized and stabilized eigenforms. We start with slight generaliza-
tions of various notions and results from Chapter 10 of [DS23]. Recall that it is
assumed there that p is unramified in F, and also that k, = 2 for all ¢ € ¥ in
statements involving Hecke operators at primes over p. Using the results of [Dia25)]
(and [Dia24]), we may remove the assumption that p be unramified and relax the
assumption on the weight to require only that k, > 1 for all ¢ € X. The proofs in
[DS23] carry over essentially without change, except to adapt them to our notation
and conventions.
Firstly, we have the following strengthening of [DS23, Lemma 10.2.1]:

Lemma 7.1.1. If p : Gp — GL2(F,) is irreducible and geometrically modular of
weight (E, m), then there exist an ideal n prime to p and a finite extension E of F,,
in Fp such that p is equivalent to pg for some f € Sl&m(Ul (n), E), where f is an
eigenform for the operators T, for all vt p and S, for all v {np. Furthermore if
ke Zgl, m=-1,58c Sp and p is S-ordinarily geometrically modular of weight
(E, m), then we may take f to be an eigenform for T, for all p € Sy, with T, f # 0
forallpe S.

Indeed the argument in [DS23] starts with an eigenform, say g, in ME,m(U(n)v E)
for the operators T, and S, for all v { np giving rise to p, and produces one in
ME,m(Ul (n), E) after possibly shrinking n and enlarging E. By the remark after
Definition we may replace M - (Ui(n), E) by Sg - (Ui(n), E), and the fact
that we may take f to be an eigenform for the T, for v|n follows from their com-
mutativity with each other and the T, and S, for v { np. Under the additional
hypothesis, the commutativity of the T} and S, for v { np with the T, for p € S
allows us to assume g is also an eigenform for the T}, with eigenvalue in E* if p € S.
The fact that the same will be true for the resulting eigenform in M _3(Ui(n), E)
follows from the commutativity between the T}, and the double coset operators in
the construction of f. (Note that we allow S to be empty.)
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As in [DS23] §10.3], we may refine the twisting construction of in order to

work with eigenforms of level Uy (n) (for varying n). To align with the conventions

of this paper, let us fix t; € (A,(Fp))x and m; € F such that mjt; generates

71 =0'®0, Op, and let ¢ = (tymq) L.
Suppose now that ¢ € Z* and ¢ : Ap/F*FF , — E* is a continuous character

such that &(u,) = ﬂ;z for all u, € Of ,, and let m denote its conductor, i.e., the
largest (prime-to-p) ideal m of O such that € is trivial on ker((@(p)) * = (Op/m)>).

Note that the restriction of £ to (Agf)f)x is a character as in 3. ie., &(a) = af for

all o € (’);(p) L

The construction in [DS23] §10.3] then yields the following:

Lemma 7.1.2. Suppose that f € Si . (Ui(n), E). Then there exists an element
fe €Sy m(Un (m2n), E) with g-expansion coefficients given by

o &((ctm)™)rt (f), if (ctm), € OF, for all v|m;
V"fn(fg) N { 0, otherwise; "

for all t € (Agf_)f)x and m € t7971 A FX (where -(™ denotes the projection to
components prihze to m). In particular, if vt (f) # 0 for some t,m such that
(ctm), € C’)IX;’U for all v|m, then f¢ # 0, in which case if f is an eigenform for T,
for allv{p and S, for all v{np, then so is fe for T, for allvtp and S, for all

v {mnp, and py, ~ X ® py where x is the character corresponding to & via class
field theory.

In transporting the argument from [DS23], §10.3], note that our & is the character
denoted there by ¢’. We also point out two typos there: ¢ should be €' in the
definition of ;' just before (10.7), and the level mn? should m?n just before (10.8).
Furthermore the assumption that m|n has implicitly been dropped at that point.
(In fact, if we maintain the assumption that m|n, then the level could be taken
as mn there, as well as the conclusions of [DS23, Lemma 10.3.2] and Lemma
above.)

Remark 7.1.3. Note that we necessarily have ctm € @F in the formula for the
g-expansion coefficient, and the condition prescribing the first case is that the ideal
it defines be prime to m. With this interpretation, the lemma holds also for f €
Mg 1 (Ur(n), E) (where now fe € My 7, . (Us (m2n), E))); more precisely, in the case
m = Op, replace (ctm)(m) by ct to obtain a formula that applies also to m = 0.

We generalize [DS23, Defn. 10.5.1] as follows (restricted to cusp forms and
adapted to our conventions):

Definition 7.1.4. Suppose that E, m e Z*, with k, > 1 for all o € ¥.. We say that

an element f € S - (Ui(n), E) is a normalized eigenform if the following hold:

o' (f) =1

e f is an eigenform for T, for all v 1 p, and S, for all v { np;

o fe €Sy ;(Uy(m®n), E') is an eigenform for T, for all p € S, and all char-
acters § : Ap/FXFS . — E"™ such that {(u,) = H?*T for all u, € O,
(where E’ is any finite extension of E and m is the prime-to-p conductor

of £).
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Note that the first condition implies that the forms f¢ in the third are non-zero.

Furthermore, if f is a normalized eigenform, then so is fe € S; 7, - (Un (m2n), E')
for any character &' : Aj/F*Fy | — E' such that £'(u,) = H;Z for all u, € OF
(where m’ is the prime-to-p conductor of &’).
Proposition 7.1.5. If p: Gp — GLQ(F,,) is irreducible and S-ordinarily geomet-
rically modular of weight (E, m) with ks =1 for all o € X, then there exist an ideal
n prime to p and a finite extension E of Fy, in ¥, such that p is equivalent to py
for some normalized eigenform f € S; - (Ui(n), E) such that T, fe # 0 for allp € S
and & as in Definition |7.1.4)

Proof. The argument is essentially the same as the proof of [DS23| Prop. 10.5.2].

Suppose first that m = —1. Then by Lemma there exist n and F such
that p arises from an eigenform f e Sp (Ui(n), E) for T;, for all v and S, for all

v {ap, with T, f # 0 for all p € S. Therefore it suffices to prove that ri"* (f) # 0,
as then Lemma implies the third condition in Definition holds (and we
may rescale f to achieve the first condition).

We prove that if r{"*(f) = 0, then 7{*(f) = 0 for all ¢ € (Ag)f)X and m
t719~1 A F, contradicting that f # 0. We proceed by induction on ||ctm||~! =
Disc}_,}QHth_1 € Z~o (where ¢ = (tymy)71).

Firstly if ||ctm|| = 1, then letting u = (ctm)®) € ((5%’))X and o = m~im; €
O (p).4» We have [, (f) =72 (f) =0 by . ,

For the induction step, suppose that ||ctm|| < 1 and that rf ,(f) = 0 for all ¢/, m’

m

such that ||tm|| < |[t'm/||. Since ctm € Op and [lctm|| < 1, there is a prime v such
that m € vt—10~ 1.

Suppose first that v t p. If v|n or m ¢ v2t_15_1, then the formula for the effect
of T}, on g-expansions gives

w it w
Nmpyq(0)r, (f) = rm” (Tof) = avrm® "(f) =0
by the induction hypothesis, where a, is the eigenvalue of T}, on f.
If vt n and m € v2¢t~ 197!, then we proceed similarly using instead that

w w2t
Nipq(v)ry, (f) = rm* "(Tof) = rm" " (Suf).
If v|p, then the argument is similar to the case v { p, with the subcase where
k, =1 for all o € ¥, corresponding to the one where v { n.

This completes the proof in the case m = ,i and the general case follows by
twisting as in [DS23]. O

Definition 7.1.6. Suppose that IZ, m e Z%, with k, > 1 for all 0 € ¥. We say that
a normalized eigenform f € Si - (U1(n), E) is stabilized if T,, f = 0 for all v|n.

We have the following refinement of [DS23, Lemmal0.6.2] (by the same proof):

Lemma 7.1.7. Suppose that E,T?L € Z*, with ks =1 for allo € ¥, and that n c m
are non-zero ideals of O prime to p. If p ~ py for some normalized eigenform f €
St.mUi(m), E), then p ~ pg: for some normalized eigenform f' € Sy - (Ui (n), E')
such that ay ¢(f) = ape(f') for all characters & as in Definition where E' is
(at most) a quadratic extension of E. Furthermore if ord,(n) > min(2, 1+ ord, (m))

for all v|n, then we may take f' as above to be a stabilized eigenform.
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Note that if f is a stabilized eigenform, then p; and n determine its Hecke
eigenvalues for all T, for v { p and S, for v { np, and this in turn determines the
g-expansion coefficients 7%, (f) for all ¢ and m such that (ctm), € OF,- However
this information does not necessarily determine the eigenvalue of T}, on f¢ for p € S,
and characters £ as in Definition Let us denote this eigenvalue by ay ¢(f).
As in the discussion before Definition [6.6.3} these are related by the formula

Ap g, (f) = :u(FrObP)apxﬁl (f)

as & varies, where p is the unramified character Gr, — E* corresponding via local
class field theory to §2§f1|pr.

If k; > 1 for some ¢ € £, then Theorem implies that the a, ¢(f) can only
be non-zero if the representation x ® p; has a non-trivial unramified subrepresenta-
tion, or equivalently, if py has a non-trivial subrepresentation on which I, acts as
ngzp w;17™< (in the notation of :i Note also that these subrepresentations
(of which there are at most two) determine the possible (non-zero) systems of values

of ap.¢(f)-
On the other hand, if k, = 1 for all o € ¥, then pf@Fp is unramified and the

ap¢(f) are determined by Proposition m

Definition 7.1.8. Suppose that E,m € 7>, with k, > 1 for all ¢ € £, and
that p € S, is such that k, > 1 for some o € X,. We say that a stabilized
eigenform f € Sp . (Ui(n), E) is strongly p-stabilized if T, (f¢) = 0 for all £ as in
Deﬁnition or equivalently if 7, (f) = 0 for all  and m such that (ctm), ¢ O .
We say that f is strongly stabilized if it is strongly p-stabilized for all p € S}, is such
that k, > 1 for some o € 3,,.

By the discussion preceding Definition if f €5z ;(Ui(n, E)) is a stabilized
eigenform and p € S, is such that k, > 1 for some o € X, then it is automatically
strongly p-stabilized unless p; has a non-trivial subrepresentation on which Ir, acts
as Hoezp wy 1™, On the other hand, if p; has such a subrepresentation, then it
does not necessarily arise from a strongly p-stabilized eigenform of the same weight
(k,m). Note however that ©,(f) is strongly p-stabilized for any 7 € Zp,0-

The same argument as for [DS23, Lemma 10.6.5], together with Propositionm
gives the following:

Lemma 7.1.9. Suppose that E,Tﬁ € Z%, with ky, > 1 for all 0 € ¥, and that n is
a non-zero ideal of O prime to p. If p: Gp — GLo(FE) is absolutely irreducible,
then p ~ py for at most one strongly stabilized eigenform f € Sy _(Ui(n), E).

7.2. Quado-Barsotti—Tate representations. In order to describe local Galois
representations with repeated o-labelled Hodge—Tate weights, we need a slight gen-
eralization of results of Gee, Liu and Savitt [GLS15]. (See [Wie25, §3] for an
extension along these lines in the unramified case.)

Fix a finite extension L of Q,,, write L¢ for its maximal unramified subextension,
and let f = [Lo : Qp], e = [L : Lg]. Let X denote the set of embeddings
o: L — @p, which we index as o, ; for i € Z/fZ, j = 1,...,e, with our usual
convention that for each 7, the embeddings o5 1,...,0; . have the same restriction
to Lg, say 7;, and that 7,41 = ¢ o7;.

Recall that [GLS15] gives a complete description of reductions of certain crys-
talline representations p : Gy — GLo(K) which they call pseudo-Barsotti-Tate,
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meaning that for each 7, the o; j-labelled Hodge—Tate weights have the form (r; ;,0),
where r; . € [1,p] and r; ; = 1 for j < e. We wish to allow some of the r; ; to equal
0, and we will refer to such representations as quado-Barsotti—Tate (a concatenation
of quasi-pseudo-Barsotti-Tate). Since the results are independent of the choice of
ordering of 0; 1,...,0; . for each i, we may further assume that

O0<r1<ma<---<r<p,

so that the quado-Barsotti-Tate condition becomes r; .1 < 1 for each i. For
notational convenience, we set r; o = 0.

Suppose now that p is quado-Barsotti-Tate with o; j-labelled Hodge—Tate weights
(ri,5,0) as above. We define the degeneracy degree of § to be the element Se [0,e]”
such that §; = max{j|r;; = 0}. (Thus a quado-Barsotti-Tate representation is
pseudo-Barsotti-Tate if and only if it has degeneracy degree 6)

We then have the following extension of [GLS15, Cor. 2.3.10] (as extended in
[Wan22] to include the case p = 2) to the quado-Barsotti-Tate setting. We adopt
the same notation as in [GLS15] (except that our L is their K, our K is their E,
their indexing of embeddings is the reverse of ours, and we let [ ]!, A; denote the
matrix product A, 4,1 - A1).

Proposition 7.2.1. Let 9 be the Kisin module corresponding to a lattice in
a quado-Barsotti-Tate representation p as above. There exist matrices ZZ(J» €
GLQ(OK) fO’f’j =0,...,e—1 such that Filp’p""’pi)ﬁ;" = GOK,iai,e—l ® GOK,iﬁi,e—l

with
e—1
(ai,e—la/@i,e—l) = (e;7ﬁ)A;,e (n Zl{,jA’,ivj> ’
j=1

where ¢, f; is a basis of MF (as in [GLS1H, Prop.2.3.5(2)] if §; < e) and
r (u — ﬂi)j)p 0
Aig = ( 0 (u—m )P~ )"

We omit the proof, which is essentially the same as that of [GLS15, Cor.2.3.10],
except that the induction step (now downwards on m due to our different conven-
tions) becomes easier for m < ¢;, as does the base case if §; = e. Indeed, if §; = e,
then the base case is immediate from [GLS15, Lemma 2.2.2(3)]. Furthermore, if
m < §;, then the arguments in the third through fifth paragraphs of the proof are
unnecessary. To obtain the analogue of the displayed equation in the final para-
graph, one may simply take Z,im to be the identity matrix, and applylﬂ [GLS15l
Lemma 2.2.2(3)] using that Fil 1DLJ-?m =0.

We then obtain from this the obvious generalization of [GLSI5| Thm. 2.4.1] with
A= < (1) (u— 72 s ) . The proof of Proposition 3.1.3 of [GLS15] then carries
over without change as well, giving the same statement, but with s; = >’ e, Ti for
some subset J; < {1,...,e}, so that s; = x; or r;  + x; for some z; € [0,e — 1 —§;],
unless 1, . = 0 (i.e., §; = e), in which case s; = 0. This in turn yields the following
generalization of [GLST5, Thm. 3.1.4):

Theorem 7.2.2. Let T be a lattice in a quado-Barsotti-Tate representation as
above, with o-labelled Hodge—Tate weights (r,,0) forc € L. If T =T Qo, E is

2INote that the reference there to Lemma 2.2.2(2) should be to Lemma 2.2.2(3).
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reducible, then there is a subset J < X and a basis for T with respect to which the
action of Iy, has the form
( HO’GJ WZ'U * )
0 Ho’géJ wg'ﬂ ’

where wy : I, — E* is the fundamental character corresponding via local class field
theory to the character Of — O — E* induced by o.

Note that w,, ; depends only on i, and we henceforth denote it w;, so w; = w}_,
has order p/ — 1 for all 4.

The same arguments as in [GLS15] give the following generalization of their
Theorem 5.1.5 (using their notation, modified as above):

Theorem 7.2.3. Let T be a Gp-stable lattice in a quado-Barsotti—Tate represen-
tation as above, with o; ;-labelled Hodge—Tate weights (r; ;,0) for o; ; € Xp,. Let M
be the Kisin module associated to T', and let M = Mo, E.
- Suppose that T :=T Qo,, E is reducible, so there exist rank one Kisin modules
N = M(so,...,87-15a) and P = M(to,...,ty_1;b) such that M is an extension
of M by P. Then for each i there is an integer x; € [0,&;] such that {s;t;} =
e—1
{ri+ai,e; —x; }, where r; = 1. and ; = Z r;; = max{0,e —1—¢; }.
j=1
Furthermore we can choose bases e;, fi of M; so that ¢ has the form

oleivi) = (b)ulie;
o(fir1) = (a)iw® fi +yie;

where

e y; € E[[u]] is a polynomial with deg(y;) < si;
e ift; <r;, then the nonzero terms of y; have degrees in the set [ti]ulri, si—1];
o cxcept that when there is a nonzero map M — P, we must also allow y, to

have a term of degree s, + a, (M) — «,(P) for any one choice of ¢.

Finally, we need that the proofs of Lemmas 6.1.2 and 6.1.3 of [GLSI5| carry
ove@ without change for quado-Barsotti-Tate representations. Thus in the setting
of Theorem the exact sequence 0 — P — M — N — 0 extends to one of

~

(¢, G)-modules
0—P—M—N—0
with E-action such that 7' =~ T (M) and for all z € M, there exist « € R and

y € R®,,e M such that 7(z) — 2z = ay and vg(a) > 527 + £. Furthermore this

(¢, é)—module is unique, except in the case ¥ = p, 6 = £ = 0.

~

To make the statements involving (¢, G)-modules less cumbersome, we will say

A~

that a (¢, G)-module with E-action is typical if it satisfies the condition that for
all x € M, there exist o € R and y € R ®, e M such that 7(z) — 2 = ay and

vr(a) = pfl + L.

22These are in fact only needed in the case that the semisimplification of T is a direct sum of
two characters whose ratio is cyclotomic.
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7.3. The ramified quadratic case: p-adic Hodge theory. Now we assume
that L is a ramified quadratic extension of Q,. We simplify some of the notation
of the preceding section as follows: We write ¥ = {01, 02} for X, (k1, ko) for the
element (kg,,ko,) € Z¥, and w : I, — F) for the fundamental character (which
was w1 = we in the preceding section).

For (k,m) € Z= x Z=, where k = (ky, ks) is of the form (1, w) with 2 < w < p+1,
we will describe precisely which representations p : G, — GLo (Fp) have crystalline
lifts of weight (E, m) in the sense of Definition i.e., with o;-labelled Hodge—
Tate weights —(1 + my, k; +m;) for ¢ = 1,2.

In order to provide the desired characterization in the case that p is reducible,
we first define a certain subspace of H(Gp,F,(x)) for any character x : G, — F; .
Note that we may write x|;, = w™ ! for a unique n € [1,p —1]. Let ¥ : Gp — Z;
be any crystalline lift of x with o;-labeled weight —1 and os-labeled weight n.

Recall that H} (G1,Q,(X)) is defined as the kernel of the natural map

HY(G1,Q,(X)) — H'(GL, Berys ®q, Q,(X)),
and H}(GL,ZP(Q)) as the preiniage of H}(GL,@,{)?)) in Hl(GL,Zp()Z)).iVVe then
define V, as image of H}(GL,ZP()?)) in H'(Gp,Fy(x)). Since H}(GL,QP()Z)) is
one-dimensional over @p (by [EPR94l 3.3.11], for example), it follows that
H}(GL7ZP(%))/H1(G[MZp(%))tor
is free of rank one over Zp, and therefore that
. (1, ify 1
dimg, Vy = { 2, ify=1.

We then have the following characterization of the classeﬁ in Vy in terms of

~

(¢, G)-modules:
Proposition 7.3.1. Suppose that p : G, — GLo(E) is a representation of the

form¢®<%< (1:

c€ ZNGr,E(x)). Then c represents a class in Vy if and only if p arises from a

, where Y|r, = w, x|r, = w" ! for some n € [1,p — 1], and

typical (o, é)—module with E-action M fitting in an exact sequence
0—P—M—N—0,
where the underlying Kisin modules B, M and N are as in the conclusion of The-

orem with N = M(n;a) and P = M(1;b) for some a,be E*.
In particular, V, is independent of the choice of the character X in its definition.

Proof. Suppose first that ¢ represents a class in V. Letting 1Z : G — Of be
a crystalline lift of ¥ with o7 (resp. o2)-labelled Hodge—Tate weight 0 (resp. 1).
Enlarging K if necessary so that X is valued in OF, it follows from the definition
of V, that p is given by the reduction of a G-stable lattice T in a crystalline
representation p : G — GLg(K) with o1 (resp. o2)-labelled Hodge-Tate weights
(1,0) (resp. (n,0)). It follows (from cases already covered by [GLS15] and [Wan22])
that the reduction 90 of the Kisin module 9 associated to T is as in the conclusion

of Theorem with {s,t} = {n,1} or {n + 1,0}.

23Gee [BS22] for a more explicit description of such spaces in terms of Kummer theory.
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First suppose that {s,¢} = {n+1,0}, in which case we may assume that s = n+1
and t = 0 (as otherwise the extension of Kisin modules splits and we can exchange s
and t). This implies that p has a subrepresentation whose restriction to I, is w"*!,
which is only possible if n = p — 1 and either p is decomposable or p = 2. In the
first case, the conclusion of the proposition is clear, so suppose that p = 2. In that
case we obtain a contradiction using Kisin’s classification of connected p-divisible
groups and finite flat group schemes in [Kis09]. More precisely, using the notation
and terminology of [Kis09l §1], we have that T is the Tate module of a bi-connected
p-divisible group, and therefore 9t is formal and 9 is connected, contradicting that
() = ().

We may therefore assume that {s,t} = {n,1}. Furthermore if s = 1 and t =
n > 1, then the extension of Kisin modules splits, so we can exchange s and t.
Finally applying [GLS15, Lemma 6.1.2] (as extended to p = 2 in [Wan22]) yields
the desired conclusion.

To prove the converse, let V)é denote the set of extension classes arising from

~

(¢, G)-modules as in the statement of the proposition. We have thus already shown
that Vi g < V] (where Vy g = Vi n H'(GL, E(x))), so it suffices to prove that
#V, < #V, g. Note that a and b are determined by ¢ and x, and [GLSI15)
Lemma 6.1.3] (again extended to p = 2 by [Wan22]) implies that each extension
M as above is the underlying Kisin module for at most one (¢, @)—module as in
the statement of the proposition. Therefore it suffices to note that the number
of equivalence classes of extensions of M (n;a) by M(1;b) as in the statement of
Theorem is #F, unless n = 1 and a = b, in which case it is #E?; in either
case, this coincides with #V, g. O

We need to introduce some more notation to handle the case where p is irre-
ducible, let M denote the unramified quadratic extension of L, denote the embed-
dings of its residue field into F, by 7 and 7/, and the corresponding characters
I, =1y — Ef by w, and w;/, so that w = w? and w = wrw = oﬂT’H. (Note that
w, has order p? — 1, w has order p — 1 and w? is the cyclotomic character.)

Proposition 7.3.2. Suppose that E,ﬁi e Z% are as above, i.e., ki = 1 and ko =w
for some 2 < w < p+1, and let m = m1 +mq. A representation p : Gr — GLo(IF,
has a crystalline lift of weight (k,m) if and only if

X C
pave (X7

for some characters v and x such that ¥|;, = w1 7"™ x|;, = w¥" and ce V,,
or
G
p~Indgr &
for some character £ : Gpr — ﬁ; such that |1, = w17 MWL

Proof. Firstly, by part (2) of Proposition (for any p and F such that F, is

isomorphic to L), we may replace p by u ® p for any character p : Gy, — F;

such that p|;, = w™ "1 50 as to assume that 7 = —Fk. In this case, the assertion

characterizes p with quado-Barsotti-Tate lifts with o;-labelled Hodge-Tate weights
(rj,0), where 1y = 0 and 7o = w — 1.
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Suppose first that p is reducible and that it has such a lift §': G, — GLy(K) for
some sufficiently large finite extension K of Q,. By Theorem we have that

w? 1 *
p‘ILN 0 1 or 0 ww-l )

according to whether or not o9 € J. Furthermore, in the notation of Theorem [7.2.3
(suppressing the subscript ¢ = 0), we have § = 1, e =0, r = w — 1 and {s,t} =
{w—1,0}. If s =0 and t = w — 1, then the extension of Kisin modules splits, so
we may assume s = w — 1 and ¢t = 0. We thus have an exact sequence

0 —> M(0;6) —> M —> M(w — 1;a) — 0

for some a,b € E*, extending to one of typical (¢, @)—modules with F-action. In

particular, we have
c
pP~Y® ( 01 >

for some characters ¢ and x such that v is unramified and x|;, = w
remains to show that ¢ represents a class in V.

Consider the (o, G)-module M obtained by tensoring 93? with 93?(1 1); i.e., its

underlying Kisin module is M =M Qs M(1;1), and the G-action is obtalned
from those on the tensor product via the canonical isomorphism

R®p.s (MBs, M(1;1)) = (R Qpe M) @z, (R @pe M(1;1)).

w=1 and it

Thus f(ﬁ,) ~ (' ® p) for some character ¢’ : G, — E* such that ¢'|;, = w, and

we have an exact sequence
0 —> M(1;b) — M —> D(w;a) —> 0

of typical (¢, CA?)—modules with E-action. In particular, if w < p, then M is as in
the statement of Proposition m (with n = w), so ¢ represents a class in V..
Suppose now that w = p, so that n= 1 in the definition of V,. In this case, we

will define an injective morphism DJT — zm for some (¢, G) module 93"( as in the
statement of Proposition [7.3.1] _ Note that Theorem m provides a basis (¢, f’)

for 9 such that

p(e) = bue
o(f') = aulf + cue (+duPTle’),
for some ¢ (and d) in E, where the term in parentheses occurs only if a = b. We

then define M to be the Kisin module with basis (e”, f") and

o(e") bue”
o(f") = auf’+abce” (+ due”).

The map M — M defined by €+ e” and f’' ~— uf” + b~lce” is then compatible
\ﬁiih ©, hence defines the desired injective morphism of Kisin modules. Letting
M’ denote the unique extension to a typical (@,@)—module as in the statement
of Proposition it is straightforward to check (as in the proof of |GLSI5L
Prop. 6.1.7]) that R Rp,& M is stable under the action of 7. It follows that the
map M — M extends to a morphism of typical (¢, é)—modules with FE-action,
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which is necessarily of the form m -0 by [GLS15, Lemma 6.1.3]. This implies

1

that f(ﬁ/) ~T (M), and hence that c represents a class in V,.
Finally suppose that w = p 4+ 1. In this case, we define an injective morphism

~

M — M for some typical (¢, G)-module M as in the description of 9, but with
w = 2 instead of w = p+ 1. Indeed by Theorem we have a basis (e, f) for M
such that

o(e) be

o(f) = auPf+ ce(+due),
for some ¢ (and d) in E, where the term in parentheses occurs only if a = b and
p = 2. We then define M to be the Kisin module with basis (", f") and

90(6/,) be//
SD(f/l) — auf/l + ab—lce/l (+ du2€//).

The map M — M defined by e — ¢ and f — uf” + b~'ce” is then compatible
with ¢, hence defines the desired injective morphism of Kisin modules. Arguing
exactly as in the case w = p, we find that the morphism extends to one of typical

(o, @)—modules with E-action, and hence that f(ﬁ) ~ f(ﬁ”). It now follows from
the case w = 2 (already treated above) that c represents a class in V.

Conversely, suppose that
X ¢
~(3 1)

with ¢ unramified, x|, = w and c representing a class in V.. Choosing an un-
ramified lift J of ¢ and a crystalline lift X" of x with o;-labelled Hodge-Tate weight
r;, we again have that H} (GL,Q,(X')) is one-dimensional. Letting V)’ denote the
image of H{(Gr,Z,(X')) in H'(GL,Fp(x)), we find that dimg (VY') = dimg (V).
Since the classes in V! correspond to reductions of lattices in crystalline represen-

tations of the form .,
~ X ¢

we have already proved that Vi’ = V,, and it follows that V) = V), and hence that
p has a (reducible) crystalline lift with the prescribed labelled Hodge—Tate weights.

Suppose now that p is irreducible, and therefore that p ~ Ind gi{f for some
character £ : Gy — E*. Write ¥a = {00,1,00,2,01,1,01,2} where o, ; is the
embedding whose restriction to L is o; and whose reduction is 7 (resp. 7/) if i = 0
(resp. 1).

If p has a crystalline lift p : G — GLQ(@p) with o; labelled Hodge-Tate weights
(r5,0), then p|¢,, is a crystalline lift of p|g,, with o; ; labelled Hodge-Tate weights
(r4,0). Since p|g,, is decomposable, Theorem implies that

w—1 w—1 w—1
Pliy ~w' @1 or wrT @wsy .

w—1

The first possibility contradicts the irreducibility of p, and the second implies that
€lr,, = w¥ 1 (after replacing ¢ with its conjugate if necessary).

Conversely, if £]7,, = w®~!, then we may choose a crystalline lift E Gy — @;
whose o ;-labelled Hodge—Tate weight is w — 1 if (4,5) = (0,2) and 0 otherwise.
Then Ind g; € is a crystalline lift of p with oy-labelled Hodge Tate weights (0, 0)
and oo-labelled Hodge-Tate weights (w — 1,0), as required. O
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Remark 7.3.3. In view of [GLS15, Lemma 5.4.2], the arguments involving (¢, CA?)—
modules are only needed in the case that y is the cyclotomic character, which
implies that either w = 3 or w = p = 2. Thus it is only for p < 3 that there is any
overlap between these cases and those for which we need the additional arguments
in the proof of the proposition comparing extensions (i.e., w = p).

Remark 7.3.4. It follows from the proposition that p has a crystalline lift of weight
((1,2),m) if and only if it has one of weight ((1,p + 1),m) (or indeed of weight
((2,1),m)). Furthermore it follows from Theorem that the same equivalence
holds with “has a crystalline lift” replaced by “is geometrically modular.” This
is further indication that the equivalence in Conjecture [6.3.2] extends to weights
slightly outside =7, .

Remark 7.3.5. Taking w = 1 in the statement of Proposition the corre-
sponding condition on p is that it be unramified.

We remark also that in the case w = p of the proposition (in which case x is
unramified), we could have taken n = p instead of n = 1 in the definition of V,,
provided p > 2. That this gives the same space of extensions follows for example
from the main result of [BS22] (see the proof below of Lemma ?7).

We need one further observation in another special case. Recall that if x = xcyec is
the cyclotomic character, then dimg H YGL,Fpy(x)) = 3, unless x is also trivial, in

which case dimg_ HY(GL,Fp(x)) = 4. (Note the latter occurs only if p = 2, or if p =

3 and L = Q3((3).) In this case, letting X' : G, — Z; be the cyclotomic character
(or indeed any character whose restriction to inertia is cyclotomic), we have that
the image of H}(szp()?) in H'(G,F,(x)) has codimension one (consisting of
what are commonly called the peu ramifiées classes). Let us denote this subspace
by V¥,

Proposition 7.3.6. If x is the cyclotomic character, then V, V;y.

Proof. If c represents a class in V,, then the proof of Proposition shows that
X ¢
0 1
the statement of Theorem [7.2.3% with s = r =2, § =landt=¢ =z iO. In
particular, it follows immediately that p arises from such a (¢, @)—module M with
s=2,r=x=e=1landt=9§=0.

We claim that this is equivalent to ¢ representing a class in V.%. Indeed if ¢

X
represents a class in V¥, then Theorem and [GLST5, Lemma 6.1.2] imply

A~

the representation p := ( arises from a typical (gp,@)—module M as in

that p arises from such a (¢, G)-module if p > 2. If p = 2, then Wang’s extension of
these results ([Wan22]) implies that either p arises from such a (¢, G)-module, or
from one for which 91 is as in the statement of Theorem[7.2.3withs =t = r = ¢ = 1
and x = § = 0. In the latter case, Proposition implies that c € V,, and hence
we have already shown in the preceding paragraph that p arises from a (cp,@)—
module of the desired form. This proves one direction of the claimed equivalence,
and the other follows from a counting argument as in the last paragraph of the
proof of Proposition [7.3.1] O

241y particular, with E-action for some sufficiently large E.
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7.4. The ramified quadratic case: Partial weight one modularity. We spe-
cialize again to the case where F' is a real quadratic field in which p ramifies. We
will now prove cases of Conjecture [6.3.2] involving partial weight one, i.e., where
k= (1,w) for some 2 < w < p.

We first assume w > 3, since the argument for w = 2 will require additional in-
gredients and hypotheses. We remark though that a particular case of the following
theorem requires the result for w = 2 as input (in the form of Corollary .

To begin with, in the modularity direction we have the following:

Theorem 7.4.1. Let F is a real quadratic field in which p ramified, and let p be
the prime of F' over p. Suppose that k,m € 7%=, with k = (1,w) for some w € [3,p].

Let p : Gp — GLa(F,) be irreducible and geometrically modular of some weight.
Suppose further that P|GF<<,,) 1s irreducible, and if p = 5, then the projective image

of P|Gp(g5> s not isomorphic to As. If P‘Gpp has a crystalline lift of weight (E, m),

then p is geometrically modular of weight (E, m).

Proof. Let L denote F,, M its unramified quadratic extension, and write ¥z =
{r,7'} and X5 = {00,1,00,2,01,1,01,2,} as in the proof of Proposition m By
that proposition, if p|g, has a crystalline lift of weight (k,m), then

X C

for some characters ¢ and y such that ¢|;, = w™17*"™ x|;, =w” ! and ce V,,

or
G
p~Indgr &

w—1

for some character £ : Gy — F; such that |7, = w™ 17w

-

We claim that in either case, p|g, has crystalline lifts of weight (k¥',m') and of
weight (K", 1) (in the sense of Deﬁnition, where ¥ = (2, w+1), ¥’ = (2,w—1)
and m' =m — (0,1).

Indeed in the first case, it follows from the the definition of V,, that p|e, has
X *
0 1
Hodge-Tate —1 (resp. w) and @Z has o1 (resp. o2)-labelled Hodge-Tate —1 — my
(resp. —w — my). Therefore plg, has oy (resp. o3)-labelled Hodge-Tate weights
(=1 —my,—2—myq) (resp. (—ma, —w —my3)), i.e., o;-labelled Hodge-Tate weights
(=1 — m}, —k; —m)}). Similarly, we see that p|g, has a crystalline lift of the form

>~

V' ® % I (using also Proposition |7.3.6] if x is cyclotomic), where X’ is a

crystalline lift of x with o1 (resp. o3)-labelled Hodge-Tate weight 1 (resp. w — 2)
and 1Z’ is a crystalline lift of i) with oy (resp. o2)-labelled Hodge-Tate weight
—mq — 2 (resp. 1 — w — my). Therefore p|g, has a crystalline lift with o;-labelled
Hodge-Tate weights (—1 —m;, —k — m;).

a crystalline lift of the form J ® ( >, where X has o1 (resp. o3)-labelled

In the second case, we may choose a crystalline lift E of £ with 0.1 (resp. 0g.2,
011, 01,2)-labelled Hodge-Tate weight —2 —my; (resp.—mg, —1 —mq, —w —mz), so
that Ind gfﬂ is a crystalline lift of p|g, of weight (l;' ,m’). Similarly choosing ¢ with
0;,5-labelled Hodge-Tate weights —1 — my (resp. —1 —mg, —2 —mq, 1 —w — my)
yields a crystalline of lift of weight (E” ,m).
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We may now apply Theorem [6.5.9] to conclude that p is algebraically modu-
lar of weights (E’ ,m’) and (IZ” ,m). Applying Theorem it follows that p is
geometrically modular of those weights.

By Proposition and Lemma we then have that p ~ pp ~ pgr for
some stabilized eigenforms f’ € Sg, .. (Ui(n), E) and f” € Sg, . (Ui(n), E) for some
sufficiently small level n prime to p and sufficiently large finite subfield E of F,.

We claim furthermore that we may take f’ to be strongly stabilized. Indeed if

f! is not strongly stabilized, then applying Theorem m to fé, where £ is as in
w+1

*
0 1

the explicit form above for p|g,, unless w = p — 1 and p|;, ~ W™ ™™ Quw 27",

in which case the claim follows from Corollary (and a further shrinking of n

using Lemma if necessary).

Now consider the forrn Hyf" and ©f" € Sg, - (n, E), where o= (3, w).
Since both are strongly stabilized and give rise to p,yLemma 7.1.9|implies they are
the same, and hence Hs|©f”. Since p t (w — 1), it follows from [Dia23, Thm. A]
that f” = Haf for some f € Sp . (Ui(n), E), as desired. O

Definition |7.1.4} implies that ps|;, ~w 27" ® ( w

> . This contradicts

For the argument in the other direction, we will need to assume part (2) of
Conjecture On the other hand, we can remove the Taylor—Wiles hypothesis
from the “easier” implications in Theorem [6.5.9] in our setting. In particular, we
have the following;:

Theorem 7.4.2. Suppose that (E, m) € L2y x X, with k1 =2 and 2 < ky < p+1. If
p 1s definitely or algebraically modular of weight (E, m), then P|GF‘, has a crystalline
lift of weight (E, m).

Proof. By Theorem we may assumﬂ that p is algebraically modular of
weight (k,m). Let B, U and @ be as in Definition (with B ramified at

exactly one archimedean place), so that m? is in the support of Mliﬁ(U, F,) =
HY(Y{, DE,m,?p)

Suppose that 6 : GLa(F,) — Aut (V) (for some sufficiently large K) is an
absolutely irreducible representation that has DE,WL,E as a Jordan—Holder factor
in its reduction, i.e., in that of any GLq(FF,)-stable lattice T'in V. Viewing 6 as a
representation of U, = Og,p =~ GL3(Op,) via inflation, let T be the locally constant
sheaf associated to T as in (Note that we may assume U? is sufficiently small
that this is defined.) The same argument as in the proof of Lemmathen shows
that mf? is in the support of H'(Y?, T ®o E), and hence in that of H' (Y2, T).
Similarly, it follows that m? is in the support of its maximal torsion-free quotient
H(YZ,T), and hence in that of

H'(YE, T)®o K = (H\(YE, K) @k V)52 ),

25We will systematically write H; for H,, (and similarly G; for G5,), and omit the subscript
for the unique ©.

26Alternatively, a similar (but slightly simpler) argument than we are about to give applies in
the case of definite modularity.
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where U' = UPU, and Uy is the kernel of the projection U, — GLa(F,). Therefore
there is a T@-eigenform

fe(ME(U',Q,) @ V)°h=F)

such that T,f = a,f and S, f = Jv for some lifts @, of tr (p(Frob,)) and Jv of
Nmp q(v) det(p(Frob,)) for all v ¢ @, and hence a cuspidal automorphic represen-
tation 7 € CiB (and embedding K — C) such that

(mp @1 V)UP £ 0
and T, = &, and S, = d, on 771()95'“ for all v ¢ Q.

Let us again adopt notation from the proof of Proposition[7.3.2] so L = F,, M is
its unramified quadratic extension, and w, w, and w,s are fundamental characters.

Applying Theorems[2.3.T|and [5.1.T} we now have p ~ 7, for some 7 € C5 with the
property that pr|q, is potentially semistable with o;-labelled Hodge—Tate weights
(0,—1) for i = 1,2, and WD(px|g,)F ™ corresponds under local Langlands to a
representation 7, such that (m, @k V)G2(©1) % 0. In particular, if § ~ [det]”
(resp. [det]™ ® St), where [-] denotes the Teichmiiller lift (and St the Steinberg
representation), then ¥ ® pr|q, is crystalline (resp. semistable) with o;-labelled
Hodge-Tate weights (1,0) (for ¢ = 1,2), where ¢ is any character whose restriction
to inertia is Xcyc[w]™. Otherwise, we have that xcyc ® pr|c,, is potentially Barsotti-
Tate with inertial type corresponding under local Langlands to the dual of 6.

To complete the proof, suppose first that ks = 2. In that case, we may apply
the conclusion above with 6§ ~ [det]™*2, where m = m; + my. Since ¢ ® p has
a crystalline lift with o;-labelled Hodge-Tate weights (1,0), and | Ir, = wmte,
it follows that p has a crystalline lift with o;-labelled Hodge-Tate weights (—1 —
m;, —2—m;), as required. For consistency with the discussion below, note that this
means Dy 3 . = det™™ % € WS(p|g, ), where W™ is as in [GLSTH), Def. 4.1.3].
In general, the task at hand is to prove that

Di i = det "2 @Symb 2 E, € W (p)g, ).
Suppose next that kg = p+1. Taking 6 ~ [det]™ "2 ®St and letting n = —m —4,

it follows that either det” € W*$(p|g, ) or that p|g, has the form ¢ ® < XBVC >11< )

with 1|7, = w™. In either case, we deduce that that det™ Sym?* EQ, e Ws(pla,)
from the equality WS (p|g, ) = WePlicit (p| o ) (JGLS15, Thm. 6.1.8] and [Wan22l
Thm. 5.4]) and the description of We*Plicit (|~ ) in [BS22]. Indeed this is already
immediate from the definition of We*Plicit(p| - ) in the second case, so suppose that
det”™ € Wes(p|g, ). The only irreducible representations with det™ as a Serre weight
have the form Ind g;f, where €|7,, = w?, and one then finds that det™ Sym?™* EZ) is
also a Serre weight. Reducible representations with det™ as a Serre weight have the

form ¥ ® ( >(§ (1: ), where either ¢|;, = w™ and x|;, = w? (with ¢ representating

n+1

a class in V;y if x = chc), or ¢|r, = w"t!, x unramified and ¢ representing a class

in V.. In the first case, or if p = 2, we again have det” Sym? ! Fi e Wexplicit (5| - )
by definition, so suppose p > 2 and we are in the second case. By [BS22, Thm. 5.6],
the space V, is spanned by the subspaces Wqein g, for (J,z) € {(30,0),(,1)}
defined in [BS22, Def. 5.2]. Replacing det™ by det” Sym?~! in [BS22, Def. 5.2]
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gives the same two possible values for (J,z), but interchanges the corresponding
subspaces (the exponents of v in their definition still being 0 and 1 — p), so another
application of [BS22, Thm. 5.6] implies that det” Sym?~* Fi e Wexplicit (p) o ).

Now suppose that 3 < ke < p. We have two choices for 6: one of dimension p+ 1
(induced from a Borel), and one of dimension p — 1 (cuspidal). We denote these 6,
and 6o, and let 6 denote the dual of 6; for i = 1, 2. It follows from the existence of
the lift Xcye ® pr|c, and the definition of the set WET (p|g, ) (see [GKI9, Thm. A))
and its equality with W<(p|g, ) ([GLSI5, Thm. 6.1.8]) that

WS (Xoye ® pla, ) 0 JH(E; ) # &

(where JH(") denotes the set of Jordan-Hélder factors of the reduction of any
stable lattice for ). Since §; has central character [det]*"+*2%2 we have 0F ~
[det]” ™ ® 6; where n = —m — ky — 2, and the above intersection is equivalent to

WS (ple,) o JH([det]" " 7%0;) # &.

Since 6; has D; . = det™ "2 Sym*2—2 Fi as a Jordan—Holder factor, we have

JH([det]"~™~26;) = {det" Sym*>~? F, det"th2—2 Sympt1—k T2 }
and JH([det]"""™"%0;) = {det” Sym"*F, det" "~ Sym" " 7" F, },

with the last factor absent if k3 = p. In particular, if ko = p, it follows immediately
that det™ Sym? > Fi e W (plg, ).

Suppose now that 3 < ko < p — 1 and det™ Sym*2~2 RZJ ¢ Ws(p|g, ). We must
then have

a b =2 a—1 b+2 T2 cris
{det” Sym”F,,,det®”" Sym”" " F, } €« W (p|g, ),

wherea =n+ky—1land 0<b=p—1— ko <p—4. We will again appeal to the
explicit description of the set of Serre weights for the local Galois representation.
Firstly, if p|q, is irreducible, then the assumption that det® Sym® Ez, e Ws(pla,)

implies plg, is of the form Ind &* & where £|7,, = ww?*? or w* Wl

since det® ! Sym®*2 Ff, € WS(p|g, ), we have that p|g, is of the form Ind gfwf’

a—1,,b+4 b+2
wT T

Similarly

where &'|1,, = w or ww? 2. This is only possible if

—b—1
aw?_+2 _ wa+b+1wfl _ wnwkz

T

§|1M =w

. . . —2—=2 i -
which contradicts the assumption that det™ Sym*2 QIFP ¢ W(ple,). Similarly,
if p|¢, is reducible, then an analysis of the possibilities shows that it must have

the form ¢ ® ( g ¢ ) with Y|, = w? x|1, = w’*? and c representing a class in

1
V. Appealing again to [BS22, Thm. 5.6], we find that V, is the subspace ¥, ;. in
[BS22, Def. 5.2] with o = det®" Symb+2F§, J =Yg and z = 0, giving — (b + 2) as
the exponent of v. Furthermore taking det” Symkr2 EZ), J = @ and x = 1 gives the
same subspace, contradicting assumption that det” Sym”*2~2 Fi ¢ Wes(plg,). O
Theorem 7.4.3. Let F be a real quadratic field in which p is ramified, and let p be
the prime of F' over p. Suppose that k,m € Z=, with k = (1,w) for some w € [3,p].
Suppose further that Conjecture (2) holds. If p is irreducible and geometrically
modular of weight (k,m), then P|Gpp has a crystalline lift of weight (k,m).
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Proof. Suppose that p is geometrically modular of weight ( m). Then by Proposi-
tion it is also geometrically modular of weight (K,71'), where ¥ = (2,w + 1)
and m' = m — (0,1) as in the proof of Theorem |7 - Furthermore p is also
geometrically modular of weight (k”,m), where ¥ = k + hy = (2,w — 1) .

Under our assumption of Conjecture[6.5.2/(2), it follows that p is also algebraically
modular of weights (K,7/) and (k”,1). Therefore by Theorem plcy, has
crystalline lifts of those weights, and hence

{det™™ "1 @ Sym®* 3 Fi, det ™™ "2 @ Sym® ! Fﬁ } < W"'ris(p|gF'u ).

The same analysis as in the last paragraph of the proof of Theorem [7.4.2] but with
a=—-—m—w—1and b=w— 3 then shows that ,D\GFp is of the form described in

Proposition unless w = p and

X cC
p|GFp~¢®<O 1>

for some characters ¢ and x such that 1/)|1Fp = w 3™ and X|IFP = w? (with ¢

defining a class in V,,, but we will not make use of this).

Suppose then that this is the case, i.e., p has the form just described and p ~ py
for some eigenform f € Sy ,)»(U, E), and we will derive a contradiction. By
Lemma we may furthermore assume that U = Uj(n) for some n prime to
p and that f is stabilized, strongly so by Theorem [5:3.1] Note that ks = p is
divisible by p, we have that O(f) is divisible by Hy by Theorem Therefore
we have O©(f) = Haf; for some fi € My o0y 5 (U, E) where m' = m — (0,1).
Furthermore it follows from Theoremthat Hy|f1,s0 O(f) = HyHy fo for some
f2€ M5 (U, E), and note that (a multiple of) f; is strongly stabilized.

In particular, p is geometrically modular of weight (i, m'), and our hypothesis
therefore implies that p is also algebraically modular of weight (2,7/). We claim
that it is in fact p-ordinarily so. To that end consider a quaternion algebra B and
non-zero element ¢ € M, fm, (U', E)[m%], where B is ramified at exactly one infinite
place (and unramified at p) and U’ for some U’ containing (’)X We then have

that ecp € Mf_T(U’,E)[ S@p] for sufficiently large @’, where f(up) = ut! for

all u, € (’);1p and g corresponds to & via class field theory. We may then lift ecp
to an eigenvector Qg € Méif(U’,(’)) for T, and S, for all v ¢ Q" (enlarging O if
necessary). We thus obtain an automorphic representation II € CB such that II, is
an unramified principal serles as are the II, for all v ¢ @', with the same eigenvalues

as Q¢ for T3, and S, on 1I, 5.0 . We thus have p® p ~ p,., where 7 € C5 corresponds
to IT under Theorem and I, = 7, is a principal series representatlon of the
form I(¢1] - [Y/2,4bo] - |1/2) for some unramified characters i1, ¥s. Furthermore
PrlGp, is crystalline with o-labelled Hodge-Tate weights (1,0) for both o € X, so
Xeye ® prla Py arises from a p-divisible group over Op, with an action of O. Noting
that e, =2 <p—1 and

_ c
Xcyc ®ID‘IT|GFF ”1/’/@( %C 1 )
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where ¢/ = ¥Xeye pilGp, is unramified and |7, = w? is cyclotomic, it follows that
the p-divisible cannot be local-local, and therefore that

~ Y o=
chc ®p7T|GFp N’(//®< 0 1 )

for some lifts ¢’ of ¥ and ¥ of y such that ¢/ is unramified and ¥’ |15, is cyclotomic.
Therefore WD(pr|c,, ) = X1 @ Xo| - |~! for a pair of unramified characters Y1, X2 :
WI%E’ =~ F* — O*. By local-global compatibility, these coincide with 11,2, from

X

o ~
which it follows that T}, acts on IT, ®*, and hence on @¢, by Y1 (wy,p) + pha2(wy p) €
O*. This in turn implies that e¢¢ is an eigenform for T}, with non-zero eigenvalue,
and hence that p is p-ordinarily algebraically modular of weight (5, m').

By Theorem[6.6.9] we then have that p is also p-ordinarily geometrically modular
of weight (2,7/). By Proposition and Lemma |1L7 there exist an ideal
n’ prime to p and a stabilized eigenform f3 € Sz (Ui(n'), E) (enlarging E if
necessary) such that p ~ py, and T, f5¢ # 0 for all { as in Definition By
another application of Lemma [7.1.7, we may assume n = n’.

Now consider f4 = f3—fa € S5 -, (U1 (n'), E). Since fo and f3 are both stabilized,
we have r! (f4) =0 for all t € (A;?)f)x and m e t~10~" A F* such that ctm ¢ pOp.
On the other hand, since f5 is stfongly stabilized, we have fo # f3, s0 fy # 0. It
follows that fy € ker(©), so by Theorem we have

fa = H{* Hy G Gy Vo (f5)

for some s1, 89 € Z>o, t1,t2 € Z and f5 € Myt (U, E) (where U = Uy (n)). Further-
more, by Theorem {4.2.3) we may assume f5 € My, .,(U, E) for some k" € E;’]in,
m” € Z?. We thus have

(2a 2) = sl<_1ap) + 82(17 _1) + (kglvpkllﬁ)

with 1 < kY < pk{’ < pk}/. One sees easily that the first equation implies that

==

p=3and k” = I, so assume this is the case. Note also that
m"” :==m{ +mi=mi+mi=m—1mod (p—1) =2.

Since V,, is injective and compatible with T, for all v # p and S, for all v { np,
it follows that f5 is an eigenform for all these operators, with the same eigenvalues
as f4. In particular, we have ps, ~ p and T, f5 = 0 for all v|n. The same argument
as in the proof of Proposition then shows that if rfq;l( f5) = 0, then in fact
ri* =0forallte (Ag’,)f)X and m e t~191 NF] such that ctm ¢ pOr, which implies
that f5 € ker(©). In this case, applying Theorem gives a contradiction, so we
conclude that rf} (fs5) # 0.

Now consider fg = O(f5) € S5 7,m (U, E), where m" = m” —(0,1). Since T, fs = 0
for all v|np, some multiple of fg is a strongly stabilized eigenform. Note also that
since m{’ + m4 = m mod 2, there exist uy, uz € Z such that

(m1,ma) = (M, m%) +ui(—1,3) +ua(1,—1).
Therefore some multiple of GY' G5? f¢ is a strongly stabilized eigenform in S5 . (U, E)
giving rise to p, as is Ho f. Therefore fg = O(f5) is divisible by Hs. Since k%' =1 is
not divisible by p, Theorem implies that f5 is divisible by Has, i.e., f5 = Ha f7
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for some f7 € S 2),m~ (U, E). Finally, this contradicts Theorem and completes
the proof. ([

We now turn our attention to the case of w = 2, where our arguments require
ordinariness hypotheses. We first treat the easier implication relating geometric
modularity to existence of crystalline lifts:

Theorem 7.4.4. Let F be a real quadratic field in which p is ramified, and let p
be the prime of F' over p. Suppose that E,ﬁi e 7%, with k= (1,2). Suppose further
that Conjecture (2) holds. If p is irreducible and p-ordinarily geometrically
modular of weight (k,m), then P|Gpn has a crystalline lift of weight (E, m).

Proof. By Theorem [6.6.5] we have

c
p~Y® ( ol )
for some characters ¥ and y such that ¢|1F|D =w m?2

by Proposition p is also geometrically modular of weight K ,m’), where
K = (2,3) and ' = m — (0,1). Our assumption of Conjecture [6.5.2(2) therefore
implies that p is algebraically modular of weight (E’ ,m’). By Theorem p has a
crystalline lift of weight (E’ ,m’). Tt therefore follows from [GLS15, Thm. 5.4.1] that
c defines a class in V,.. Finally, Proposition [7.3.2] implies that p has a crystalline
lift of weight (K, 7). O

and |1, = w. Furthermore,

Remark 7.4.5. The ordinariness hypothesis is needed for our argument since there
are irreducible representations of G, with crystalline lifts of weight ((2,p),)
and ((2,3),m') (where m/ = m — (0,1) as usual), but no crystalline lift of weight
((1,2),m). This fact also underpins our reliance on such a hypothesis in the proof
of Theorem

We have the following result in the direction of partial weight one modularity:

Theorem 7.4.6. Let F' is a real quadratic field in which p ramified, and let p be the
prime of F over p. Suppose that k = (1,2) and that m € Z*. Let p: Gr — GLo(F))
be irreducible and geometrically modular of some weight. Suppose further thatp > 2,
P|Gp(gp) is irreducible, and if p = 5, then the projective image of p|GF(<5) s mot
isomorphic to As. If P|Gp,, is reducible and has a crystalline lift of weight (E, m),

then p is geometrically modular of weight (E, m).

Proof. If p|g, is reducible and has a crystalline lift of weight (l_c'7 m), then by

Proposition we have
X ¢
P w®( 01 )

for some characters ¢ and y such that 1/)|IF,, = w2 X|IF,, =wand ceV,. In
particular, p has a crystalline lift of weight (E” ,m), where K" = (2,p), and The-
orem implies that p is p-ordinarily algebraically modular of weight (K, ).
Therefore p is also p-ordinarily geometrically modular of weight (k”,7) by Theo-

rem [6.6.9] By Proposition and Lemma it follows that p arises from a
stabilized eigenform f € S, - (U1(n), E) for some n not divisible by p, and moreover

with Ty fe # 0 for all £ as in Definition
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Since ¢ € Vy, we see as in the proof of Theorem [7.4.1] that p also has a crys-
talline lift of weight (K,7'), where ¥ = (2,3) and m’ = 7 — (0,1). There-
fore Theorems and imply that p is geometrically modular of weight
(K',7). By Proposition and Lemma p arises from a stabilized eigen-
form f" € Sg, (U, E), where U = U(n’) for some n’ not divisible by p. Furthermore
another application of Lemma allows us to replace n and n’ by a common mul-
tiple, and hence assume n’ = n.

We claim that we can in fact take f’ to be strongly stabilized. Indeed this
follows from Theorem unless p = 3 and p| Ir, ~ 1@®w. In that case, note
that Theorem implies that H3|O(f), so p arises from a strongly stabilized
9 € S2.5),m (U, E). Similarly Hz|O(f"), so p arises from a strongly stabilized ¢’ €
S(2,5),m7 (U, E), where i/ = m — (0,2). It follows that ©(g) = H1H3g' is divisible
by Hs. Theorem then implies that g = Hog” for some g” € S(1 6)m (U, E),
and Theorem then implies ¢” = H; f”, where now f” € SE/,m/(Uv E) is (up to
scalar) a strongly stabilized eigenform giving rise to p. We can therefore replace f
by f” to complete the proof of the claim.

Now write @2 f" = G 'Gy ' H{ H3? f”, where " € Sp, (U, E) is (up to
scalar) a strongly stabilized eigenform not divisible by H; or Hs. By Theorem
we have

K= (pp+1) —ar(=1,p) —ax(1,~1) € Z1,,
for some ay,as € Z=o. Furthermore OP~!f’ = G1G2H12H§+1, so Theorem
implies that either ay = p+ 1 or k§ = p+ 1 — pay + as is divisible by p. Using that
k" e 2t the first possibility implies that a; = 2 and as = p+1, so K" = (1,2) = k

—min’
and we are done.
So suppose that as < p + 1 and p|k), ie., as = —1modp, so ag = p — 1.
Again using that ¥” € EF. . we find that a1 = 1, so ¥” = (2,p) = k”. Since

J and f" are both stabilized eigenforms in Sy, (U, E), but only f” is strongly
stabilized, we have f — f” in ker(®). Applying Theorem now implies that
f—f" =G GERV,(g") for some ty,ts € Z and eigenform ¢” € St.m(U, E) giving
rise to p, and we are done. (|
Remark 7.4.7. Recall that p|g,, ) is irreducible unless p is induced from a char-
acter of G, where L is the quadratic extension of F' contained in F((,). From
the shape of the local Galois representation, one sees easily that (under the other
assumptions of Theorem [7.4.6)) this is only possible if p splits in L.

Finally, we record the following consequence used in the proof of Theorem [7.4:1}

Corollary 7.4.8. Under the hypotheses of Theorem there exist an ideal n
prime to p and strongly stabilized eigenform f € S(3 ) (Ui(n), E) such that p ~ py.

This was in fact established in the course of the proof of Theorem but can
also be deduced from the statement of the theorem by taking a linear combination of
G~ G5V, (g) and HiH3g, where g € S(1 2),7(U1(n), E) is a stabilized eigenform
giving rise to p.
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