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Abstract. We consider mod p Hilbert modular forms for a totally real field

F , viewed as sections of automorphic line bundles on Hilbert modular varieties
in prime characteristic p. For a Hecke eigenform of arbitrary weight, we prove

the existence of an associated two-dimensional representation of the absolute

Galois group of F . Furthermore, for any such irreducible Galois representation,
we formulate a conjecture predicting the set of weights of eigenforms from

which it arises. This generalizes Edixhoven’s variant of the weight part of

Serre’s Conjecture (in the case F “ Q), and removes the restriction that p
be unramified in F from prior work in this direction. We also establish one

direction of a conjectural relation with the algebraic analogue of the weight

part of Serre’s Conjecture in this context. Finally, we prove results towards
our conjecture in the case of partial weight one for real quadratic fields F in

which p is ramified.

1. Introduction

1.1. Background and motivation. In [Ser87], Serre formulated a remarkable
conjecture, later remarkably proved by Khare and Wintenberger [KW09a, KW09b],
predicting the modularity of certain two-dimensional Galois representations in prime
characteristic p. More precisely, the conjecture (now theorem) asserts that every
odd, continuous, irreducible representation of the form ρ : Gal pQ{Qq Ñ GL2pFpq
arises as the reduction of a p-adic Galois representation associated to a Hecke eigen-
form f P SkpΓ1pNqq, where N “ Nρ is the (prime-to-p) Artin conductor of ρ and
k “ kρ is described explicitly in terms of the restriction of ρ to a decomposition
group at p.

In his original formulation, Serre restricts his attention to modular forms in
characteristic zero and of weight k ě 2, but remarks [Ser87, pp.197–8]:

Au lieu de définir les formes paraboliques à coefficients dans Fp
par réduction à partir de la caractéristique 0, comme nous l’avons
fait, nous aurions pu utiliser la définition de Katz [23],1 qui conduit
à un espace a priori plus grand. . . Il serait également intéressant
d’étudier de ce point de vue le cas k “ 1, que nous avons exclu
jusqu’ici; peut-être la définition de Katz donne-t-elle alors beaucoup
plus de représentations ρf?

The referenced definition of Katz interprets the space of modular forms in char-
acteristic p more directly as sections of line bundles on the reduction mod p of
the modular curve X1pNq. The question above was addressed by Edixhoven in his
paper [Edi92] proving the weight part of Serre’s Conjecture (for odd p), i.e., that
if ρ arises from a Hecke eigenform of some weight k ě 2 and level N prime to p,

1[Kat73] in the references herein.
1
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then in fact it arises from one of weight kρ and level N (in the classical sense above
or equivalently that of Katz). To answer Serre’s question, Edixhoven furthermore
proves that such a ρ is modular of weight one and level N in Katz’s sense if and
only if ρ is unramified at p. (In general, only the forward implication holds using
the classical sense of modularity in the original formulation.)

In his paper, Serre also goes on to ask [Ser87, 3.4(2)]:

Peut-on reformuler ces conjectures dans le cadre d’une théorie
des représentations (mod p) des groupes adéliques? Autrement dit,
existe-t-il une “philosophie de Langlands modulo p”, comme le de-
mandent Ash et Stevens dans [2]2? Si oui, cela permettrait peut-
être:

de donner une définition plus naturelle du poids k attaché à ρ;
de remplacer GL2 par GLN , ou même par un groupe réductif;
de remplacer Q par d’autres corps globaux.

These questions have received a great deal of attention, thanks in part to their
significance in the context of the p-adic Langlands Programme. Firstly, it turns
out that the most natural characterizations of the weight kρ are provided by p-
adic Hodge theory; furthermore, this weight can be viewed as a manifestation of
a finer invariant associated to ρ by the Breuil–Mézard Conjecture [BM02] (see
[Wie21b], for example). The question of replacing GL2 by GLN was first considered
by Ash and Sinnott [AS00], and that of replacing Q by a number field by the
first author with Buzzard and Jarvis [BDJ10]. Many people have continued work
in these directions, formulating (and proving results towards) Serre weight and
Breuil–Mézard Conjectures in the context of Galois representations associated to
cohomological automorphic forms. See especially [GHS18] for a formulation in
significant generality and a discussion of the history of the problem, and [LLH22]
and the references therein for more recent results.

There has, however, been relatively little consideration in more general settings of
the variant addressed by Edixhoven. In view of this, we initiated a study in [DS23]
of this problem in the context of Galois representations associated to Hilbert mod-
ular forms, where F is a totally real number field. In particular, we formulated a
conjecture that predicts the set of weights of all mod p Hilbert modular eigenforms
giving rise to a fixed ρ : Gal pF {F q Ñ GL2pFpq, under the hypothesis that p is
unramified in F . While it is still the case that the set of weights is conjecturally
determined (via p-adic Hodge theory) by the local behavior of ρ at primes over
p, several new features emerge. To begin with, the interpretation of modularity
in terms of sections of automorphic bundles on Shimura varieties allows for the
consideration of non-cohomological weights, which are necessarily excluded by the
framework of [BDJ10] and its generalizations discussed above. In the setting of clas-
sical modular forms considered by Edixhoven (i.e., the case F “ Q), this extension
ultimately pertains only to weight one modular forms and Galois representations
unramified at p, but the analogous extension in the Hilbert modular setting involves
richer structure and behavior on both the automorphic and Galois sides of the rela-
tion. Another new feature revealed in [DS23] is the determinative role played by a
certain cone of weights, which we call the minimal cone. Input from the geometry
of Shimura varieties also enables generalizations of weight entailment phenomena
that were provided in the classical setting by Hasse invariants and Θ-operators.

2[AS00] in the references herein
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The primary motivation for this paper is to remove the restriction from the
conjectures and results in [DS23] that p be unramified in F . Thus for an arbitrary
prime p and totally real field F , we consider a continuous, irreducible, totally odd3

representation

ρ : Gal pF {F q Ñ GL2pFpq
and formulate conjectures predicting the weights of mod p Hilbert modular eigen-
forms of level prime to p giving rise to ρ in terms of its local behavior at primes
over p. Since p may be ramified in F , we use the Pappas–Rapoport model for the
Hilbert modular variety to define Hilbert modular forms in characteristic p. In
order for the conjectures to be meaningful, we must first prove the existence of Ga-
lois representations associated to such eigenforms, thus removing parity hypotheses
on the weight from prior results of Reduzzi and Xiao [RX17]. To that end, we
adopt a different approach from the one used in [DS23] (for p unramified in F );
in this paper we make more systematic use of congruences involving forms that
are neither L-algebraic nor C-algebraic, along with the Jacquet–Langlands corre-
spondence. This perspective also enables us to prove one direction of a conjectural
relationship between the sets of weights giving rise to ρ in the sense of this paper
and that of [BDJ10]. (This is new even when p is unramified in F .)

The geometric Serre weight conjecture formulated in this paper is qualitatively
similar to the one from [DS23] that it generalizes, but it clarifies how features such
as minimal cone and weight-shifting phenomena manifest when p is ramified in F .
In particular, our formulation in terms of line bundles on the Pappas–Rapoport
model captures aspects of the numerology, including that of weight entailment
phenomena, implicit in Gee’s generalization ([Gee11a]) of the Buzzard–Diamond–
Jarvis Conjecture to the case where p is ramified in F . Furthermore, the ramified
setting more readily exhibits how geometric Serre weights provide a finer invariant
of local Galois representations than their algebraic analogue. For example, if p is
highly totally ramified in F , then there is a class of representations ρ as above whose
set of algebraic Serre weights consists of all those with the same central character
(see [GS11]), but whose (conjectural) geometric Serre weights are distinguished by
a hierarchy of possible minimal weights.

One direction of our conjecture is an assertion about the local behavior at primes
over p of all Galois representations ρ arising from mod p Hilbert modular forms of
a given weight. It can thus be interpreted as a local-global compatibility statement
in the context of Langlands correspondences associating Galois representations to
automorphic forms in characteristic p. The other direction asserts that all contin-
uous, irreducible, totally odd ρ satisfying those local conditions indeed arise from
forms of that weight. One can envision the two directions as providing a starting
point to using the approach of Calegari–Geraghty [CG18] to propagate such an
equivalence to suitable deformations of ρ.

As in [DS23], we provide evidence for our conjecture by proving strong results
describing which Galois representations (a priori modular of some weight) arise from
forms of partial weight one for real quadratic F , except that we now we assume p
is ramified in F . Our overall approach to this is similar to that of [DS23], but we
must now make extensive use of the Θ-operators constructed and studied in the
ramified case in [Dia23].

3By totally odd, we mean that detpρpcqq “ ´1 for every complex conjugation c.
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We remark that the results from [DS23] in the quadratic unramified case have
since been strengthened by Yang (see [Yan25a, Cor. 4.31]) and partly generalized to
higher degree by Wiersema [Wie22, Wie25]. Further results in the unramified case
are expected from forthcoming work of Kansal, Levin and Savitt (on local-global
compatibility) and Wiersema (on geometric modularity in prescribed weight).

1.2. Outline of the paper. We now describe the contents of the paper in more
detail.

Sections 2–4 mainly recall definitions and prior results we will use on Hilbert
modular forms, and more generally automorphic forms for unit groups of quaternion
algebras over a totally real field F . Section 2 reviews the classical theory over C,
including the Jacquet–Langlands correspondence. In Section 3, we recall aspects of
the theory with integral coefficients, or more precisely over the ring of integers of a
finite extension of Qp.

In Section 4, we focus on our main objects of study: the spaces M~k,~mpU,Eq of

Hilbert modular forms of weight p~k, ~mq P ZΣ ˆ ZΣ and level U with coefficients
in a finite field E of characteristic p, where Σ is the set of embeddings F Ñ Qp.
The component ~m plays a secondary role related to twisting by characters, so
for the purpose of the introduction, we assume it is trivial and suppress it from
the notation. The level U is an open compact subgroup of GL2pAF,f q, which we
generally assume is prime to p in the sense that it contains a maximal compact
subgroup of GL2pFpq (where Fp “ F bQp).

The spaces M~kpU,Eq are equipped with commuting endomorphisms (Hecke oper-
ators) Tv and Sv for all but finitely primes v of F . Furthermore these are compatible
with weight-shifting maps defined by application of partial Θ-operators and mul-
tiplication by partial Hasse invariants. The partial Hasse invariants are elements

Hσ P M~hσ
pU,Eq for certain weights ~hσ indexed by σ P Σ, while the partial Θ-

operators are certain differential operators (which, strictly speaking, also shift the
component ~m we just suppressed).

Motivated by the conjectures being formulated for this paper, the first author
and Kassaei proved in [DK23a] that every Hilbert modular form arises by multi-
plication by partial Hasse invariants from one whose weight lies in a certain cone
Ξmin Ă ZΣ

ě0, which we call the minimal cone. Using an idea of Deo, Dimitrov and
Wiese [DDW24], we prove a refinement in this paper (Theorem 4.2.3) showing that

Ξmin can be replaced by Ξ`min Y t
~0u, where Ξ`min “ Ξmin X ZΣ

ą0.
In Section 5, we prove the existence of Galois associated to Hilbert modular

eigenforms (Theorem 5.2.1):

Theorem A. Suppose that f P M~kpU,Eq is an eigenform for Tv (resp. Sv) with
eigenvalue av (resp. dv) for all v R Q, where Q is a finite set of primes containing
all those dividing the level or p. Then there exists a continuous representation

ρf : Gal pF {F q Ñ GL2pEq

such that if v R Q, then ρf is unramified at v and the characteristic polynomial of
ρf pFrobvq (where Frobv is a Frobenius element at v) is

X2 ´ avX `NmF {Qpvqdv.

This was proved in [RX17] under the assumption that all components kσ of ~k
have the same parity. The idea is to use congruences to forms of higher weight and
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cohomological vanishing (provided by ampleness results) for automorphic bundles in
order to lift f to a characteristic zero eigenform for which one already has associated
Galois representations. A difficulty that arises without the parity hypothesis is
that such lifts will not have level prime to p, so one also needs cohomological
vanishing results for certain Hilbert modular varieties with bad reduction. Under
the assumption that p is unramified in F , we removed the parity hypothesis in
[DS23] using this approach, with the cohomological vanishing provided by [DKS23].
These vanishing results were generalized to the ramified case in [Dia25], so that one
can prove the above theorem by combining the methods of [RX17] and [DS23].

Here however, we present a different proof, inspired by remarks of David Loeffler
and George Boxer. The idea is to lift (a twist of) f to a (non-algebraic) character-
istic zero eigenform of level prime to p. We lack a Galois representation associated
to the lift, but we can nonetheless apply the Jacquet–Langlands correspondence to
transfer our problem to the setting of automorphic forms on quaternion algebras.
This allows us to construct the desired congruences to forms with primes over p in
the level, without having to appeal to the more delicate analysis of Hilbert modular
varieties with bad reduction.

In §5.3, we combine the approach with techniques from Hida theory in order to
prove that if (a twist of) f is ordinary at a prime p over p, then the restriction of
ρf to Gal pF p{Fpq is reducible, with subrepresentation and quotient determined by
the (invertible) Tp-eigenvalue (and central character).

In Section 6, we formulate our conjecture predicting which Galois representations

ρ are geometrically modular of weight ~k, in the sense that they arise from some

eigenform f of weight ~k as above.

Conjecture B. Suppose that ~k P Ξ`min and ρ : Gal pF {F q Ñ GL2pFpq is continu-

ous, irreducible and totally odd. Then ρ is geometrically modular of weight ~k if and
only if χcyc b ρ|Gal pFp{Fpq

has a crystalline lift with labelled Hodge–Tate weights

p0, kσ ´ 1qσPΣp
for each prime p dividing p, where χcyc is the (mod p) cyclotomic

character and Σp is the set of embeddings σ P Σ factoring through Fp.

See §6.2 for notions from p-adic Hodge theory, including the definition of labelled
weights, and Conjecture 6.3.1 for a more refined version of the conjecture covering

all weights ~k.
In §6.4, we discuss what happens as we vary ~m (the weight component we as-

sumed here to be trivial), and in particular its interaction with twisting and with
partial Θ-operators.

In §6.5, we discuss the relation with the notion of being modular of weight ~k
in the sense of [BDJ10] and its generalizations, which we call algebraic modularity.

In particular, we conjecture that the notions are equivalent for ~k P XZΣ
ě2 X Ξmin.

Furthermore, using ingredients of the proof of Theorem A, we prove one direction
of this equivalence. (For partial results in the other direction, under the assumption
that p is unramified in F , see [Yan25a].) More precisely, we prove the following
(see Theorem 6.5.5), which allows one to transfer algebraic modularity results of
Gee and others ([GLS15, GK19, New14] into ones towards Conjecture B.

Theorem C. If ρ : Gal pF {F q Ñ GL2pFpq is irreducible and algebraically modular

of weight ~k P ZΣ
ě2, then ρ is geometrically modular of weight ~k.
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We also present a conjectural converse (Conjecture 6.6.6) to our result on Galois
representations associated to ordinary forms, i.e., that if ρ is as in Conjecture B,

then it arises from a form f of weight ~k which is ordinary at all primes p dividing p
such that ρ|Gal pFp{Fpq

has the requisite shape. We also explain how results in this

direction follow from analogous ones in the context of algebraic modularity.
In Section 7, we prove results towards Conjecture B in the case of partial weight

one, where F a real quadratic field in which p ramifies. Note that such weights
are outside the setting where results on algebraic modularity apply, so we use the
approach developed in [DS23] and [Wie21a]. The idea is to relate the properties of
crystalline liftability and geometric modularity in these irregular weights to those
properties in regular weights, so that one can apply the results of Gee and others
on algebraic Serre weight conjectures.

Before specializing to the case of real quadratic F , we generalize the results we
need from [DS23] on stabilized eigenforms to the case where p is ramified in F . We
also generalize results of [GLS15] and [Wie25] on reductions of crystalline repre-
sentations to the case of irregular weight. In §7.3, we specialize the p-adic Hodge
theory results to the ramified quadratic case in order to relate crystalline liftability
in irregular and regular weights. Finally in the last section, we use partial Hasse
invariants and Θ-operators to obtain analogous relations for geometric modularity.
Putting everything together gives the following result:

Theorem D. Let F be a real quadratic field in which p is ramified, p the prime of

F dividing p, and ~k “ p1, wq P ZΣ for some w P r2, ps. Suppose that ρ is irreducible,
geometrically modular of some weight, and satisfies a Taylor–Wiles hypothesis. If

ρ|Gal pFp{Fpq
has a crystalline lift of weight ~k, and is reducible if w “ 2, then ρ is

geometrically modular of weight ~k.

The Taylor–Wiles hypothesis (on the image of ρ; see the statements of Theo-
rems 7.4.1 and 7.4.6 for details) is needed in order to apply results on algebraic
Serre weight conjectures. We also prove a converse (see Theorems 7.4.3 and 7.4.4),
assuming our conjecture that geometric implies algebraic modularity for weights
~k P ZΣ

ě2XΞmin. On the other hand, we are able to use ad hoc arguments to remove
the Taylor–Wiles hypothesis from our results in this direction.

Finally, we remark that the additional reducibility hypothesis on the local Galois
representation in the case w “ 2 is needed in order obtain the relation between crys-
talline liftability, as well as geometric modularity, in irregular and regular weights.

1.3. Notation and conventions. We fix a totally real field F ‰ Q throughout
the paper, and let d “ rF : Qs denote its degree. We denote its ring of integers OF

and let d Ă OF denote its different.
For any field L, we write L for its algebraic closure, and we view Q as a subfield

of C. We let Σ denote the set of embeddings F ãÑ Q, which we often identify with
the set Σ8 of embeddings F ãÑ R.

We write Fˆ` for the subgroup of totally positive elements of Fˆ. More generally,
we use the subscript “+” to denote the set of totally positive elements of any subset
of F8 “ F bR “

ś

σPΣ8
R. We extend this usage to matrices via the determinant,

so for example GL2pF q` denotes the set of elements of GL2pF q with totally positive
determinant.

For any finite place v of F , we write OF,v (resp. Fv) for the completion of OF

(resp. F ) at v. We let A denote the ring of adeles of Q and AF the adeles of F , so
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AF “ F b A “ F8 ˆ AF,f where AF,f “ F b pZ Ă
ś

v Fv, the last product being
over all finite places v of F .

We fix a rational prime p and an embedding Q Ñ Qp, and let Sp the set of
primes of OF containing p. We write OF,ppq for the localization OF b Zppq of OF

at the prime ideal ppq “ pZ of Z. We let AppqF,f denote the prime-to-p finite adeles of

F ; i.e., the kernel of the natural projection AF,f Ñ Fp :“
ś

pPSp
Fp.

For each p P Sp, write Fp for the residue field OF {p. Denote the maximal
unramified subextension of Fp by Fp,0, and identify it with the field of fractions of
the ring of Witt vectors W pFpq. Let fp denote the residue degree rFp,0 : Qps “
rFp : Fps, and ep the ramification index rFp : Fp,0s. We choose a uniformizer
$p P OF,ppq,` such that $pOF,ppq “ pOF,ppq. On the other hand, of v R Sp, then
$v will simply denote a uniformizer in OF,v.

We let Σp denote the set of embeddings Fp Ñ Qp, and let Σp,0 denote the set

of embeddings Fp,0 Ñ Qp (or equivalently W pFpq Ñ W pFpq, or Fp Ñ Fp). We fix

a choice of embedding τp,0 P Σp,0, and for i P Z{fpZ, we let τp,i “ φi ˝ τp,0 where

φ is the Frobenius automorphism of Fp (sending x to xp). We also fix an ordering
σp,i,1, σp,i,2, . . . , σp,i,ep of the embeddings σ P Σp restricting to τp,i. Our choice of

embedding QÑ Qp allows us to identify Σ with
š

pPSp
Σp, so that

Σ “ tσp,i,j | p P Sp, i P Z{fpZ, 1 ď j ď ep u.

We also let Σ0 “
š

pPSp
Σp,0 “ t τp,i | p P Sp, i P Z{fpZ u, and define a permutation

ϕ of Σ by ϕpσp,i,jq “ σp,i,j`1 if j ‰ ep and ϕpσp,i,epq “ σp,i`1,1.

Let K be a finite extension of Qp (in Qp), which we assume is sufficiently large
to contain the images of all σ P Σ; let O denote its ring of integers, $ a uniformizer,
and E its residue field.

We write ~k for the element of ZΣ (or ZΣ8 or ZΣp) with σ-component kσ. We

often abbreviate kσp,i,j by kp,i,j . For ~k P ZΣ, we write ~kp for its image in ZΣp under
the canonical projection (induced by the inclusion Σp ãÑ Σ). For σ P Σ, we let ~eσ
denote the standard basis vector associated to σ (so eσ,σ1 “ 1 or 0 according to

whether or not σ “ σ1). A special role4 will be played by certain elements ~hσ P ZΣ,

defined as follows: Let ~hσ “ νσ~eϕ´1σ ´ ~eσ, where νp,i,j “ p or 1 according to
whether or not j “ 1.

For a non-zero ideal n of OF , we write Upnq and U1pnq for the following standard
open compact subgroups5 of GL2pAF,f q: Upnq denotes the kernel of the projection

GL2p pOF q Ñ GL2pOF {nq and

U1pnq “
!

ˆ

a b
c d

˙

P GL2p pOF q

ˇ

ˇ

ˇ
c, d´ 1 P n pOF

)

.

When we consider more general open compact subgroups U of GL2pAF,f q, they are
often assumed to be of the form

ś

v Uv with each Uv Ă GL2pOF,vq, in which case we

write U “ UpU
p, where Up “

ś

pPSp

Up Ă GL2pOF,pq and Up “
ś

vRSp

Uv Ă GL2pAppqF,f q.

For a (non-split) quaternion algebra B over F , we let ΣB denote the set of
places of F at which B is ramified, and let ΣB8 “ ΣB XΣ8. We choose Fσ-algebra
isomorphisms Bσ –M2pRq for each σ P Σ8 ´ΣB , and Bσ bR C –M2pCq for each

4As weights of partial Hasse invariants; see §4.1
5By contrast, U0pnq (for n prime) will be defined below relative to an open compact subgroup

U , and only used in the context of quaternion algebras; see below.
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σ P ΣB8. We also fix a maximal order OB in B and OF,v-algebra isomorphisms
OB,v – M2pOF,vq for each finite v R ΣB , and write OB,ppq for OB b Zppq. We let

BA “ B b A “ B8 ˆ Bf , where B8 “ B b R “
ś

σPΣ8
Bσ and Bf “ B b pZ “

B bF AF,f Ă
ś

Bv, and write B
ppq
f for B bF AppqF,f Ă

ś

vRSp
Bv. For γ P B,

we write γ8 (resp. γf , γ
ppq
f ) for its image in B8 (resp. Bf , B

ppq
f ). We let det

(resp. tr ) for the reduced norm (resp. trace) map B Ñ F , as well as its extension
to maps Bv Ñ Fv, B8 Ñ F8, etc., and again use the subscript ` for subsets of
B (or B8) to denote those elements with totally positive image under det. We
again generally only consider open compact subgroups U of Bˆf of the form

ś

v Uv
with Uv Ă OˆB,v for all v, and write U “ UpU

p with Up Ă OˆB,p “
ś

pPSp
OˆB,p

and Up Ă
ś

vRSp
OˆB,v Ă pB

ppq
f qˆ. For v R ΣB such that Uv “ OˆB,v, we let

U0pvq “ UXhUh´1, where h is any element of OB,v such that detphq is a uniformizer
in OF,v (so h P Bˆv Ă Bˆf , and U0pvq only depends up to conjugacy in OˆB,v on the

choice of h).
For any field L, we letGL denote its absolute Galois group. If L has characteristic

different from p, then we let χcyc : GL Ñ Zˆp denote the p-adic cyclotomic character

(or the mod p cyclotomic character GL Ñ Fˆp if clear from the context). We use
φ (as above) to denote the Frobenius automorphism in GFp , as well as its lifts to

automorphisms of W pFpq and its field of fractions.
If L “ Fv (or a finite extension thereof), then we write IL for the inertia subgroup

of GL. We let Frobv denote the geometric Frobenius element of GFv{IFv “ GOF {v.

(In particular, if p P Sp, then Frobp “ φ´fp .) We often view GFv as a subgroup of
GF via the inclusion GFv ãÑ GF , determined up to conjugacy in GF by a choice of
F -embedding F ãÑ F v. We let WFv denote the Weil group of Fv, i.e., the preimage
of xFrobvy in GFv , and normalize the Artin isomorphism W ab

Fv
– Fˆv of local class

field theory so that lifts of Frobv correspond to uniformizers in Fˆv . In particular if
v R Sp, then the restriction of χcyc corresponds to |¨|v (where $v has absolute value
NmF {Qpvq

´1). We normalize the local Langlands correspondence for GL2 so that

the principal series representation Ipψ1|¨|
1{2, ψ2|¨|

1{2q of GL2pFvq (for ψ2 ‰ ψ1|¨|
˘1)

corresponds to the representation ψ1‘ψ2 of WFv (conflating continuous characters
of WFv and Fˆv ).

For σ P Σp, we let ωσ : IFp
Ñ Fˆp denote the fundamental character associated

to Σ, defined as the composite IFp
� OˆF,p � Fˆp

σ
ãÑ Fˆp (where the first map is

induced by the Artin isomorphism). Note in particular that ωσ depends only on
the restriction of σ to Fp,0.

For α P Fˆ and ~k P ZΣ, we let α
~k denote

ś

σ σpαq
kσ P Qˆ. We use the same

notation similarly in various related settings; for example, if α P OˆF,ppq, then we

may view α
~k as an element of Oˆ, or more generally in Rˆ for an O-algebra R

that should be clear from the context. We sometimes further extend this notation
to allow exponents in 1

2Z
Σ for totally positive α.

Note that if ~̀ P 1
2Z

Σ and R is a an O-algebra such that pnR “ 0, then there exist

continuous characters ξ : pAppqF,f qˆ Ñ Rˆ such that ξpαq “ α
~̀

for all α P OˆF,ppq,`.

We make use of such characters, especially for R “ E, in various constructions and
arguments. We often use eξ to denote a basis for a rank one R-module on which
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GL2pAppqF,f qˆ or pB
ppq
f qˆ acts via ξ˝det. Note that if ~̀ P ZΣ, then ξ extends uniqeuly

to a continuous character of AˆF {FˆF
ˆ
8,`, which we also denote by ξ. Furthermore,

we have ξpuq “
ś

σPΣp
σpuq´`σ for all p P Sp and u P OˆF,p. In particular, if R “ E,

then the restriction to IFp
of the character of GF corresponding to ξ via class field

theory is
ś

σPΣp
ω´`σσ .

For notation related to p-adic Hodge theory, see §6.2. We mention here only our
convention that χcyc : GQp Ñ Qˆp has Hodge–Tate weight 1.

Remark 1.3.1. We caution that our conventions in this paper with regard to
Hecke actions differ by a twist from those in the prequel [DS23]. More precisely,

the definition of the action of g P GL2pAppqF,f q on spaces of Hilbert modular forms

in [DS23, §4.2] (for p unramified in F ) involves a factor of || detpgq|| which is not
included here, so for example, our Hecke operator Tv is NmF {Qpvq times the one
denoted Tv in [DS23]. The reason for this is that the normalizations in [DS23] were
chosen for consistency with the more familiar setting of classical modular forms, but
the ones in this paper were chosen for consistency with a more general framework of
automorphic forms, including Hilbert modular forms over C of non-paritious weight,
of which we make repeated use. In the same vein, our representation D~k,~m,Fp of

GL2pOF {pq is the twist by the character
ś

σpσ ˝ det´1
q of the one denoted V~k,~m in

[DS23].

2. Hilbert modular forms over C

2.1. Hilbert modular varieties over C. For an open compact subgroup U of
GL2pAF,f q, the Hilbert modular variety of level U over C is defined as the quotient

YU “ GL2pF qzGL2pAF q{UU8 “ GL2pF q`zpH
Σ8 ˆGL2pAF,f q{Uq,

where U8 “
ś

σPΣ8
Rˆ SO2pRq Ă GL2pF8q, H is the complex upper half-plane,

and GL2pF q` Ă GL2pRqΣ8` acts componentwise on HΣ8 via linear fractional trans-
formations. Note that we have a natural right action of GL2pAF,f q by right-
multiplication on the inverse system of the YU (for varying U). More precisely, if U
and U 1 are open compact subgroups of GL2pAF,f q, and h P GL2pAF,f q is such that
U 1 Ă hUh´1, then we have the map ρh : YU 1 Ñ YU induced by pτ, gU 1q ÞÑ pτ, ghUq,
and these satisfy ρh ˝ρh1 “ ρh1h (for U2 Ă h1U 1h1´1). Furthermore the determinant
map induces a bijection between the set of connected components of YU and the
set

AˆF {F
ˆFˆ8,` detpUq,

compatibly with the obvious action of GL2pAF,f q.
If U is sufficiently small, then YU inherits the structure of a d-dimensional com-

plex manifold from HΣ8 . Furthermore YU also naturally has the structure of a
quasi-projective variety over Q, but we shall be primarily interested in the special
fibre of an integral model over a (sufficiently large) finite extension of Qp, and only
in the case when the level U is prime to p (see §3.1, below). To facilitate statements
relating the complex and p-adic settings, we shall often view YU as a variety over
Q.

The Hilbert modular variety YU admits a minimal compactification Y min
U (see

for example [Dia24]). The complement of the open immersion i : YU ãÑ Y min
U is the
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finite set of cusps CU of YU , in canonical bijection with

BpF q`zGL2pAF,f q{U

where BpF q` denotes the subgroup of upper-triangular matrices in GL2pF q`. We
let j : CU ãÑ Y min

U denote the closed immersion complementing i.
The description of the completion of Y min

U at each cusp is given for example in
[Dia23, §7.2]. In particular if U “ Upnq for some non-zero ideal n Ă OF , then the
completion O^

Y min
U ,x

“ pi˚OYU q
^
x at each cusp x of Y min

U is isomorphic to
$

&

%

ÿ

mPn´1Mx,`Yt0u

rmq
m

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rm P C, rm “ rνm for all ν P Vn,`, m P n´1Mx,` Y t0u

,

.

-

,

whereMx is a certain oriented invertible OF -module and Vn “ kerpOˆF Ñ pOF {nq
ˆq.

Similarly if U “ U1pnq, then we have the same description of each O^
Y min
U ,x

, but with

n´1Mx replaced by Mx and Vn replaced by OˆF .

2.2. Hilbert modular forms over C. Suppose now that ~k “ pkσqσPΣ8 P ZΣ8 .
For g “

`

a b
c d

˘

P GL2pRq`, τ P H, let jpg, τq “ detpgq´1{2pcτ ` dq P C.
If U is sufficiently small, then we have the complex line bundle L~k “ L~k,U on

YU defined by (holomorphic sections of)

GL2pF q`zpH
Σ8 ˆ CˆGL2pAF,f q{Uq,

the action of γ P GL`2 pF q being given by the formula

γ ¨ pτ, z, gq “ pγ8pτq, jpγ8, τq
~k, γfgq

where jpγ8, τq
~k “

ś

σ jpσpγq, τσq
kσ for τ “ pτσqσ P H

Σ8 .
A section f PM~kpU,Cq :“ H0pYU ,L~kq is called a Hilbert modular form of weight

~k and level U . The natural action of GL2pAF,f q on the inverse system of YU gives
rise to a left action of GL2pAF,f q on

M~k “ lim
ÝÑ
U

M~kpU,Cq.

More precisely for h P GL2pAF,f q such that U 1 Ă hUh´1, we have the isomor-

phism ρ˚hL~k,U
„
Ñ L~k,U 1 induced by pτ, gU 1, zq ÞÑ pτ, ghU, zq, and hence (injective)

maps M~kpU,Cq ÑM~kpU
1,Cq which yield the action. Furthermore we may identify

M~kpU,Cq with MU
~k

.

By the Koecher Principle, the direct image Lmin
~k

:“ i˚L~k is a coherent sheaf

on Y min
U , and in fact a line bundle if ~k is parallel (i.e., if kσ is independent of σ).

The completion of Lmin
~k

at each cusp of Y min
U is as described in [Dia23, §7.2]. In

particular if x is a cusp of Y min
Upnq, then pLmin

~k
q^x is isomorphic6 to

$

&

%

ÿ

mPn´1Mx,`Yt0u

rmq
m

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

rm P C, rm “ ν
~k{2rνm for all ν P Vn,`, m P n´1Mx,` Y t0u

,

.

-

6The isomorphism depends on a choice of basis for a certain one-dimensional complex vector

space depending on the cusp representative and the weight ~k; see [Dia23] for a more canonical
description.
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as an O^
Y min
Upnq

,x
-module (where ν

~k{2 “
ś

σ σpνq
kσ{2). Again the description with

Upnq replaced by U1pnq is the same, but with n´1Mx replaced by Mx and Vn
replaced by OˆF . Note in particular that r0 “ 0 unless ~k is parallel. We recall
also the q-expansion Principle, which states that if C is any set of cusps of Y min

U

containing at least one cusp on each connected component, then the natural map

M~kpU,Cq ÝÑ
à

xPC

pLmin
~k
q^x

is injective.
We call f PM~kpU,Cq a cusp form if the coefficient r0 of its q-expansion at each

cusp vanishes. Note that this holds automatically if ~k is not parallel, so letting

S~kpU,Cq denote the space of cusp forms of weight ~k and level U , we have

S~kpU,Cq “ H0pY min
U ,Lsub

~k
q Ă H0pY min

U ,Lmin
~k
q “M~kpU,Cq,

where Lsub
~k

“ kerpLmin
~k

Ñ j˚j
˚Lmin

~k
) if ~k is parallel, and Lsub

~k
“ Lmin

~k
otherwise.

The action of GL2pAF,f q on M~k restricts to one on

S~k “ lim
ÝÑ
U

S~kpU,Cq,

and S~k “ 0 unless kσ ě 1 for all σ P Σ, in which case it may be described in terms

of cuspidal automorphic representations of weight ~k of GL2pAF q. More precisely,
for an integer k greater than (or equal to) 1, let D1k be the irreducible unitary (limit
of) discrete series representation of GL2pRq of weight k. We then have

S~k –
à

πPC~k

πf ,

where C~k is the set of cuspidal automorphic representations π “ π8 b πf “ b
1
vπv

of GL2pAF q such that πσ – D1kσ for all σ P Σ8.

2.3. The Jacquet–Langlands Correspondence. We shall also make use of au-
tomorphic representations of BˆA , where B is a (non-split) quaternion algebra over
F . Recall that ΣB denotes the set of places of F at which B is ramified, and
ΣB8 “ ΣB XΣ8. Recall also that for each (finite or infinite) place v R ΣB , we have
chosen an isomorphism Bv – M2pFvq of Fv-algebras, as well as an isomorphism
Bσ bR C –M2pCq of C-algebras for for each σ P ΣB8. For k ě 2, let Dk denote the

representation of Bˆσ defined by detp2´kq{2b Symk´2 C2. (Note that detpBˆσ q Ă Rˆ`
if σ P ΣB8, so this is well-defined.)

Recall that if v P ΣB , then the local Jacquet-Langlands correspondence (see
[GJ79, §8]) defines a bijection JL v between the sets of (isomorphism classes of)
smooth irreducible representations of Bˆv and discrete series representations of
GL2pFvq. In particular, if k ě 2 then JL pDkq “ D1k.

Suppose now that ~k P ZΣ8 is such that kσ ě 1 for all σ P Σ8 and kσ ě 2
for all σ P ΣB8. We let CB~k denote the set of all infinite-dimensional automorphic

representations π “ b1vπv of BˆA “ pB b Aqˆ such that πσ – Dkσ if σ P ΣB8 and
πσ – D1kσ if σ R ΣB8.

The (global) Jacquet–Langlands correspondence can then be stated as follows:

Theorem 2.3.1. There is an injection JLB
~k

: CB~k ãÑ C~k such that if Π “ b1vΠv P

CB~k , then JLB
~k
pΠq “ π “ b1vπv is characterized by
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‚ πv – Πv for all v R ΣB;
‚ πv – JL vpΠvq for all v P ΣB.

Furthermore the image of JLB
~k

is the set of all π “ b1vπv such that πv is a discrete

representation of GL2pFvq for all v P ΣB.

2.4. Automorphic forms on totally definite quaternion algebras over C.
We have the following explicit description of CB~k in the case that B is a totally

definite quaternion algebra, i.e., ΣB8 “ Σ8. For an open compact subgroup U of
Bˆf :“ pB b Af q

ˆ, let

MB
~k
pU,Cq “ t f : BˆA Ñ D~k | fpγxuq “ u´1

8 fpxq for all γ P Bˆ, x P BˆA , u P Bˆ8U u,

where D~k “ bσDkσ (and we assume kσ ě 2 for all σ). Note that restriction

identifies MB
~k
pU,Cq with

t f : Bˆf Ñ D~k | fpγfxuq “ γ8fpxq for all γ P Bˆ, x P Bˆf , u P U u.

Furthermore if U is sufficiently small, then BˆXU is contained in OˆF,`, and hence

acts trivially on D~k. We may then identify MB
~k
pU,Cq with H0pY BU ,D~kq, where Y BU

is the finite set BˆzBˆf {U – BˆzBˆA {B
ˆ
8U , and D~k is the sheaf on Y BU defined by

BˆzpD~k ˆB
ˆ
f {Uq.

Just as for Hilbert modular forms, we have a natural action of Bˆf on the direct
limit

MB
~k

:“ lim
ÝÑ
U

MB
~k
pU,Cq.

If kσ “ 2 for all σ (so D~k is the trivial representation), then we define IB~k pU,Cq Ă
MB
~k
pU,Cq to be the subspace of functions BˆA Ñ C factoring through the map

BˆA
det
ÝÑ AˆF ÝÑ FˆzAˆF {F

ˆ
8,` detpUq

(where we use det to denote the reduced norm); otherwise let IB~k pU,Cq “ 0. Letting

IB~k “ lim
ÝÑU

IB~k pU,Cq and SB~k “ lim
ÝÑU

SB~k pU,Cq, where SB~k pU,Cq “MB
~k
pU,Cq{IB~k pU,Cq,

we have

SB~k “MB
~k
{IB~k –

à

ΠPCB
~k

Πf

as representations of Bˆf . Furthermore we may identify MB
~k
pU,Cq (resp. SB~k pU,Cqq

with pMB
~k
qU (resp. pSB~k q

U ).

2.5. Automorphic forms on Shimura curves over C. Suppose now that |ΣB8| “
d´ 1, and let σ0 be the unique element of Σ8 ´ ΣB8. Let Y BU denote the Shimura
curve

Bˆ`zppHˆB
ˆ
f q{Uq,

where Bˆ` acts on H via its embedding in Bˆσ0
(for which we fixed an isomorphism

with GL2pRq). Thus Y BU is a compact Riemann surface, and if U is sufficiently
small, then the stabilizer of any point in pH ˆ Bˆf q{U under the action of Bˆ` is

contained in OˆF,`.
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We let D~k “ bσDkσ as a representation of Bˆ8,`, and hence Bˆ` , where Dkσ0
“

detp2´kσ0
q{2
b Symkσ0´2 C2 with its action of Bˆσ0,` – GL2pRq`. For sufficiently

small U , we have a locally constant sheaf on Y BU defined by (sections of)

Bˆ`zppHˆB
ˆ
f ˆD~kq{Uq,

which we denote by VB~k,U .

Now consider the cohomology groups MB
~k
pU,Cq :“ H1pY BU ,VB~k,U q. As in the

case of Hilbert modular varieties and forms, for h P Bˆf and U , U 1 such that
U 1 Ă hUh´1, we have morphisms ρh : YU 1 Ñ YU and ρ˚hVB~k,U Ñ VB~k,U 1 , yielding

maps MB
~k
pU,Cq ÑMB

~k
pU 1,Cq giving rise to an action of Bˆf on

MB
~k

:“ lim
ÝÑ
U

MB
~k
pU,Cq.

We then have

MB
~k
–

à

ΠPCB
~k

`

Πf b C2
˘

as representations of Bˆf (as in [DT94, (4)], for example). Again we have the
identification pMB

~k
qU “MB

~k
pU,Cq.

3. Hilbert modular forms over O-algebras

3.1. Hilbert modular varieties over O. Let AppqF,f “ F b pZppq, where pZppq “
ś

`‰p Z` denotes the prime-to-p completion of Z, so AF,f “ AppqF,f ˆ
ś

pPSp
Fp. Let U

be a sufficiently small open compact subgroup of GL2pAF,f q containing GL2pOF,pq,

so that U “ UpU
p where Up “ GL2pOF,pq and Up Ă GL2pAppqF,f q.

Let rYU be the O-scheme representing isomorphism classes of data pA, ι, λ, η,F‚q
as in [Dia25, §2.2], i.e., abelian schemes with OF -action and suitable quasi-polarization,
level Up-structure and Pappas-Rapoport filtrations. Recall that this is a smooth
quasi-projective scheme of relative dimension d over O equipped with an action of

OˆF,ppq,`, and the quotient YU “ OˆF,ppq,`z rYU is a smooth model for the Hilbert

modular variety YU , i.e., we have an identification of YU,Qp with YU,Qp as complex

manifolds. For U , U 1 as above and h P GL2pAppqF,f q such that U 1 Ă hUh´1, we have

a morphism rρh : rYU 1 Ñ rYU , and these morphisms define an action of GL2pAppqF,f q on

the inverse system of the rYU (for varying U as above). Furthermore the morphism
rρh is compatible with the action of OˆF,ppq,`, inducing a morphism ρh : YU 1 Ñ YU
which is compatible (in the obvious sense) with the one previously so denoted,

We will also make use of the minimal compactification Ymin
U of YU , as defined

in [Dia23, §7.2]. The reduced complement of YU is a finite O-scheme ZU , and we
assume O is sufficiently large that its components (as well as those of Ymin

U ) are
geometrically connected. Thus ZU is a disjoint union of copies of Spec pOq, which
we also call cusps, corresponding to the cusps of Y min

U . The description of the
completion of Ymin

U at each such cusp is the same as for Y min
U , but with C replaced

by O.
We note also that the connected components of YU (or equivalently Ymin

U ) cor-
respond to those of YU .
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3.2. Hilbert modular forms over O-algebras. For ~k, ~m P ZΣ, we have the
automorphic line bundle

rA~k,~m “
â

σPΣ

Lkσ`mσσ bMmθ
σ

on rYU , where Lσp,i,j
is the subqotient F pjqτp,i{F

pj´1q
τp,i of the Pappas-Rapoport filtra-

tion on the τp,i-component of the Hodge bundle of the universal abelian scheme over
rYU , and similarly Mσ is a certain invertible subquotient of its relative de Rham

cohomology (see [Dia25, §2.3]). The line bundles rA~k,~m are equipped with a natural

action of OˆF,ppq,` over its action on rYU , i.e., isomorphisms

αµ : A~k,~m
„
ÝÑ ψ˚µA~k,~m

for µ P OˆF,ppq,` satisfying αµµ1 “ ψ˚µ1pαµq ˝ αµ1 for µ, µ1 P O`F,ppq,`, where ψµ and

ψµ1 are the underlying automorphisms of rYU .

If ~k ` 2~m is parallel (in the sense that kσ ` 2mσ is independent of σ), then
this action defines descent data to a line bundle A~k,~m on YU . Furthermore for

any O-algebra R in which the image of µ
~k`2~m :“

ś

σ σpµq
kσ`2mσ is trivial for

all µ P U X OˆF , we similarly obtain a line bundle A~k,~m,R on YU,R. Note that if

pNR “ 0 for some N ě 1, then this condition holds for all sufficiently small U . We

then define the space of Hilbert modular forms over R of weight p~k, ~mq and level U
to be the R-module

M~k,~mpU,Rq :“ H0pYU,R,A~k,~m,Rq.
For the purpose of arguments involving lifting to characteristic zero and applying

the Jacquet-Langlands correspondence, we shall also need integral structures on
spaces of Hilbert modular forms for which the kσ differ in parity. To that end,

suppose that K is sufficiently large to contain σpµq1{2 P Qˆ Ă Qˆp for all µ P

OˆF,ppq,`, σ P Σ. We may then define another action of OˆF,ppq,` on rA~k,~0 by setting

α1µ “ µ´
~k{2αµ, yielding well-defined descent data and hence a line bundle on YU

which we denote by L~k,O. This is compatible with our previous notation in the

sense that the line bundle L~k,Qp over YU,Qp may be identified with the base-change

of the line bundle L~k on YU (defined over Q). For any O-algebra R, we define

M~kpU,Rq :“ H0pYU,R,L~k,Rq.

The relation between the M~k,~mpU,Rq and M~kpU,Rq will be described below.

3.3. q-expansions. Again letting i : YU,R Ñ Ymin
U,R denote the open immersion

of YU in its minimal compactification, the direct images Amin
~k,~m,R

“ i˚A~k,~m,R and

Lmin
~k,R

“ i˚L~k,R are coherent sheaves on Ymin
U,R . Furthermore their completion at

cusps have a similar description to that of Lmin
~k

, but with C replaced by O (and

~k{2 replaced by ´~m). Note however that formation of Amin
~k,~m,R

(or Lmin
~k,R

) does not

commute with base-change. For example, Amin
~k,~m,O

is a line bundle if and only if ~k (or

equivalently ~m) is parallel, but Amin
~k,~m,E

is a line bundle for all ~k, ~m and sufficiently

small U .
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The q-expansion Principle holds in this setting as well, i.e., if C contains at least
one cusp on each connected component of YU , then the natural maps

M ~k,~m
pU,Rq ÝÑ

à

xPC

pAmin
~k,~m,R

q^x and M~kpU,Rq ÝÑ
à

xPC

pLmin
~k,R
q^x

are injective.
We shall often assume U “ U1pnq or Upnq for some n prime to p, and take C

to be the set of cusps at 8, in the sense of [Dia24, §6.4]. Such cusps have the

form BpF q`
ˆ

t 0
0 1

˙

U for t P pAppqF,f qˆ (or equivalently BpOF,ppqq`

ˆ

t 0
0 1

˙

Up) for

t P pAppqF,f qˆ and are in bijection with the set of connected components of Y min
U . If

x P C is the cusp associated to t, then the oriented invertible OF -module Mx is

isomorphic to t´1d´1
pOF X F , where d is the different of F . We then write7 rtmpfq

for the coefficient of qm in the q-expansion of f at the cusp corresponding to t
(with rtm understood to be 0 if, for example, U “ U1pnq and m RMx,`Yt0u). The
dependence on the choice of t is given by the formula

(1) rαtum pfq “ α~mrtαmpfq

for α P OˆF,ppq,`, u P p pOppqF qˆ if U “ U1pnq, (and further that u ” 1 mod n if

U “ Upnq), where αtu is understood as an element of pAppqF,f qˆ (see [Dia24, (6.1)]).

We define the spaces of cusp forms S~k,~mpU,Rq and S~kpU,Rq as in the complex

setting, via vanishing of the constant term of the q-expansion at all cusps. We
can again identify S~k,~mpU,Rq with the R-module of sections of a coherent subsheaf

Asub
~k,~m,R

of Amin
~k,~m,R

; in this generality the kernel of a (possibly trivial) morphism to

j˚OZU,R (writing j for the closed immersion ZU,R ãÑ Ymin
U,R). Similarly we have

S~kpU,Rq “ H0pYU,R,Lsub
~k,R
q where Lsub

~k,R
“ kerpLmin

~k,R
Ñ j˚OZU,Rq. Note that, unlike

Amin
~k,~m,R

and Lmin
~k,R

, formation of Asub
~k,~m,R

and Lsub
~k,R

do commute with base-change.

3.4. Hecke operators. Suppose now that U and U 1 are sufficiently small open

compact subgroups containing GL2pOF,pq, and that h P GL2pAppqF,f q is such that

U 1 Ă hUh´1. We again have a canonical isomorphism ρ˚hA~k,~m,R
„
ÝÑ A1~k,~m,R of line

bundles on YU 1,R (where A1~k,~m,R is defined as above with U replaced by U 1), giving

rise to an R-linear morphism

M~k,~mpU,Rq ÝÑM~k,~mpU
1, Rq.

Furthermore (assuming ~k` 2~m is parallel or that pNR “ 0 for some N ą 0), these

morphisms define an action of GL2pAppqF,f q on

M~k,~mpRq :“ lim
ÝÑ
U

M~k,~mpU,Rq,

restricting to one on S~k,~mpRq :“ lim
ÝÑU

S~k,~mpU,Rq. If U is such that µ
~k`2~m is trivial

in R for all µ P UXOˆF , then we may identify M~k,~mpU,Rq with pM~k,~mpRqq
Up ; more

7Here as well the coefficient is viewed as an element of R after choosing a basis for a certain
invertible R-module; see [Dia23, §7.2]
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generally for any U containing GL2pOF,pq, we defineM~k,~mpU,Rq to be pM~k,~mpRqq
Up ,

and similarly for S~k,~mpU,Rq. The space

MtotpU,Rq :“
à

~k,~mPZΣ

M~k,~mpU,Rq

then forms an R-algebra in which StotpU,Rq :“
À

S~k,~mpU,Rq is an ideal.

We may similarly define an action of GL2pAppqF,f q on M~kpRq :“ lim
ÝÑU

M~kpU,Rq

for any ~k P ZΣ and O-algebra R. As above, this restricts to an action on S~kpRq :“
lim
ÝÑU

S~kpU,Rq, and we recover the previously defined M~kpU,Rq (and S~kpU,Rq) by
taking U -invariants.

For any open compact subgroups U , U 1 of GL2pAF,f q containing GL2pOF,pq, and

h P GL2pAppqF,f q, we define the R-linear double coset operator

rU 1hU s : M~k,~mpU,Rq “ pM~k,~mpRqq
U ÝÑ pM~k,~mpRqq

U 1 “M~k,~mpU
1, Rq

as
řn
i“1 hi, where U 1hU “

šn
i“1 hiU , and the action of the hi on M~k,~mpRq is

the one defined above. (For U , U 1 sufficiently small, this can be written as a
suitably normalized composite of pull-back and trace maps, as in [DS23, §4.3], but
see Remark 1.3.1 for a discussion of the difference between the conventions here
and in [DS23].) Note that the operator rU 1hU s restricts to a map S~k,~mpU,Rq ÝÑ

S~k,~mpU
1, Rq.

In particular if v is a prime not dividing p and U contains GL2pOF,vq, then we
have the usual Hecke operators

Tv “ U
ˆ

$v 0
0 1

˙

U and Sv “ U
ˆ

$v 0
0 $v

˙

U

as endomorphisms of M~k,~mpU,Rq and M~kpU,Rq (where $v P OF,v is any uni-

formizer at v). If U “ U1pnq or Upnq, the effect of Tv on Fourier expansions at
cusps at 8 is given by [Dia24, Prop 6.5.1], which translated to our conventions
becomes the formula

rtmpTvfq “ NmF {Qpvqr
$vt
m pfq ` r

$´1
v t

m pSvfq.

In the case that

U “ U1pnq :“
!

ˆ

a b
c d

˙

P GL2p pOF q

ˇ

ˇ

ˇ
cv P nOF,v for all v

)

for some ideal n of OF prime to p, we also define Tv as above for v|n. The effect on
Fourier expansions at cusps at 8 is then given by the formula

rtmpTvfq “ NmF {Qpvqr
$vt
m pfq.

Furthermore if p P Sp and

(2)
ÿ

σPΣp

minpmσ ` 1,mσ ` kσq ě 0,

then we have the endomorphism Tp of M~k,~mpU,Rq defined as in [Dia25, §5.4] for

arbitrary U containing GL2pOF,pq. More precisely, assuming (2) instead of [Dia25,
(54)], we may replace ψ˚ by pfpψ˚ in the definition of the morphism [Dia25, (55)] in
order to conform to the conventions of this paper. Similarly if

ř

σPΣp
pkσ`2mσq ě 0,

then the operator Sp is given by $
~k`2~m
p S$p

, where p´fp$
~1´~k´2~m
p is replaced by
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$´
~k´2~m

p in the definition of S$p
in [Dia24, §6.7]. Translating the formula in [Dia24,

Prop. 6.8.1] for the effect of Tp on q-expansions then gives

rtmpTpfq “ ε$ ~m`~1
p rx

´1t
$pmpfq `$

~k`~m
p rxt

$´1
p m

pS$p
fq,

where ε “ pfpNmp$pq
´1 P Zˆ

ppq and x “ $
ppq
p . In particular Tp restricts to an

endomorphism of S~k,~mpU,Rq.

We also have the usual Hecke operator Tp on M~kpU,Kq (assuming also now that

σp$pq
1{2 P K for all σ P Σ), whose effect on q-expansions is given by the same

formula as above, but with ~m replaced by ´~k{2 (with S$p
being the usual Sp).

Note in particular that it does not preserve integrality of q-expansions, but that

T$p
:“ p´fp$

~k{2
p Tp does, provided

ř

σPΣp
pkσ ´ 1q ě 0. Therefore it follows from

the q-expansion Principle that (under this assumption on ~k) T$p
restricts to an

endomorphism of M~kpU,Oq (and of course S~kpU,Oq) satisfying

rtmpT$p
fq “ rx

´1t
$pmpfq ` p

´fp$
~k
pr
xt
$´1

p m
pSpfq.

Finally we recall that all the operators defined above commute whenever defined.
See in particular [Dia24, Cor. 6.8.2] for the case of Tv and Tv1 when v and v1 are in
Sp.

3.5. Twisting. We now explain how the spaces M~k,~mpU,Rq for varying ~m (and

fixed ~k) are related.

Recall from [Dia23, Prop. 3.2.2] that the action of GL2pAppqF,f q on M~0,~̀pRq factors

through the determinant, and as a representation of pAppqF,f qˆ is isomorphic to the

smooth co-induction of the character OˆF,ppq,` Ñ Rˆ defined by α ÞÑ α
~̀
.

It follows (as in [DS23, §4.6]) that if ξ : pAppqF,f qˆ Ñ Rˆ is a continuous character

such that8 ξpαq “ α
~̀

for all α P OˆF,ppq,`, then the corresponding eigenspace

t f PM~0,~̀pRq | gf “ ξpdetpgqqf for all g P GL2pAppqF,f q u

is free of rank one over R. Multiplication by a basis element thus defines a

GL2pAppqF,f q-equivariant isomorphism M~k,~mpRqpξ ˝ detq
„
ÝÑ M~k,~̀̀ ~mpRq. In par-

ticular if ξ is trivial on detpUpq, then we obtain an isomorphism

(3) eξ : M~k,~mpU,Rq
„
ÝÑM~k,~̀̀ ~mpU,Rq

such that Tvpeξfq “ eξξp$vqTvpfq and Svpeξfq “ eξξp$vq
2Svpfq for all v - p such

that GL2pOF,vq Ă U . This holds for example if U “ Upnq and ξ is trivial on Vn,`,
in which case we may choose eξ so that its effect on q-expansions is given by the
formula

rtmpeξfq “ ξptqrtmpfq.

We may similarly relate the spaces M~k,~mpU,Rq and M~kpU,Rq. (Recall the im-

plicit assumption that either ~k ` 2~m is parallel or that pNR “ 0 for some N ą 0

in order to define M~k,~mpU,Rq.) For U sufficiently small that µ~m`
~k{2 is trivial in

R, we may write A~k,~m,R “ L~k,R b N for a line bundle N “ NU on YU,R, and

8Note that such characters always exist with R “ E sufficiently large.
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define in the usual way an action of GL2pAppqF,f q on lim
ÝÑU

H0pYU,R,NU q. The same

argument as the proof of [Dia23, Prop. 3.2.2] then yields the same description of

the representation as an inflation of a smooth co-induction, but with ~̀ replaced by

~m` ~k{2.

Suppose now that ξ : pAppqF,f qˆ Ñ Rˆ is a continuous character such that

ξpαq “ α~m`
~k{2.

for all α P OˆF,ppq,`. (Again such characters necessarily exist with R “ E, pos-

sibly after enlarging E, but note that they do not extend to continuous char-

acters of AˆF {FˆF
ˆ
8,` unless ~k P 2ZΣ.) As above we can twist by a basis eξ

for the corresponding eigenspace to obtain a GL2pAppqF,f q-equivariant isomorphism

M~kpRqpξ ˝ detq
„
ÝÑ M~k,~mpRq. It follows that for sufficiently small U containing

GL2pOF,pq, we have an isomorphism

(4) eξ : M~kpU,Rq
„
ÝÑM~k,~mpU,Rq

with the same behavior as above with respect to Hecke operators and q-expansions.

3.6. Totally definite quaternionic forms over O-algebras. Let B be a totally
definite quaternion algebra unramified at all p P Sp. Recall that OB denotes a
maximal order in B, and we have fixed isomorphisms OB,v – M2pOF,vq for all
v R ΣB .

Let T be an O-module equipped with a smooth action of an open subgroup Up
of OˆB,p – GL2pOF,pq. For U an open compact subgroup of BˆA such that up P Up
for all u P U , we define

MBpU, T q “ t f : BˆA Ñ T | fpγxuq “ u´1
p fpxq for all γ P Bˆ, x P BˆA , u P Bˆ8U u.

In particular, if U “ UpU
p for some open compact subgroup Up of pB

ppq
f qˆ, then

we may identify MBpU, T q with

t f : pB
ppq
f qˆ Ñ T | fpγ

ppq
f xuq “ γ ¨ fpxq for all γ P Bˆ X Up, x P pB

ppq
f qˆ, u P Up u.

Taking the limit over such U , we have a natural action of pB
ppq
f qˆ on

MBpUp, T q :“ lim
ÝÑ
U

MBpU, T q

identifying MBpU, T q with MBpUp, T q
Up . In particular, we have a commuting

family of Hecke operators Tv and Sv on MBpU, T q for all v R ΣB Y Sp such that U
contains OˆB,v.

Note that taking T “ O with trivial action of Up “ OˆB,p, we have a natural

action of Bˆf on MBpOq :“ lim
ÝÑU

MBpU,Oq (where the limit is now over all open

compact U), from which we recover

MBpU, T q “ pMBpOq bO T qU and MBpUp, T q “ pMBpOq bO T qUp

for arbitrary Up, T and U as above.

Suppose that ~k, ~m P ZΣ with kσ ě 2 for all σ P Σ, and let R be an O-algebra
such that pNR “ 0 for some N ą 0. Consider the R-module

D~k,~m,R :“
â

σPΣ

detmσ`1 bR Symkσ´2R2
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equipped with the action of

OˆB,p – GL2pOF,pq –
ź

pPSp

GL2pOF,pq

provided by the identification of Σ with the set of embeddings F ãÑ Qp. Thus
the action on the factor of the tensor product indexed by σ P Σp is defined by the
corresponding homomorphism GL2pOF,pq Ñ GL2pOq. We then let

MB
~k,~m
pU,Rq “MBpU,D~k,~m,Rq.

Taking the limit over open compact U containing Up “ OˆB,p, we have a natural

action of pB
ppq
f qˆ on

MB
~k,~m
pRq :“ lim

ÝÑ
U

MB
~k,~m
pU,Rq

identifying MB
~k,~m
pU,Rq with MB

~k,~m
pRqU

p

. Suppose, as in §3.5, that ~̀ P ZΣ and

ξ : pAppqF,f qˆ Ñ Rˆ is a character such that ξpαq “ α
~̀

for all α P OˆF,ppq,`. Multi-

plication by the element eξ “ ξ ˝ det PMB
~0,~̀
pRq then defines a pB

ppq
f qˆ-equivariant

isomorphism MB
~k,~m
pRqpξ ˝ detq – MB

~k,~̀̀ ~m
pRq, and hence isomorphisms as in (3)

for sufficiently small U .
Suppose now that U “ UpU

p, where Up corresponds to either GL2pOF,pq or

U1ppqp “
!

ˆ

a b
c d

˙

P GL2pOF,pq

ˇ

ˇ

ˇ
c´ 1, d P pOF,p

)

(and Up Ă GL2pAppqf q). In addition to the operators Tv and Sv as above, we may
also define Tp, provided9

ř

σPΣp
pmσ ` 1q ě 0 (or p is invertible in R). Indeed in

this case the action of OˆB,p on D1~k,~m,R extends to that of the multiplicative monoid

OB,p, and we let pTpfqpxq “
ř

hifpxhiq, where the sum is over hi such that

UphUp “
š

i hiUp and h corresponds to
ˆ

$p 0
0 1

˙

under the chosen isomorphism

OB,p “ M2pOF,pq. It is straighforward to check that this gives a well-defined
endomorphism Tp of MB

~k,~m
pU,Rq commuting with the operators Tv and Sv for v as

above (or of MB
~k,~m
pRq commuting with the action of pB

ppq
f qˆ). Note that we may

similarly define an operator Sp if Up “ OˆB,p and
ř

σPΣp
pkσ ` 2mσq ě 0 (or p is

invertible in R).

Remark 3.6.1. In anticipation of consideration of the case of indefinite quaternion
algebras B, we remark that MB

~k,~m
pU,Rq may be identified with H0pY BU ,D~k,~m,Rq,

where D~k,~m,R is the sheaf on the (finite discrete) set Y BU “ BˆzBˆf {U associated

to D~k,~m,R. We can then interpret the Hecke operators defined above in terms of

pull-back and trace morphisms relative to the action of Bˆf on the inverse system

of sets Y BU . In particular, if U “ UpUp with Up “ OˆB,p and Up sufficiently small,
we can identify Tp can with the composite

H0pY BU ,D~k,~m,Rq Ñ H0pY BU 1 , ρ
˚
hD~k,~m,Rq Ñ H0pY BU 1 , ρ

˚
1D~k,~m,Rq Ñ H0pY BU ,D~k,~m,Rq,

where U 1 “ U X hUh´1 (for h as above), the first map is pull-back (relative to the
map ρh : Y BU 1 Ñ Y BU defined by right-multiplication by h), the second is given by

9In fact we shall only make use of Tp in the case that ~m “ ´~1.
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the morphism of sheaves induced by h on D~k,~m,R, and the third is the trace relative

to the projection ρ1 : Y BU 1 Ñ Y BU .

For any ~k P ZΣ
ě2 and O-algebra R, we may also consider the action of OˆB,ppq on

D~k,R :“ det
~1´~k{2

â

σPΣ

Symkσ´2R2.

For U “ UpU
p with Up “ OˆB,p, we define MB

~k
pU,Rq to be

t f : pB
ppq
f qˆ Ñ D~k,R | fpγ

ppq
f xuq “ γ ¨ fpxq for all γ P OˆB,ppq, x P pB

ppq
f qˆ, u P Up u.

We again have a natural action of pB
ppq
f qˆ on the direct limit MB

~k
pRq over open

compact U containing OˆB,p, from which we recover MB
~k
pU,Rq as MB

~k
pRqU

p

and

equip it Hecke operators Tv and Sv for v R ΣB Y Sp such that OˆB,v Ă U . The
definitions are consistent with those in §2.4 in the sense that there are identifications

(5) MB
~k
pU,Cq “ CbQ M

B
~k
pU,Qq and MB

~k
pU,Qpq “ Qp bQ M

B
~k
pU,Qq

compatible with Hecke actions, where MB
~k
pU,Qq is defined as above with R “ Q.

We may also define an operator T$p
on MB

~k
pU,Rq for U containing OˆB,p. We

choose δ P Bˆ such that δp P hUp (where h is as in the definition of Tp), and write
OˆB,ppqδO

ˆ

B,ppq “
š

i δiO
ˆ

B,ppq. Note in particular that each detpδiq P $pOˆF,ppq, so

that p´fp$
~k{2
p δi,p defines an endomorphism of D~k,R, and we let

pT$p
fqpxq “

ÿ

i

pp´fp$
~k{2
p δi,pq ¨ fppδ

ppq
i,f q

´1xq.

Just as for Tp on MB
~k,~m
pU,Rq, this gives a well-defined operator T$p

on MB
~k
pU,Rq

commuting with the Tv and Sv (or on MB
~k
pRq commuting with pB

ppq
f qˆ). Further-

more, the usual Hecke operator Tp on M~kpU,Cq corresponds to pfp$
´~k{2
p T$p

under

the identifications of (5). (For completeness we note that if U contains OˆB,p, then

the usual Hecke operator Sp is well-defined on M~kpU,Rq for any O-algebra R.)

If pNR “ 0 for some N ą 0, and ξ : pAppqF,f qˆ Ñ Rˆ is such that ξpαq “ α~m`
~k{2

for all α P OˆF,ppq,`, we can again twist by eξ “ ξ ˝ det to obtain MB
~k
pRqpξ ˝ detq –

MB
~k,~m
pRq, and hence isomorphisms as in (4) for sufficiently small U . In particular

we have Tvpeξfq “ eξξp$vqTvpfq and Svpeξfq “ eξξp$vq
2Svpfq for v as above;

furthermore it is straightforward to check that

(6) Tppeξfq “ εξpxq´1$ ~m`~1
p eξT$p

pfq,

where ε “ pfpNmp$pq
´1 and x “ $

ppq
p .

Note that MB
~2
pU,Rq “MBpU,Rq, as defined above with T “ R and Up “ OˆB,p

acting trivially. More generally we let MB
~2
pU,Rq “ MBpU,Rq for arbitrary open

compact U Ă Bˆf . Note that (5) holds in this context as well, and that MB
~2
pU,Rq

coincides with MB
~2,´~1

pU,Rq as defined above if pNR “ 0 for some N ą 0.
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3.7. Cohomology of Shimura curves over O-algebras. Now suppose that B
is a quaternion algebra over F which is unramified at all p P Sp and at a unique
σ0 P Σ8. Recall that we have chosen a maximal order OB and isomorphisms
OB,v –M2pOF,vq for all finite v R ΣB . For open compact subgroups U of BˆA,f , we
consider the compact Riemann surface

Y BU “ Bˆ`zppHˆB
ˆ
f q{Uq

defined in §2.5.
Let T be an O-module with a smooth action of an open subgroup Up of OˆB,p.

For sufficiently small U (and in particular satisfying up P Up for all u P U), consider
the locally constant sheaf T “ T B

U on Y BU defined by (sections of)

Bˆ`zppHˆB
ˆ
f ˆ T q{Uq,

where the actions of B`` and U are defined by

γ ¨ pz, x, tqu “ pγ8pzq, γfxu, u
´1
p tq.

Note that if U “ UpU
p for some open compact subgroup Up of pB

ppq
f qˆ, then we

may rewrite Y BU as pBˆ` X UpqzppHˆ pB
ppq
f qˆq{Upq and T B

U as

pBˆ` X UpqzppHˆ pB
ppq
f qˆ ˆ T q{Upq,

where the actions are defined by γ ¨ pz, x, tqu “ pγ8pzq, γ
ppq
f xu, γptq.

Note that for U , U 1 as above and h P pB
ppq
f qˆ such that U 1 Ă hUh´1, the identity

on T induces an isomorphism ρ˚hT B
U

„
Ñ T B

U 1 , where ρh : Y BU 1 Ñ Y BU is the covering
map induced by right multiplication by h. We thus obtain pull-back and trace
morphisms

HipY BU , T B
U q ÝÑ HipY BU 1 , T B

U 1 q and HipY BU 1 , T B
U 1 q ÝÑ HipY BU , T B

U q

relative to ρh. More generally, for any U , U 1 as above and h P pB
ppq
f qˆ, we define

the double coset operator rU 1hU s to be the composite

HipY BU , T B
U q ÝÑ HipY BU2 , T B

U2q ÝÑ HipY BU 1 , T B
U 1 q,

where U2 “ U 1 X hUh´1, the first map is the pull-back relative to ρh : Y BU2 Ñ Y BU ,
and the second is rU 1XOˆF : U2XOˆF s times10 the trace relative to ρ1 : Y BU2 Ñ Y BU 1 .
These maps satisfy the usual compatibilities, so in particular we obtain a commuting
family of operators Tv and Sv on HipY BU , T B

U q for all v R ΣB Y Sp such that U
contains OˆB,v. We let11 MBpU, T q “ H1pY BU , T B

U q.

Suppose that ~k, ~m P Z with all kσ ě 2, and R is an O-algebra such that pNR “ 0
for some N ą 0. For sufficiently small U , we let D~k,~m,R denote the locally constant

sheaf on Y BU associated to D~k,~m,R (defined as in §3.6), and let

MB
~k,~m
pU,Rq “MBpU,D~k,~m,Rq “ H1pY BU ,D~k,~m,Rq.

Suppose as usual that ~̀ P ZΣ and ξ : pAppqF,f qˆ Ñ Rˆ is a character such that ξpαq “

α
~̀

for all α P OˆF,ppq,`. Then ξ ˝ det defines an element of eξ P H
0pY BU ,D~0,~̀,Rq for

10Note that this normalization factor is rU 1 : U2s{degpρ1q.
11We avoid considering direct limits over U of the MBpU, T q since the natural maps

MBpU, T q ÑMBpU 1, T qU (for U 1 normal in U) are not necessarily isomorphisms.
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sufficiently small U (in particular if U “ UpU
p and detpUpq Ă kerpξq). Furthermore

if h P pB
ppq
f qˆ and U 1 Ă hUh´1, then the pull-back

H0pY BU ,D~k,~m,Rq ÝÑ H0pY BU 1 ,D~k,~m,Rq

relative to ρh sends eξ to ξpdetphqqeξ. It follows that the cup product with eξ
defines an isomorphism as in (3) for sufficiently small U .

As in the case of definite quaternion algebras, we may define operators Tp for p P
Sp such that U “ UpU

p, where Up corresponds to either GL2pOF,pq or U1ppqp and
ř

σPΣp
pmσ`1q ě 0 (or p is invertible in R). Indeed consider the two covering maps

ρ1, ρh : Y BU 1 Ñ Y BU , where h P OB,p corresponds to
ˆ

$p 0
0 1

˙

and U 1 “ UXhUh´1.

The endomorphism h of D~k,~m,R then induces a morphism

ρ˚hD~k,~m,R ÝÑ ρ˚1D~k,~m,R

of sheaves on Y BU 1 (defined by Bˆ`pz, xh, tqU
1 ÞÑ Bˆ`pz, x, htqU

1 on the fibre over

Bˆ`pz, xqU
1). We then define Tp on HipY BU ,D~k,~m,Rq as in Remark 3.6.1, i.e., as the

composite

HipY BU ,D~k,~m,Rq Ñ HipY BU 1 , ρ
˚
hD~k,~m,Rq Ñ HipY BU 1 , ρ

˚
1D~k,~m,Rq Ñ HipY BU ,D~k,~m,Rq.

In particular this defines an endomorphism Tp of MB
~k,~m
pU,Rq commuting with the

Tv and Sv (for v as above), and we may similarly define Sp (again assuming Up “

OˆB,p and that
ř

σPΣp
pkσ ` 2mσq ě 0 or p is invertible in R).

For ~k P ZΣ
ě2 and R any O-algebra, we define the locally constant sheaf D1~k,R on

Y BU by (sections of)

OˆB,ppq,`zppHˆ pB
ppq
f qˆ ˆD~k,Rq{U

pq,

where U “ UpU
p, Up “ OˆB,p and D~k,R is defined as in §3.6. For such U , U 1 and

h P pB
ppq
f qˆ satisfying U 1 Ă hUh´1, we again have the isomorphism ρ˚hD~k,R

„
Ñ D~k,R

induced by the identity on D1~k,R, and hence pull-back and trace morphisms between

M~kpU,Rq and M~kpU
1, Rq. We can therefore define double coset operators rU 1hU s as

above (without the assumption that U 1 Ă hUh´1), and hence obtain a commuting
family of Hecke operators Tv and Sv on M~kpU,Rq for v R ΣB Y Sp such that

OˆB,v Ă U . The definitions are again consistent with those in §2.5 in the sense that

there are identifications as in (5) compatible with Hecke actions.
To define T$p

for p P Sp and U containing OˆB,p, choose δ P Bˆ` such that

δp P hUp (for h is as in the definition of Tp). We can then write

Y BU 1 “ ΓzppHˆB
ppq
f qˆq{Upq,

where Γ “ Bˆ` X U 1p “ δOˆB,ppq,`δ
´1 X OˆB,ppq,`, so that ρh : Y BU 1 Ñ Y BU takes

the form Γpz, xqUp ÞÑ OˆB,ppq,`pδ
´1
8 pzq, pδ

ppq
f q´1xqUp. We then have a morphism

ρ˚hD~k,R Ñ ρ˚1D~k,R of sheaves on Y BU 1 given by

Γpδ´1
8 pzq, pδ

ppq
f q´1x, tqUp ÞÑ Γpz, x, pp´fp$

~k{2
p δpqtqU

p,
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on the fibre over Γpz, xqUp, and we define T$p
on HipY BU ,D~k,Rq as the resulting

composite

HipY BU ,D~k,Rq Ñ HipY BU 1 , ρ
˚
hD~k,Rq Ñ HipY BU 1 , ρ

˚
1D~k,Rq Ñ HipY BU ,D~k,Rq.

In particular we obtain an operator T$p
on M~kpU,Rq, which it is straighforward

to check commutes with the Tv and Sv, and corresponds to p´fp$
~k{2
p Tp under the

identifications as in (5). (Again for completeness we note that if U contains OˆB,p,

then the usual definition yields an operator Sp on M~kpU,Rq for any O-algebra R.)

If pNR “ 0 and ξ : pAppqF,f qˆ Ñ Rˆ is such that ξpαq “ α~m`
~k{2 for all α P OˆF,ppq,`,

we again have an isomorphism eξ : D~k,R
„
Ñ D~k,~m,R defined by ξ ˝ det, i.e.,

OˆB,ppq,`pz, x, tqU
p ÞÑ OˆB,ppq,`pz, x, ξpdetpxqqtqUp

on the fibre over OˆB,ppq,`pz, x, qU
p. This gives rise to isomorphisms as in (4) for

sufficiently small U , and satisfying the same compatibilities with Hecke operators,
and in particular (6).

Finally, we let MB
~2
pU,Rq “ MBpU,Rq “ H1pY BU , Rq for any sufficiently small

open compact U , noting again that (5) still holds, and thatMB
~2
pU,Rq “MB

~2,´~1
pU,Rq

if pNR “ 0 for some N ą 0.

4. Hilbert modular forms in characteristic p

4.1. Partial Hasse invariants. We first recall the existence of certain partial
Hasse invariants (as constructed by [Gor01], [AG05] and in this generality by
[RX17]).

For each σ P Σ, we let ~hσ “ νσ~eϕ´1σ ´ ~eσ, where νσ “ p if σ “ σp,i,1 for some
p P Sp, i P Z{fpZ, and νσ “ 1 otherwise. (In particular nσ “ p for all σ if p is
unramified in F .) We then have the partial Hasse invariant

Hσ PM~hσ,~0
pU,Eq.

Furthermore, multiplication by Hσ defines an injective GL2pAppqF,f q-equivariant ho-
momorphism

M~k,~mpU,Eq ãÑM~k`~hσ,~m
pU,Eq

for all ~k, ~m and U as in §3. Similarly we have elements

Gσ PM~0,~hσ
pU,Eq

inducing GL2pAppqF,f q-equivariant isomorphisms

M~k,~mpU,Eq
„
ÝÑM~k,~m`~hσ

pU,Eq

(see [Dia23, §4.1]). Note in particular that Hσ and Gσ commute with the operators
Tv and Sv (whenever defined) for v - p. Furthermore the q-expansions Hσ and Gσ
at every cusp are non-zero constants (see [Dia23, §8.1]).

Recall from [DK23b, §8] that for each non-zero f PM~k,~mpU,Eq and σ P Σ, there

is a maximal integer rσ such that f is divisible by Hrσ
σ in the ring MtotpU,Eq. Then

f is divisible by
ś

σPΣH
rσ
σ , and we define

~kminpfq “ ~k ´
ÿ

σPΣ

rσ~hσ.
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The main result of [DK23b] then states:

Theorem 4.1.1. If 0 ‰ f PM~k,~mpU,Eq, then ~kminpfq P Ξmin, where

Ξmin “ t~k P ZΣ |nσkσ ě kϕ´1pσq for all σ P Σ u.

Since Ξmin is contained in the cone spanned (rationally) by the partial Hasse
invariants, we obtain the following:

Corollary 4.1.2. If ~k R t
ř

σPΣ

rσ~hσ|rσ P Qě0 for all σ P Σu, then M~k,~mpU,Eq “ 0.

4.2. Weight-shifting operators. We recall also the existence and properties of
certain weight-shifting operators in characteristic p. For each element τ “ τp,i P Σ0,
we have a partial Θ-operator

Θτ : M~k,~mpU,Eq ÝÑM~k`~tτ ,~m´~eσ
pU,Eq,

where σ “ σp,i,ep and ~tτ “ ~hσ ` 2~eσ (see [Dia23, §5]). Then each Θτ is GL2pAppqF,f q-
equivariant, and hence commutes with the Hecke operators Tv and Sv (whenever
defined) for v - p. Furthermore the Θτ are E-linear derivations on MtotpU,Eq
which commute with each other (see [Dia23, §8.2]), as well as with multiplication
by partial Hasse invariants (since Θτ pHσ1q “ 0 for all τ P Σ0, σ1 P Σ). Their effect
on q-expansions is given by the formula

rtmpΘτ pfqq “ πτ pmqr
t
mpfq,

where πτ is an isomorphism pM{pMq bFp
E

„
ÝÑ E (again depending on a choice

of basis; see [Dia23, (30)] for a more precise statement).
The partial Θ-operators also have the following property ([Dia23, Thm. 5.2.1]):

Theorem 4.2.1. Suppose that τ “ τp,i, σ “ σp,i,ep and f P M~k,~mpU,Eq. Then

Θτ pfq is divisible by Hσ if and only if f is divisible by Hσ or kσ is divisible by p.

Finally for each p P Σp, we have the partial Frobenius operator

Vp : M~k,~mpU,Eq ÝÑM~k1,~m1pU,Eq

defined in [Dia23, §6], where ~k1 “ ~k `
ř

σPΣp
kσ~hσ and ~m1 “ ~m `

ř

σPΣp
mσ

~hσ.

These too are GL2pAppqF,f q-equivariant, and hence commute with the Hecke operators

Tv and Sv (whenever defined) for v - p. Furthermore they commute with each other,
and define E-algebra endomorphisms of MtotpU,Eq. Their effect on q-expansions
is given by the formula

(7) rtmpVppfqq “ rxt
$´1

p m
pfq,

where again x “ $
ppq
p (with a more precise description in [Dia23, §8.3]). Finally, we

have Θτ ˝Vp “ 0 for all τ P Σp,0; in fact the following stronger result holds ([Dia23,
Cor. 9.1.2]):

Theorem 4.2.2. Suppose that f P M~k,~mpU,Eq and τ P Σp,0. Then Θτ pfq “ 0 if

and only if

f “ Vppgq
ź

σPΣ

Gsσσ H
rσ
σ

for some g PMtotpU,Eq, ~r P ZΣ
ě0, ~s P ZΣ.
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We now use an idea of Deo, Dimitrov and Wiese (see [DDW24, Prop. 1.22]) to
refine Theorem 4.1.1.

Theorem 4.2.3. If 0 ‰ f PM~k,~mpU,Eq, then ~kminpfq P Ξ`min Y t
~0u, where

Ξ`min “ t
~k P ZΣ

ą0 |nσkσ ě kϕ´1pσq for all σ P Σ u.

Proof. Let ~k “ ~kminpfq. Note that we may assume U “ Upnq for some sufficiently
small n prime to p. Furthermore since the isomorphism of (3) preserves divisibility

by partial Hasse invariants, we may assume ~m “ ~0. We must prove that if kσ “ 0

for some σ P Σ, then ~k “ ~0. First note that by Theorem 4.1.1, we have kσ ě 0 for
all σ P Σ, and if kσ “ 0 for some σ P Σp, then kσ “ 0 for all σ P Σp.

Suppose then that kσ “ 0 for all σ P Σp. Note that this implies that Vp is an
endomorphism of M~k,~0pU,Eq. We claim that the q-expansion is constant at each

cusp at 8. Suppose this is not the case, and let

npfq “ mint vppmq | r
t
mpfq ‰ 0 for some t P pAppqF,f qˆ u.

(Note that by (1), it suffices to consider one representative t for each cusp, or
equivalently each component of YU .) Equation (7) implies that npVppfqq “ npfq`1,
and hence that npV ip pfqq “ npfq`i for all i ě 0. It then follows from the q-expansion

Principle that the elements V ip pfq (for i ě 0) are linearly independent, contradicting
the finite-dimensionality of M~k,~0pU,Eq.

We now show that ~k “ ~0. Let N “
ś

pPSp
ppfp ´ 1q “ |detpAq|, where A is

the dˆ d-matrix of coefficients of the weights ~hσ of partial Hasse invariants. Then

N~k “
ř

σ rσ
~hσ for some ~r P ZΣ, where each rσ ě 0 by Corollary 4.1.2. Since

the q-expansion of Hσ at each cusp is a non-zero constant, it follows that for each
connected component Yt of YU,E , there is a constant ct such that

fN |Yt “ ct
ź

σPΣ

Hrσ
σ |Yt ,

and hence fN “ e
ś

σPΣH
rσ
σ for some e P H0pYU,E ,OYU,E q. In particular, if rσ ą 0

for some σ P Σ, then fN is divisible by Hσ. Since the vanishing locus of Hσ

is reduced, it follows that Hσ|f , contradicting our assumption that ~k “ ~kminpfq.

Therefore ~r “ ~0, so ~k “ ~0. �

Corollary 4.2.4. If 0 ‰ f P S~k,~mpU,Eq, then ~kminpfq P Ξ`min.

4.3. Ampleness. We assume that U sufficiently small, in particular ensuring that

the coherent sheaves Amin
~k,~m,E

are in fact line bundles. We let ~δ P ZΣ be defined by

δσp,i,j
“ j ´ 1. (Note that ~δ “ ~0 if p is unramified in F .)

We record the following slight variant of [RX17, Lemma 4.5].

Lemma 4.3.1. The line bundles Amin
~̀̀ ~δ,~m,E

are ample on Y min
E for sufficiently large

` P Z.

Proof. Consider the morphism π : Y min
E Ñ Y min

´,E defined by forgetting the Pappas–

Rapoport filtrations), where Y min
´,E is the minimal compactification of the Deligne–

Pappas model (see [Dia24, §2.10]), so that Amin
~1,~0,E

“ π˚ω for an ample line bundle

ω on Y min
´,E .
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Furthermore recall that Amin
~δ,~0,E

is relatively ample (with respect to π). Indeed π is

an isomorphism in a neighborhood of the cusps (more precisely, the ordinary locus),

so we can replace π by YE Ñ YE,´, and hence by the morphism rπ : rYE Ñ rYE,´, and

Amin
~δ,~0,E

by rA~δ,~0,E . The very definition of rYE factors rπ through a closed immersion

rYE ãÑ
ą

τPΣ0

Flag
rYE,´

ps˚ΩA{ rYE,´qτ ,

where the product is fibred over rYE,´ and the factors are the (full) flag varieties

associated to the vector bundles F pepqτp,i “ ps˚ΩA{ rYE,´qτp,i (where s : A Ñ rYE,´ is

the universal abelian scheme). The relative ampleness then follows from the fact
that the closed immersion identifies the pull-back of Op1q under the usual projective
embedding of the flag variety with

ep
â

j“1

´

ľ

ep´j
´

F pepqτp,i {F
pjq
τp,i

¯¯

–

ep
â

j“1

Lj´1
σp,i,j

.

It follows from [sta, Lemma 0892] that Amin
~̀̀ ~δ,~0,E

is ample for sufficiently large `.

Finally since Amin
~0,~m,E

is a torsion line bundle on Y min
E , the ampleness of Amin

~̀̀ ~δ,~m,E

follows from [sta, Lemma 0890]. �

5. Associated Galois representations

5.1. Associated Galois representations in characteristic zero. Recall that
C~k is the set of cuspidal automorphic representations of GL2pAF q whose local factor
is D1kσ at each archimedean place σ P Σ. Thus if π P C~k, then it is C-algebraic (in
the terminology of [BG14]) if and only if all the kσ are even, and L-algebraic if
and only if all the kσ are odd. In this case, through the work of many people,
we can associate Galois representations to π compatible with its local factors πv
under the local Langlands correspondence recFv . More precisely, by the results of
many authors (in particular, [Car86], [BR93], [RT83], [Tay89], [Jar97], [Sai09] and
[BLGGT14]), we have:

Theorem 5.1.1. Suppose that w P Z is such that w ” kσ mod 2 for all σ P Σ, and
let π “ b1vπv be an irreducible subrepresentation of |det |w{2S~k. Then there exists

a unique (up to isomorphism) irreducible representation ρπ : GF Ñ GL2pQpq such
that

(8) WDpρπ|GFv q
F´ss – recFv p| det |´1{2πvq

for all but finitely many non-archimedean places v of F . Furthermore if kσ ě 2 for
all σ P Σ, then (8) holds for all12 v, in which case ρπ|GFv is de Rham with σ-labelled

Hodge–Tate weights pw`kσ´2
2 , w´kσ2 q for all v|p.

Recall that for all but finitely many non-archimedean places v of F , the rep-
resentation πv is unramified i.e., πUvv is non-trivial, and hence one-dimensional,
for Uv “ GL2pOF,vq. For such a v, let av and dv denote the eigenvalues of the
double-coset operators Tv and Sv on this one-dimensional space (where Tv and Sv

12See §6.2 below for definitions and conventions of notions from p-adic Hodge theory. We
remark also that local-global compatibility is even known under mild technical hypotheses without

the assumption that all kσ ě 2; see especially [New15, Thm. 1.4] for v - p and [BP21, Thm. 6.11.2]

for v|p.
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are defined as in §3.4). In this case, (8) means that if v - p, then ρπ is unramified
at v, and that the image of a geometric Frobenius element at v has characteristic
polynomial X2 ´ avX `NmF {Qpvqdv. On the other hand if v|p (and πv is unrami-

fied), then ρπ|GFv is crystalline and this is the characteristic polynomial of φfv on

Dcrys,Fv pρπ|GFv q (where NmF {Qpvq “ pfv ). Note also that with our normalizations,

the determinant of ρπ is the product of a finite order character with χw´1
cyc .

5.2. Associated Galois representations in characteristic p. We now prove an
analogue of Theorem 5.1.1 for mod p Hilbert modular eigenforms. This generalizes
[DS23, Thm. 6.1.1], which proves such a result under the hypothesis that p is
unramified in F . Under an additional parity hypothesis on the weight, this was
previously proved independently by Emerton, Reduzzi and Xiao ([ERX17]) and
Goldring and Koskivirta ([GK19]), the latter as a special case of much more general
results. The parity hypothesis was removed in [DS23] using congruences to forms
of higher weight and level not necessarily prime to p.

Allowing p to ramify on F , the approach of [ERX17] was generalized by Reduzzi
and Xiao ([RX17]), and recent work of Shen and Zheng ([SZ25]) does the same for
that of [GK19], but these results still require a parity hypothesis on the weight.
Along with some additional work, the parity hypothesis can be removed by com-
bining the methods of [DS23] and [RX17], but we have decided to give a different
argument, which is inspired by remarks of David Loeffler and George Boxer. Again
the proof ultimately relies on congruences to forms with level involving primes over
p, but instead of producing them using the geometry of Hilbert modular varieties
with (mildly) bad reduction, we lift (twists) to non-algebraic automorphic forms
and apply the Jacquet–Langlands correspondence to transfer the problem to a more
amenable setting.

Theorem 5.2.1. Suppose that U is an open compact subgroup of GL2pAF,f q con-
taining GL2pOF,pq, and Q is a finite set of primes containing all v|p and all v

such that GL2pOF,vq Ć U . Suppose that ~k, ~m P ZΣ and that f P M~k,~mpU,Eq is an

eigenform for Tv and Sv (defined in §3.4) for all v R Q. Then there is a Galois
representation

ρf : GF Ñ GL2pEq

such that if v R Q, then ρf is unramified at v and the characteristic polynomial of
ρf pFrobvq is

X2 ´ avX `NmF {Qpvqdv,

where Tvf “ avf and Svf “ dvf .

Remark 5.2.2. Recall from Remark 1.3.1 that the Hecke action defined in [DS23]
differs by a twist from the one defined here. More precisely, if f is an eigenform
for the operator Tv (resp. Sv) of this paper with eigenvalue av (resp. dv), then
it is so for the operators defined in [DS23], but with eigenvalue NmF {Qpvq

´1av
(resp. NmF {Qpvq

´2dv). Therefore the Galois representation associated to f in
[DS23] is the twist by the mod p cyclotomic character of the one in the preced-
ing theorem.

Proof. First we note that the same arguments as in the start of the proof of [DS23,
Thm. 6.1.1] apply to show that we can replace E by any finite extension; further-
more we may assume that U “ Upnq for some sufficiently small n prime to p and
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that Q is the set of primes not dividing np. In particular, we choose n so that if
α P OˆF is such that pα´ 1q2 P n, then α ” 1 mod p for all p|p.

Let T “ TQ~k,~mpU,Eq denote the E-subalgebra of EndFppM~k,~mpU,Fpqq generated

by the operators Tv and Sv for v R Q. Restriction to E ¨ f defines an E-algebra
homomorphism T � E, and hence a maximal ideal mf Ă T; moreover mf is
generated by the elements tTv ´ av, Sv ´ dv | v R Q u. Conversely, every maximal
ideal m of T is the kernel of an E-algebra homomorphism θ : T Ñ Fp; replacing
E by a finite extension, we may assume it contains the image of θ, and hence that
m is generated by the elements Tv ´ θpTvq, Sv ´ θpSvq for v R Q. As m is in the
support of M~k,~mpU,Eqq, it follows that the eigenspace

M~k,~mpU,Eqrms “ t g PM~k,~mpU,Eq |Tg “ 0 for all T P m u

“ t g PM~k,~mpU,Eq |Tvg “ avg, Svg “ dvg for all v R Q u

is non-zero, i.e., that m “ mf for some f as in the statement of the theorem.
Recall that, under our assumption that U is sufficiently small, Amin

~k,~m,E
“ i˚A~k,~m,E

is a line bundle on Ymin
U,E , in which case Asub

~k,~m,E
“ j˚j

˚Amin
~k,~m,E

, where i is the open

immersion YU,E ãÑ Ymin
U,E , and j is the closed immersion ZU,E ãÑ Ymin

U,E . We thus
have an exact sequence

(9) 0 ÝÑ S~k,~mpU,Eq ÝÑM~k,~mpU,Eq ÝÑ C~k,~mpU,Eq,

where C~k,~mpU,Eq “ H0pZU,E , j˚Amin
~k,~m,E

q. Just as for M~k,~mpU,Eq, we obtain an

action of GL2pAppqF,f q on

C~k,~mpEq “ lim
ÝÑ
U

C~k,~mpU,Eq,

and hence Hecke operators Tv and Sv on C~k,~mpU,Eq “ C~k,~mpEq
Up for all v R Q.

Furthermore these operators commute (for varying v) and are compatible with their
action on M~k,~mpU,Eq. We may therefore assume that m is a maximal ideal of either

T0 or Tc, where these (respectively) denote the E-subalgebras of the endomorphism
rings of S~k,~mpU,Eq and C~k,~mpU,Eq generated by the Tv and Sv for all v R Q.

We first treat the case of Tc by explicitly describing the action of GL2pAppqF,f q on

C~k,~mpFpq “ Fp bE C~k,~mpEq. Recall that

ZU,Fp “ BpF q`zGL2pAF,f q{U “ BpOF,ppqq`zGL2pAppqF,f q{U
p

(viewed as a scheme over Fp). Furthermore the construction of the minimal com-
pactification provides a trivialization of j˚Amin

~k,~m,Fp
, identifying it with the coherent

sheaf defined by (sections of)

BpOF,ppqq`zpFp ˆGL2pAppqF,f q{U
pq,

where BpOF,ppqq` acts on Fp via the character ξ~k,~m :
ˆ

α β
0 δ

˙

ÞÑ α~mδ
~k`~m. This

identification is compatible with the action of GL2pAppqF,f q, so that C~k,~mpFpq is iso-

morphic to Ind
GL2pAppqF,f q
BpOF,ppqq`ξ~k,~m, which we define to be the space of smooth functions

φ : GL2pAppqF,f q Ñ Fp such that

φpγguq “ ξ~k,~mpγqφpgq for all γ P BpOF,ppqq`, g P GL2pAppqF,f q
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(where by smooth, we mean that φpguq “ φpgq for all g P GL2pAppqF,f q and u in some

open compact subgroup U 1 of GL2pAppqF,f q). Letting rξ~k,~ms : BpOF,ppqq` Ñ W pFpqˆ

denote the Teichmüller lift of ξ~k,~m, we thus have C~k,~mpFpq “ Fp bW rC, where

rC “ Ind
GL2pAppqF,f q
BpOF,ppqq`rξ~k,~ms and W “ W pFpq. Furthermore our hypothesis that U

is sufficiently small implies that C~k,~mpU,Fpq “ C~k,~mpFpq
Up “ Fp bW rCU

p

. This

identification in turn yields a surjective homomorphism rTc Ñ Tc, where rTc is the

W -algebra of endomorphisms of rCU
p

generated by the Tv and Sv for v R Q. As rTc
is free of finite rank over W , it follows that there is a W -algebra homomorphism
rθ : rTc Ñ Zp lifting θ, and hence an eigenvector rf P pQp bW rCqU

p

such that

Tv rf “ rav rf and Sv rf “ rdv rf for all v R Q, where the rav and rdv are lifts of the av and
dv to Zp.

We now determine the possible homomorphisms rθ by analyzing the smooth ad-
missible representation

Qp bW rC “ Ind
GL2pAppqF,f q

BpAppqF,f q
Ind

BpAppqF,f q
BpOF,ppqq`rξ~k,~ms,

where rξ~k,~ms is now viewed as taking values in Qp. Firstly the density of OF,ppq in

AppqF,f implies that Ind
BpAppqF,f q
BpOF,ppqq`rξ~k,~ms decomposes as the direct sum of all characters

ξ : BpAppqF,f q Ñ Qˆp of the form
ˆ

a b
0 d

˙

ÞÑ ξ1paqξ2pdq, where ξ1 and ξ2 are smooth

characters pAppqF,f qˆ Ñ Qˆp such that

ξ1pαq “ rα
~ms for all α P OˆF,ppq,`, and ξ1ξ2pδq “ rδ

~k`2~m
s for all δ P OˆF,ppq.

It follows that QpbW rC decomposes as the direct sum over such ξ of the represen-
tations

Ind
GL2pAppqF,f q

BpAppqF,f q
ξ –

â

v-p

1
Ind

GL2pFvq
BpFvq

ξv,

where b1 denotes the restricted tensor product and ξv the restriction of ξ to BpFvq.

Finally if pInd
GL2pFvq
BpFvq

ξvq
GL2pOF,vq ‰ 0, then it is one-dimensional, with Tv and Sv

acting by multiplication by

rav “ NmF {Qpvqξ1p$vq ` ξ2p$vq and rdv “ ξ1p$vqξ2p$vq,

respectively, and the homomorphisms rθ : rTc Ñ Qp are precisely those defined by

Tv ÞÑ rav, Sv ÞÑ rdv for pairs of characters pξ1, ξ2q as above.
The analogous statement describing the possible homomorphisms θ : Tc Ñ Fp

now follows. In particular we conclude that

av “ NmF {Qpvqξ1p$vq ` ξ2p$vq and dv “ ξ1p$vqξ2p$vq,

where ξ1 and ξ2 are smooth characters pAppqF,f qˆ Ñ Fˆp such that

ξ1pαq “ α~m for all α P OˆF,ppq,`, and ξ1ξ2pδq “ δ
~k`2~m

for all δ P OˆF,ppq.
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The desired representation ρf is therefore given by χ´1
cycχ1 ‘ χ2, where χi corre-

sponds via class field theory to the unique extension of ξi to a character AˆF Ñ Fˆp
trivial on Fˆ8,`F

ˆ (and necessarily also the maximal pro-p subgroup of OˆF,p).
Suppose now that m is a maximal ideal of T0, or equivalently that it is associated

to an eigenform f P S~k,~mpU,Eq “ H0pY min
U,E ,Asub

~k,~m,E
q. By Lemma 4.3.1, we may

choose an integer ` ě 0 such that Amin
~̀̀ ~δ,~0,E

is ample. We thus have

H1pY min
U,E ,Asub

~k`Np~̀̀ ~δq,~m,E
q “ 0

for sufficiently large integers N .

Since ~̀` ~δ P Ξmin Ă ΞHasse, some positive multiple is the weight of a product

of partial Hasse invariants. More explicitly, we have pp ´ 1qp~̀` ~δq “
ř

σPΣ rσ
~hσ,

where

rσp,i,j “ `pep ` pj ´ 1qpp´ 1qq ` peppep ´ 1q ` pj ´ 1qpj ´ 2qpp´ 1qq{2.

Thus if N “Mpp´1q, then multiplication by
ś

σH
Mrσ
σ defines a Hecke-equivariant

injective map
S~k,~mpU,Eq ãÑ S~k`Np~̀̀ ~δq,~mpU,Eq.

We may therefore replace ~k by ~k `Np~̀` ~δq for some sufficiently large N divisible
by p´ 1 so as to assume H1pYmin

U,E ,Asub
~k,~m,E

q “ 0.

Since the character pAppqF,f qˆ Ñ Eˆ defined by α ÞÑ α~m`
~k{2 has kernel containing

OˆF,ppq,` X Up, and OˆF,ppq,`U
p has finite index in pAppqF,f qˆ, we may extend it to a

character ξ : AppqF,f Ñ Eˆ (after enlarging E and hence K if necessary). Multipli-

cation by the section eξ P H
0pYU,E ,N q (defined in §3.5) yields an isomorphism of

sheaves Asub
~k,~m,E

„
ÝÑ Asub

~k,E
, so we have that H1pYmin

U,E ,Asub
~k,E
q “ 0. Since the closed

immersion t : Ymin
U,E ãÑ Ymin

U induces an isomorphism13 t˚Asub
~k

„
ÝÑ Asub

~k,E
, we have a

short exact sequence

0 ÝÑ Asub
~k

$¨
ÝÑ Asub

~k
ÝÑ t˚Asub

~k,E
ÝÑ 0,

so the vanishing of H1pYmin
U,E ,Asub

~k,E
q implies that of the finitely generated O-module

H1pYmin
U ,Asub

~k
q, and hence the surjectivity of the reduction map

S~kpU,Oq “ H0pYmin
U ,Asub

~k
q Ñ H0pYmin

U,E ,Asub
~k,E
q “ S~kpU,Eq.

Composition with the isomorphism eξ of (4) thus yields a surjection

π : S~kpU,Oq Ñ S~k,~mpU,Eq,

such that

Tvpπphqq “ ξp$vqπpTvphqq and Svpπphqq “ ξp$vq
2πpSvphqq

for all h P S~kpU,Oq and v R Q.

Letting rT0 denote the finite flat O-algebra of endomorphisms of S~kpU,Oq gen-

erated by the Tv and Sv for v R Q, we obtain a surjection rT0 Ñ T0 sending Tv to

ξp$vqTv and Sv to ξp$vq
2Sv for all v R Q. The same argument as for rTc thus yields

an eigenform rf 1 P S~kpU,Qpq such that Tv rf
1 “ ra1v

rf and Sv rf
1 “ rd1v

rf for all v R Q,

13Note that this is false with sub replaced by min unless ~k is parallel.
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where the ra1v and rd1v are lifts of the ξp$vq
´1av and ξp$vq

´2dv to Zp. Viewing the

ra1v and rd1v as elements of C via the chosen embedding Q ãÑ Qp, we may replace
rf 1 by an eigenform in S~kpU,Cq with the same eigenvalues. We thus obtain an au-
tomorphic representation π1 P C~k such that the local factor π1v is the unramified

principal series with Tv “ ra1v and Sv “ rd1v on pπ1vq
GL2pOF,vq for all v R Q.

Suppose now that d “ rF : Qs is even, and let B be the quaternion alge-
bra over F such that ΣB “ Σ8. We may then apply the Jacquet-Langlands
correspondence (in the form of Theorem 2.3.1) to obtain an automorphic repre-
sentation Π1 P CB~k such that Π1v – π1v for all v R Σ8, and hence an eigenform

rϕ1 P SB~k pUB ,Cq “MB
~k
pUB ,Cq with the same eigenvalues as rf 1 for all v R Q, where

UB corresponds to U under the isomorphism BˆA,f – GL2pAF,f q obtained from a

choice of maximal order OB and OB,v – M2pOF,vq for all v R Σ8. It then follows

from the identifications (5) and Qp bO MB
~k
pUB ,Oq “ MB

~k
pUB ,Qpq that there is

such an eigenform in MB
~k
pUB ,Oq, and hence a non-zero ϕ1 PMB

~k
pUB , Eq such that

Tvpϕ
1q “ ξp$vq

´1avϕ
1 and Svpϕ

1q “ ξp$vq
´2dvϕ

1 for all v R Q. The analogue
of (4) for B defined in §3.6 then gives an eigenform ϕ P MB

~k,~m
pUB , Eq with the

same eigenvalues as our original f .
Now let U 1 “ tu P U |up ” 1 mod p for all p P Sp u and define TB to be the E-

subalgebra of endomorphisms of MB
~2
pU 1B , Eq generated by the operators Tv and Sv

for all v R Q. Similarly letting rTB be the finite flat O-algebra of endomorphisms
of MB

~2
pU 1B ,Oq generated by the same operators, the Hecke equivariant surjection

MB
~2
pU 1B ,Oq�MB

~2
pU 1B , Eq yields a surjection rTB � TB . Combining this with the

Hecke-equivariant inclusion

(10) MB
~k,~m
pUB , Eq ĂMB

~2
pU 1B , Eq bE D~k,~m,E ,

we deduce the existence of an O-algebra homomorphism rTB Ñ Qp sending Tv ÞÑ rav

and Sv ÞÑ rdv for all v R Q, where the rav and rdv are lifts of the av and dv to Zp.
Furthermore it follows from (5) that rav, rdv P Q, and that there is a Hecke eigenform

rϕ PMB
~2
pU 1B ,Cq such that Tv rϕ “ rav rϕ and Sv rϕ “ rdv rϕ for all v R Q.

Suppose that rϕ P IB~2 pU
1
B ,Cq “ pIB~2 q

U 1B (as defined in §2.4). As a representation

of BˆA,f , IB~2 decomposes as ‘ψψ ˝ det, where ψ runs over the smooth characters of

AˆF,f which are trivial on Fˆ` . We therefore have

IB~2 pU
1
B ,Cq “

à

ψ

Cfψ

as a rTB-module, where ψ runs over characters AˆF,f {pF
ˆ
` detpU 1qq Ñ Qˆ, and

Tvfψ “ pNmF {Qpvq ` 1qψp$vq and Svfψ “ ψp$vq

for all v R Q. It follows that av “ pNmF {Qpvq`1qψp$vq and dv “ ψp$vq for such a

character ψ, and the conclusion of the theorem is satisfied by ρf “ χ´1
cycχ‘χ where

χ is the character corresponding to ψ by class field theory.
Finally if rϕ R IB~2 pU

1
B ,Cq, then its image in S~2pU

1
B ,Cq generates a cuspidal auto-

morphic representation Π P CB~2 such that Πv is the unramified principal series such

that Tv “ rav and Sv “ rdv on Π
OˆB,v
v for all v R Q. Applying Theorem 2.3.1 to Π
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and then Theorem 5.1.1 to π “ JL pΠq yields a representation ρπ such that ρf “ ρπ
satisfies the conclusion of the theorem.

Suppose now that d “ rF : Qs is odd. The same proof as in the case of even d
then carries over, but with B chosen so that ΣB “ Σ8 ´ tσ0u for some σ0 P Σ8
and only the following other change.

The analogue of the inclusion (10) is the Hecke-equivariant map

π˚U : MB
~k,~m
pUB , Eq “ H1pY BUB ,D~k,~m,Eq ÝÑ H1pY BU 1B

,D~k,~m,Eq “MB
~2
pU 1B , EqbED~k,~m,E

induced by the projection πU : Y BU 1B
Ñ Y BUB , which is not necessarily injective. If

Up is sufficiently small that α ” 1 mod p for all p P Sp and α P U XOˆF , then πU is
étale with Galois group G “ UB{U

1
B –

ś

pPSp
GL2pFpq, and the Hochschild–Serre

spectral sequence identifies kerpπ˚U q with

H1pG,H0pY BU 1B
, Eq bE D~k,~m,Eq,

compatibly14 with the action of the Hecke operators. Moreover note thatH0pY BU 1B
, Eq

is isomorphic to the space of functions CU 1 Ñ E, where

CU 1 “ AˆF,f {F
ˆ
` detpU 1q

is identified with the set of components of Y BU 1B
. Assuming further that Up is

sufficiently small that the kernel of the homomorphism δ : GÑ CU 1 induced by det
is G1 “

ś

pPSp
SL2pFpq, Shapiro’s Lemma gives a canonical isomorphism

kerpπ˚U q – Coind
CU1
δpGqH

1pG1, D
1
~k,~m,E

q,

where H1pG1, D~k,~m,Eq is endowed with the natural action of δpGq – G{G1 –
ś

pPSp
Fˆp . Note in particular that since δpGq is abelian of order prime to p, the

representation H1pG1, D~k,~m,Eq decomposes as a direct sum of characters. Further-

more if h P pB
ppq
f qˆ and U2 Ă hU1h

´1 for a pair of open compact subgroups U1, U2

as above, then the map

Coind
CU11
δ1pGq

H1pG1, D~k,~m,Eq ÝÑ Coind
CU12
δ2pGq

H1pG1, D~k,~m,Eq

induced by ρh is defined by composition with multiplication by the image of detphq
in CU 12 . An argument similar to the ones in the analyses of C~k,~mpU,Eq and I~2pUB ,Cq
then shows that av “ pNmF {Qpvq ` 1qψp$vq and dv “ ψp$vq for some character

ψ : AˆF,f {pF
ˆ
` detpU 1qq Ñ Fˆp , and hence the conclusion of the theorem is satisfied

by a representation ρf of the form χ´1
cycχ‘ χ.

We may therefore assume ϕ PM~2pU
1
B , Eq bE D~k,~m,E and complete the proof as

in the case of even d. Note also that having obtained an eigenform rϕ PMB
~2
pU 1B ,Cq

with eigenvalues lifting those of f , we immediately obtain the desired cuspidal auto-
morphic representation Π P CB~2 without the need to consider the space IB~2 pU

1
B ,Cq.

�

We also record the following immediate consequence of the proof of Theorem 5.2.1:

14The compatibility is presumably a formal consequence of general functoriality properties of

the Grothendieck spectral sequences underlying this identification, but for lack of a clear reference
to that effect, we note that it follows from the explicit description of the edge maps given in the

Appendix of [Mum70, §I.2].
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Proposition 5.2.3. If f is as in the statement of Theorem 5.2.1 and ρf is abso-
lutely irreducible, then f P S~k,~mpU,Eq.

Proof. If f R S~k,~mpU,Eq, then the exact sequence (9) produces an eigenform

C~k,~mpU,Eq with the same eigenvalues as those of f . By construction, the associated

Galois representation is then reducible (after possibly extending scalars). �

Remark 5.2.4. If p ą 2, then any embedding F ãÑ C gives a complex conjuga-
tion c P GF such ρf pcq has distinct eigenvalues ˘1 P E. It follows that absolute
irreducibility is equivalent to irreducibility if p ą 2.

5.3. Ordinariness. Let us now fix a prime p P Sp and suppose now that ~m “ ~́1
and that kσ ě 1 for all σ P Σp. In particular, the inequality (2) is satisfied, so there
is an endomorphism Tp of M~k,~mpU,Eq; furthermore Tp commutes with Tv and Sv
for all v such that GL2pOF,vq Ă U .

Theorem 5.3.1. Suppose that kσ ě 1 for all σ P Σp and that kσ ą 1 for some
σ P Σp, and let f P M~k,´~1pU,Eq be as in Theorem 5.2.1. If Tpf “ apf for some

ap P E
ˆ, then

ρf |GFp
„

ˆ

χ2 ˚

0 χ´1
cycχ1

˙

for some characters χ1, χ2 : GFp
Ñ Eˆ, where χ2 is the unramified character

sending Frobp to ap.

Remark 5.3.2. The key step in the proof (maintaining ordinariness in the shift

from weight ~k and prime-to-p level to weight ~2 and level p) is based on a fundamental
principle (and technique) conceived by Hida (see [Hid88, §8], for example). Aside
from this and some technical adaptation of the preceding proof, the rest of the work
is in dealing with cases where we know a priori that the global Galois representation
is reducible, and therefore so is its restriction to the local Galois group, but we still
need to show it has an unramified constituent with the correct Frobenius eigenvalue.

Proof. As usual, we may replace U by an arbitrary small open compact subgroup
containing GL2pOF,pq. In particular we may assume U “ Upnq for some n prime to
p.

Suppose first that f R S~k,´~1pU,Eq. Recall from the proof of Theorem 5.2.1 that

ρf “ χ´1
cycχ1 ‘ χ2, where the χi correspond to characters ξi : AˆF Ñ Fˆ whose

restrictions to OˆF,p are determined by ~k and ~m. In particular, since ~m “ ~́1, the

character χ´1
cycχ1 is unramified at p (in fact at all primes over p), so the content of

the theorem in this case is the characterization of ap as a Frobenius eigenvalue.
By assumption, the constant term of the q-expansion of f is non-zero for some

cusp c P ZU,Fp . Writing c “ BpOF,ppqq`gU
p for some g P GL2pAppqF,f q, we may

replace f by gf (shrinking n and enlarging Q and E as necessary) so as to assume
r1
0 ‰ 0 (writing rtm for the coefficient of qm in the q-expansion of f at the cusp at

8 associated to an element t P pAppqF,f qˆ). Since Tpf “ apf , the assumption on ~k
and the formula for the effect of Tp on q-expansions imply that

rt0 “ apε
´1rxt0

for all t P pAppqF,f qˆ, where ε “ pfpNmF {Qp$
´1
p q P OˆF,p,` and x “ $

ppq
p P pAppqF,f qˆ.
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Choose v R Q representing p´1 in the strict ray class group Cn8 “ Fˆ` zAˆF,f {Un

(where Un “ kerp pOˆF Ñ pOF {nq
ˆ), so x “ α$vu for some α P OˆF,ppq,` and u P Un,

and hence (1) implies that

(11) rt0 “ apε
´1rα$vtu0 “ apε

´1NmF {Qpα
´1qr$vt0 “ apNmF {Qpvqr

$vt
0

for all t P pAppqF,f qˆ. Since Tvf “ avf and Svf “ dvf , the formula for the effect of
Tv on q-expansions implies that

avr
t
0 “ NmF {Qpvqr

$vt
0 ` dvr

$´1
v t

0

for all t P pAppqF,f qˆ. The description of the Galois representation in this case renders
this equality as

pNmF {Qpvqξ1p$vq ` ξ2p$vqqr
t
0 “ NmF {Qpvqr

$vt
0 ` ξ1p$vqξ2p$vqr

$´1
v t

0 .

Combining this with (11) and the non-vanishing of rt0 for t “ 1, we deduce that
a´1
p is a root of

pX ´NmF {Qpvqξ1p$vqqpX ´ ξ2p$vqq.

It follows that either

ap “ pNmF {Qpvqξ1p$vqq
´1 “ χ´1

cycχ1pFrob´1
v q “ χ´1

cycχ1pFrobpq,

or that ap “ ξ2p$vq
´1 “ χ2pFrob´1

v q for all v R Q representing p´1 in Cn8.
The first possibility gives the desired conclusion with the roles of χ´1

cycχ1 and χ2

interchanged, and the second15 implies that χ2 is unramified outside n and that
ap “ χ2pFrobpq.

We suppose from now on that f P S~k,´~1pU,Eq. As in the proof of Theorem 5.2.1,

we may assume ~k is sufficiently large that H1pYmin
U,E ,Asub

~k,´~1,E
q “ 0. (Note that our

assumption on ~k implies that multiplication by
ś

σH
Mrσ
σ is compatible with Tp.)

We may assume furthermore that kσ ě 2 for all σ P Σ and that kσ ą 2 for some
σ P Σp.

Consider now the surjective homomorphism π : S~kpU,Oq Ñ S~k,´~1pU,Eq in the

proof of Theorem 5.2.1. The formulas describing the effect of Tp, T$p
and eξ on

q-expansions imply that

rtmpTppπpfqq “ εrx
´1t
$pmpπpfqq “ εξpx´1tqrx

´1t
$pmpfq

“ εξpx´1tqrtmpT$p
fq “ εξpxq´1rtmpπpT$p

fqq

for all t and m, so Tppπpfqq “ εξpxq´1πpT$p
fq. Arguing as in the proof of Theo-

rem 5.2.1, but with T0 (respectively rT0) generated by Tp (respectively, T$p
) along

with the Tv and Sv for v R Q, it follows that we may choose rf 1 so that Tp rf
1 “ ra1p

rf 1,

where $
p~k{2q´~1
p ra1p is a lift of ξpxqap to Zp. It follows that the form rϕ1 obtained

in the proof of Theorem 5.2.1 via the Jacquet–Langlands correspondence satisfies
Tp rϕ

1 “ ra1p rϕ
1, and hence that

T$p
rϕ1 “ p´fp$

~k{2
ra1p rϕ

1 “ ε´1$p
~k{2q´~1

ra1p rϕ
1,

which in turns implies that T$p
ϕ1 “ ε´1ξpxqapϕ

1 (where T$p
was defined in §3.6 and

§3.7), and therefore by (6), the form ϕ “ eξϕ
1 PMB

~k,´~1
pUB , Eq satisfies Tpϕ “ apϕ.

15Note that this is only possible if
ř

i,jpkσp,i,j ´ 1qpi is divisible by pfp ´ 1 for all p P Sp.
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Now consider the representation Lχ “ Coind
GL2pFpq

H Epχq of GL2pFpq, where H
is the subgroup of upper-triangular matrices and χ : H Ñ Eˆ is the character
defined by

χ
ˆ

a b
0 d

˙

“
ź

σPΣp

σpdqkσ´2.

Let T~k1,χ denote the representation D~k1,´~1,E bE Lχ of OˆB,p, where Lχ is viewed

as a representation of UB,p “ OˆB,p via the fixed isomorphism with GL2pOF,pq

(and inflation from GL2pFpq), and ~k1 is defined by k1σ “ 2 if σ P Σp and k1σ “ kσ
otherwise.

We thus have the space MBpUB , T~k1,χq, equipped with operators Tv and Sv for

v R Q, on which we now also define an endomorphism Tp. First note that Lχ may be
identified with the space of functions ψ : F2

p Ñ E such that ψpdx, dyq “ χpdqψpx, yq
for all d, x, y P Fp (setting χp0q “ 0), where the action of GL2pOF,pq is defined by
pg ¨ ψqpx, yq “ ψppx, yqgq. (To make the identification explicit, let ψ correspond

to the function
ˆ

v w
x y

˙

ÞÑ ψpx, yq.) Letting L1χ denote the restriction of Lχ to

U 1B,p “ UB,p X hUB,ph
´1 along u ÞÑ h´1uh (where as usual h P OB,p corresponds

to
ˆ

$p 0
0 1

˙

), we have a U 1B,p-equivariant map

δ : L1χ ÝÑ Res
U 1B,p
UB,p

Lχ

defined by δpψqpx, yq “ ψp0, yq. Tensoring with the identity on D~k1,´~1,E then gives

a U 1B-equivariant map T 1~k1,χ Ñ Res
U 1B
UB
T~k1,χ (where U 1B “ UB X hUBh

´1 and T 1~k1,χ is

the restriction of T~k1,χ along u ÞÑ h´1uh), and hence a morphism

ρ˚hT~k1,χ ÝÑ ρ˚1T~k1,χ
of sheaves16 on Y BU 1B

. We then define Tp on HipY BUB , T~k1,χq (and in particular on

MBpUB , T~k1,χq) as the resulting composite

(12) HipY BUB , T~k1,χq Ñ HipY BU 1B
, ρ˚hT~k1,χq Ñ HipY BU 1B

, ρ˚1T~k1,χq Ñ HipY BUB , T~k1,χq,

where as usual the first map is pull-back along ρh and the third is the trace relative
to ρ1. It is straightforward to check that Tp commutes with the operators Tv and
Sv for v R Q.

We will now define a Hecke-equivariant map

MB
~k,´~1

pUB , Eq “MBpUB , D~k,´~1,Eq ÝÑMBpUB , T~k1,χq.

Recall that
Â

σPΣp
Symkσ´2E2 can be identified with the space of homogeneous

polynomials over E in the variables tXσ, Yσ |σ P Σp u with total degree kσ ´ 2 in
each pair pXσ, Yσq, where the action of GL2pFpq is defined by

pg ¨ΨqpXσ, YσqσPΣp
“ ΨppXσ, YσqσpgqqσPΣp

.

16When rF : Qs is even, so B is totally definite, we may write everything more explicitly in

terms of functions on Bˆf , but for the sake of uniformity, we view MBpUB , T~k1,χq (for example)

as H0pY BUB
, T~k1,χq, where Y

UB
B is the finite set BˆzBˆf {U and T~k1,χ is the sheaf associated to

BˆzpBˆf ˆ T~k1,χq{U (see Remark 3.6.1).
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(To make this identification explicit, the monomial
ś

σPΣp
Xmσ
σ Y nσσ corresponds to

Â

σPΣp
pebmσσ b fbnσσ q, where peσ, fσq is the standard basis of E2.) We then have

the GL2pFpq-equivariant map

ε :
â

σPΣp

Symkσ´2E2 ÝÑ Lχ

defined by evaluation, i.e., pεpΨqqpx, yq “ Ψpσpxq, σpyqq. Transporting structure to
OˆB,p and tensoring with the identity on D~k1,´~1,E then yields an OˆB,p-equivariant

map D~k,´~1,E Ñ T~k1,χ, and hence a morphism of sheaves inducing maps

HipY BUB ,D~k,´~1,Eq ÝÑ HipY BUB , T~k1,χq,

and in particular MB
~k,´~1

pUB , Eq ÑMBpUB , T~k1,χq. The compatibility of the result-

ing map with the operators Tv and Sv for v R Q is straighforward. For the compat-
ibility with Tp, note that in the above optic, the morphism ρ˚hD~k,´~1,E Ñ ρ˚1D~k,´~1,E
in its definition is induced by tensoring the identity on D~k1,´~1,E with the U 1B,p-linear
map

∆ :

˜

â

σPΣp

Symkσ´2E2

¸1

ÝÑ Res
U 1B,p
UB,p

˜

â

σPΣp

Symkσ´2E2

¸

defined by ∆pΨqpXσ, YσqσPΣp
“ Ψp0, YσqσPΣp

(where again we transport structure

to UB,p “ OˆB,p and the first 1 denotes restriction along the inclusion U 1B,p Ñ UB,p
defined by conjugation by h´1). The desired compatibility then follows from the
fact that ε ˝∆ “ δ ˝ ε. Furthermore we have kerpεq Ă kerp∆q and impδq Ă impεq.
The first inclusion immediately implies that Tp annihilates the kernel of the map
MB
~k,´~1

pUB , Eq ÑMBpUB , T~k1,χq if d is even. In the case that d is odd, consider the

exact sequences

0 Ñ E Ñ D~k,´~1,E Ñ F Ñ 0 and 0 Ñ F Ñ T~k1,χ Ñ G Ñ 0

of locally constant sheaves on Y BUB , where E , F and G are, respectively, the kernel,
image and cokernel of D~k,´~1,E Ñ T~k1,χ. The maps in the resulting long exact

sequences in cohomology are then compatible with operators Tp defined in the usual
way, but using the morphisms ρ˚hHÑ ρ˚1H induced by ∆ and δ for H “ E , F and
G. The inclusions kerpεq Ă kerp∆q and impδq Ă impεq imply17 that this morphism,
and hence Tp, is zero in the cases of H “ E and G, from which it follows that Tp
is nilpotent (in fact T 2

p “ 0) on the kernel of MB
~k,´~1

pUB , Eq Ñ MBpUB , T~k1,χq. In

particular, the element ϕ is not in its kernel, so its image, which we again denote by
ϕ, is a non-zero element of MBpUB , T~k1,χq with the same eigenvalues with respect

to the operators Tp, Tv and Sv (for v R Q).
Now let UB,0 denote the subgroup of UB consisting of elements u such that

up P OˆB,p – GL2pOF,pq is upper-triangular, and let T be the locally constant sheaf

on Y BUB,0 associated to the representation T “ D~k1,´~1,E bE Epχq of UB,0,p (where

χ is viewed as a character of UB,0,p by inflation from H). Note that T~k1,χ is canon-

ically isomorphic to π˚T , where π is the natural projection Y BUB,0 Ñ Y BUB , so that

17In fact this argument shows that HipY BUB
,D~k,´~1,Eq Ñ HipY BUB

, T~k1,χq is an isomorphism

on ordinary components, i.e., after localization at the subset tT ipu of ErTps.
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HipY BUB,0 , T q – HipY BUB , T~k1,χq, and in particular MBpUB,0, T q – MBpUB , T~k1,χq.

Furthermore we claim that Tp on HipY BUB , T~k1,χq corresponds to the composite

(13) HipY BUB,0 , T q Ñ HipY BU 1B,0
, σ˚hT q Ñ HipY BU 1B,0

, σ˚1 T q Ñ HipY BUB,0 , T q,

where U 1B,0 “ UB,0 X hUB,0h
´1, σ1 and σh are the projections induced by 1 and

h, the first and last maps are pull-back and trace, and the middle one is defined
by the isomorphism of sheaves induced by the identity on T . Indeed the desired
compatibility amounts to the commutativity of the outer rectangle in the following
diagram:

HipY BUB , π˚T q //

o
��

p˚q

HipY BU 1B
, ρ˚hπ˚T q //

��

p˚˚q

HipY BU 1B
, ρ˚1π˚T q // HipY BUB , π˚T q

o
��

HipY BUB,0 , T q // HipY BU 1B,0
, σ˚hT q // HipY BU 1B,0

, σ˚1 T q // HipY BUB,0 , T q,

where the rows are (12) and (13) and the outer horizontal maps are the canonical
isomorphisms. For the dashed arrow, let π1 denote the projection YU 1B,0 Ñ YU 1B ,

so that ρ1 ˝ π
1 “ π ˝ σ1 and ρh ˝ π

1 “ π ˝ σh. In particular, we have the natural
transformation ρ˚hπ˚ Ñ π1˚σ

˚
h , giving the desired map

HipY BU 1B
, ρ˚hπ˚T q ÝÑ HipY BU 1B

, π1˚σ
˚
hT q

„
ÝÑ HipY BU 1B,0

, σ˚hT q.

Furthermore it follows from general abstract formalism that the diagram

π˚T ÝÑ ρh,˚ρ
˚
hπ˚T

Œ Ó

π˚σh,˚σ
˚
hT “ ρh,˚π

1
˚σ
˚
hT

commutes (where the two maps from π˚T are induced by adjunction and the down-
ward arrow by the morphism ρ˚hπ˚T Ñ π1˚σ

˚
hT ), and hence so does the square

labeled p˚q.
The commutativity of the rectangle p˚˚q follows from that of the following dia-

gram of morphisms of sheaves on Y BUB :

ρ1,˚ρ
˚
hπ˚T //

��

ρ1,˚ρ
˚
1π˚T // π˚T

ρ1,˚π
1
˚σ
˚
1 T

„ // π˚σ1,˚σ
˚
1 T // π˚T ,

where the downward arrow is given by the natural transformation ρ˚hπ˚ Ñ π1˚σ
˚
h , the

two leftmost horizontal ones by the morphisms ρ˚hT~k1,χ Ñ ρ˚1T~k1,χ and σ˚hT
„
Ñ σ˚1 T

in the construction of the operators, and the other two by trace maps. To verify this
commutativity, we consider the corresponding diagram on stalks, given by tensoring
the identity on D~k1,´~1,E with the UB,p-linear maps

Coind
UB,p
U 1B,p

L1χ //

��

Coind
UB,p
U 1B,p

Res
U 1B,p
UB,p

Lχ // Lχ

Coind
UB,p
U 1B,0,p

Epχ1q Coind
UB,p
UB,0,p

Coind
UB,0,p
U 1B,0,p

Res
U 1B,0,p
UB,0,p

Epχq // Coind
UB,p
UB,0,p

Epχq,
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where

‚ χ1 is the character of U 1B,0,p defined by restricting χ along u ÞÑ h´1uh

(which is the same as its restriction along the natural inclusion, justifying
the lower left equality),

‚ the downward arrow is Coind
UB,p
U 1B,p

ε, where ε : L1χ Ñ Coind
U 1B,p
U 1B,0,p

Epχ1q is

defined by εpψpuqq “ ψph´1uhq for u P U 1B,p and ψ P L1χ (viewed as a

function UB,p Ñ E),

‚ the top left arrow is Coind
UB,p
U 1B,p

δ,

‚ the top right arrow is the trace map tr UB,p{U1B,p ,

‚ and the bottom right arrow is Coind
UB,p
UB,0,p

´

tr UB,0,p{U 1B,0,p

¯

.

It is straightforward to check that the composite along the left and bottom of the
rectangle sends an element ξ : UB,p Ñ L1χ to the element of Lχ defined by

u ÞÑ
ÿ

vPUB,0,p{U 1B,0,p

χpvqξpv´1uqp1q,

and that this is the adjoint of δ, giving the desired commutativity.
Now let UB,1 denote the subgroup of UB consisting of elements u such that up

is in the subgroup of OˆB,p corresponding to U1ppqp. Note that UB,1 is a normal
subgroup of UB,0 of index prime to p, and that we may view χ as a character of
UB,0{UB,1 – kˆp . Furthermore the pull-back of T to Y BUB,1 may be identified with

D~k1,´~1,E , and the injective map

MBpUB,0, T q ãÑMB
~k1,´~1

pUB,1, Eq

is equivariant with respect to Tp as well as the Tv and Sv for v R Q. We may
therefore replace ϕ by its image in MB

~k1,´~1
pUB,1, Eq.

Now let U 1B,1 “ tu P UB,1, |uq ” 1 mod q for all q P Sp, q ‰ p u and consider the
map

(14) MB
~k1,´~1

pUB,1, Eq ÝÑMBpU 1B,1, Eq bE D~k1,´~1,E ,

analogous to (10). As in the proof of Theorem 5.2.1, this is Hecke-equivariant (now
also with respect to Tp), injective if d is even, and has kernel isomorphic to

H1pG1, H0pY BU 1B,1
, Eq bE D~k1,´~1,Eq – Coind

CU1
B,1

δpG11q
H1pG11, D~k1,´~1,Eq

if d is odd, where now G1 “ UB,1{U
1
B,1 is isomorphic to the product of the GL2pFqq

for q P Sp, q ‰ p. The same analysis as in the preceding proof shows that Tp is pfp

times composition with multiplication by the image of p$pqp in CU 1B,1 , and hence

that Tp annihilates the kernel. It follows that ϕ is not in this kernel, and we may
deduce as before the existence of an eigenform rϕ P M~2pU

1
B,1,Cq with eigenvalues

lifting those of f , for Tp as well as Tv and Sv for all v R Q.
If d is even and rϕ P IB~2 pU

1
B,1,Cq, then the same analysis as in the proof of Theo-

rem 5.2.1 shows that rϕ is in the span of fψ for some character ψ of AˆF,f {F
ˆ
` detpU 1B,1q

(in particular of conductor prime to p). Now however we have

Tpfψ “ pfpψpp$pqpqfψ,
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which contradicts the assumption that ap ‰ 0. We may therefore replace rϕ by its
image in S~2pU

1
B,1,Cq (whether d is even or odd).

As in the proof of Theorem 5.2.1, we obtain a cuspidal automorphic representa-
tion π P C~2 such that πv is the unramified principal series such that Tv “ rav (lifting

av) and Sv “ rdv (lifting dv) on π
GL2pOF,vq
v for all v R Q, and moreover that π

U1ppq
p

contains an eigenvector for Tp with eigenvalue rap lifting ap. In particular πp has
conductor dividing p, and more precisely is

‚ either a principal series representation of the form Ipψ1| ¨ |
1{2, ψ2| ¨ |

1{2q with
ψ2 an unramified character such that ψ2p$pq “ rap (and ψ1 at most tamely
ramified),

‚ or a special representation of the form ψ b St, where ψ is an unramified
character such that ψp$pq “ rap and St is the Steinberg representation.

In the first case, Theorem 5.1.1 implies that ρπ|GFp
is potentially crystalline with

σ-labelled Hodge-Tate weights p0, 1q for all σ P Σp and WDpρπ|GFp
q – ψ1 ‘ ψ2. It

is then a standard exercise in p-adic Hodge theory to conclude that ρπ|GFp
has the

form
ˆ

rχ2 ˚

0 rχ1χ
´1
cyc

˙

,

where rχ2 corresponds to ψ2 and rχ1 to ψ1| ¨ | by local class field theory. Similarly
in the second case, we get that ρπ|GFp

has the form

rχb

ˆ

1 ˚

0 χ´1
cyc

˙

,

where rχ corresponds to ψ. It therefore follows in either case that ρf |GFp
– ρss

π |GFp

has the desired form. �

6. Geometric weight conjectures

In this section we generalize the geometric Serre weight conjecture of [DS23] to
the case where p is ramified in F , and discuss the relation with the corresponding
generalization due to Gee (see [Gee11a, §4]) of the algebraic Serre weight conjecture
of [BDJ10].

6.1. Geometric modularity. Let

ρ : GF “ GalpF {F q Ñ GL2pFpq

be an irreducible, continuous, totally odd representation of the absolute Galois
group of F .

We make the following definition as in [DS23]:

Definition 6.1.1. We say that ρ is geometrically modular of weight p~k, ~mq if ρ is
equivalent to the extension of scalars of ρf for some open compact subgroup U and
eigenform f PM~k,~mpU ;Eq as in the statement of Theorem 5.2.1.

Thus ρ is geometrically modular of weight p~k, ~mq if there is a non-zero element
f PM~k,~mpU ;Eq, for some U Ą GL2pOF,pq and E Ă Fp, such that

Tvf “ trpρpFrobvqqf and NmF {QpvqSvf “ detpρpFrobvqqf

for all but finitely many primes v.
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Note also that by Proposition 5.2.3 (and our running assumption that ρ is irre-
ducible), we can replace M~k,~mpU,Eq by S~k,~mpU,Eq in the definition of geometric

modularity.
As in the setting of [DS23], it is a folklore conjecture that every ρ as above is

geometrically modular of some weight p~k, ~mq, and our aim is to predict exactly
which weights in terms of of the local behaviour of ρ at primes over p.

We first note an immediate consequence of the existence of partial Hasse invari-
ants. By the discussion in §4.1, we have injective Hecke-equivariant maps

M~k,~mpU,Eq ãÑM~k`~̀, ~mpU,Eq

for all ~̀ P ΞHasse, where

ΞHasse “ t
ÿ

σPΣ

rσ~hσ | rσ P Zě0 for all σ P Σ u

is the (integral) Hasse cone. We therefore have the following:

Proposition 6.1.2. Suppose that ~k, ~m P ZΣ and that ~̀ P ΞHasse. If ρ is geometri-

cally modular of weight p~k, ~mq, then ρ is geometrically modular of weight p~k` ~̀, ~mq.

6.2. Crystalline lifts and labelled Hodge-Tate weights. Suppose now that
ρ : GFp

Ñ Aut QppV q – GLdpQpq is a continuous representation of GFp
, given

by its action on a d-dimensional vector space V over Qp. Recall that DcryspV q “

pV bQp Bcrysq
GFp is a finitely-generated module over

pQp bQp Bcrysq
GFp “ Qp bQp Fp,0 –

ź

τPΣp,0

Qp,

and hence decomposes as the direct sum of finite-dimensional Qp-vector spaces
DcryspV qτ for τ P Σp,0 (on which Fp,0 acts via τ). Furthermore DcryspV q is equipped
with a semi-linear automorphism φ, sending DcryspV qτp,i to DcryspV qτp,i´1

, so that

DcryspV q is in fact free of finite rank over
ś

τPΣp,0
Qp, and we say that ρ is crystalline

if this is rank is d.
Similarly ρ is de Rham (resp. Hodge–Tate) if the filtered (resp. graded) mod-

ule DdRpV q “ pV bQp BdRq
GFp (resp. DHTpV q “ pV bQp BHTq

GFp ) is free of

rank d over Qp bQp Fp –
ś

σPΣp
Qp. Furthermore, if ρ is crystalline, then it is

de Rham, and hence also Hodge–Tate, in which case DdRpV q – Dcrys bFp,0 Fp

and DHTpV q – gr pDdRpV qq. In particular, for each σ P Σp, the corresponding

component DHTpV qσ of DHTpV q is a graded d-dimensional vector space over Qp.
Definition 6.2.1. If ρ is Hodge–Tate and σ P Σp, then the σ-labelled weights of
V are the d-tuple of integers pw1, w2, . . . , wdq P Zd such that w1 ě w2 ě ¨ ¨ ¨ ě wd
and DHTpV qσ is isomorphic to ‘di“1Qpr´wis, where Qpr´wis has degree ´wi.

We restrict our attention now to the case d “ 2.

Definition 6.2.2. Suppose that ρ : GFp
Ñ GL2pFpq is a continuous representation

and that p~k, ~mq P ZΣp

ě1 ˆ ZΣp . We say that ρ has a crystalline lift of weight p~k, ~mq
if there exists a continuous representation:

rρ : GFp
Ñ GL2pZpq

such that rρ bZp Fp is isomorphic to ρ, and rρ bZp Qp is crystalline with σ-labelled

Hodge–Tate weights p´1´mσ,´kσ ´mσq for all σ P Σp.
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Note that this definition differs slightly from the one in [DS23, Def. 7.2.2], re-
flecting the difference in conventions in the definitions of the Hecke action and
σ-labelled Hodge–Tate weights.

6.3. Statement of the conjecture. First recall the definition of the (positive)
minimal cone appearing in Theorem 4.2.3:

Ξ`min “

"

~k P ZΣ
ą0

ˇ

ˇ

ˇ

ˇ

kp,i,1 ď kp,i,2 ď ¨ ¨ ¨ ď kp,i,ep ď pkp,i`1,1

for all p P Sp, i P Z{fpZ

*

,

where we have written kp,i,j for kσp,i,j
.

Recall also that for ~k P ZΣ, we let ~kp denote its image in ZΣp under the natural
projection.

Our generalization of Conjecture 7.3.1 of [DS23] is then:

Conjecture 6.3.1. Let ρ : GF Ñ GL2pFpq be an irreducible, continuous, totally

odd representation, and let ~m P ZΣ. There exists ~kmin “ ~kminpρ, ~mq P Ξ`min such
that the following hold:

(1) ρ is geometrically modular of weight p~k, ~mq if and only if ~k´~kmin P ΞHasse;

(2) if ~k P Ξ`min, then ~k´~kmin P ΞHasse if and only if ρ|GFp
has a crystalline lift

of weight p~kp, ~mpq for all p P Sp.

We can view the conjecture as comprising several parts:

‚ Firstly, we incorporate the folklore conjecture that every continuous, irre-
ducible, totally odd ρ is modular, in the sense that it arises as ρf from
a mod p Hilbert modular eigenform f of some weight. While this can be
called the “weak version” of (the analogue of) Serre’s Conjecture in this
context, it is almost certainly the hardest part.

We remark on a possible alternative formulation of the weak version of
the conjecture. Note that it follows from the construction of ρf in the
proof of Theorem 5.2.1 that if it is irreducible, then it arises as ρπ for
some π P C~2; note however that the conductor of π need not be prime to
p. Conversely, we will see below (Corollary 6.5.7) that if π is as in the

statement of Theorem 5.1.1 (for any ~k and w all of the same parity), and
ρπ is irreducible, then it arises as ρf for some f as in Theorem 5.2.1. The
weak version is therefore equivalent to the assertion that every continuous,
irreducible, totally odd ρ is of the form ρπ for some π P C~2.

‚ Assuming ρ is geometrically modular (of some weight), the existence of
~kmin as in (1) is an assertion purely about mod p Hilbert modular forms.
Recall from Theorem 4.2.3 that for each eigenform f giving rise to ρ, we

have ~kminpfq P Ξ`min (the irreducibility of ρf ruling out the possibility that
~kminpfq “ ~0). The conjecture thus predicts that among all such f , i.e.,
those (for fixed ~m) with the same systems of Hecke eigenvalues outside a

finite set of primes, there are those for which ~kminpfq is uniquely minimal
with respect to the partial ordering induced by ΞHasse.

The difficulty in proving this arises when ρf |GFp
is reducible for multiple

primes p P Sp. More precisely, if f is ordinary at p, in the sense of the hy-
pothesis of Theorem 5.3.1, then ρf will also arise from Hecke eigenforms g,

also with ~m “ ~́1 but different ~kmin, such that Tppgq “ 0. The conjectured
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existence of ~kmin as in (1) is based on the expectation that ρ arises from

an f (with ~m “ ~́1) which is simultaneously ordinary at all p P Sp for
which ρ|GFp

is ramified and ordinary (in the sense of the conclusion of The-

orem 5.3.1), and with kσ “ 1 for all σ P Sp for which ρ|GFp
is unramified.

The fact that this holds (at least under mild technical hypotheses) follows
from the main results of [BLGG12, BLGG13] and forthcoming work of the
authors.

‚ Complementarily, the existence of ~kmin as in (2) is a statement purely
about integral p-adic Hodge theory. Indeed let ρ : GL Ñ GL2pFpq be
any continuous representation, where L is any finite extension of Qp, and
(re)define Ξ`min and ΞHasse as subsets of ZΣ, where Σ is the set of embed-

dings tσ : L Ñ Qp u. The assertion then amounts18 to the existence of a

unique minimal ~k P Ξ`min (with respect to the partial ordering induced by

ΞHasse) such that ρ has a crystalline lift of weight p~k, ~́1q. The existence

of such a ~k is strongly suggested by its consistency with the Breuil–Mézard
Conjecture in conjunction with modular representation theoretic consider-
ations, and in particular Conjecture 2.3 of Wiersema’s thesis [Wie21a] (in
the case that p is unramified in F ).

‚ Finally, the conjecture predicts that the minimal weights characterized in
the preceding two points coincide; in particular if ρ arises from a mod p
Hilbert modular eigenform of some weight, then the set of such weights is
determined by the local Galois representations ρ|GFp

for p P Sp. More pre-
cisely, granting the “weak” conjecture and the existence of minimal weights
as in parts (1) and (2), then their coincidence is equivalent to the following
generalization of [DS23, Conj. 7.3.2], which we may view as the “weight
part” of the analogue of Serre’s conjecture in this context:

Conjecture 6.3.2. Suppose that ρ : GF Ñ GL2pFpq is irreducible and geometri-

cally modular some weight, and that ~k P Ξ`min. Then ρ is geometrically modular of

weight p~k, ~mq if and only if ρ|GFp
has a crystalline lift of weight p~kp, ~mpq for all

p P Sp.

Remark 6.3.3. We remark that the “only if” in Conjecture 6.3.2 may fail for

certain ~k R Ξ`min; see [Yan25b, Example 3.2.21] for an example due to Bartlett.
On the other hand, the results in S. Yang’s thesis (see [Yan25b, Rmk. 4.1.3]) show
that, for the purpose of ensuring the “only if” implication, the inequalities in the
definition of the Ξ`min are not sharp. (See also Remark 7.3.4 below.)

In any case, for a version that covers all ~k, we could replace “weight p~kp, ~mpq

for all p P Sp” with “weight p~k1p, ~mpq for all p P Sp and some ~k1 P Ξ`min such that
~k ´ ~k1 P ΞHasse.”

6.4. Dependence on ~m. We first note that the conjectural characterizations of
~kminpρ, ~mq depend only on a mod p character associated to ~m.

18The local statement is a priori stronger, but in fact equivalent by [GK19, Prop. A.1]. Note

also that we have assumed here that ~m “ ´~1, to which the general case reduces by twisting

arguments discussed below.



ON GALOIS REPRESENTATIONS ASSOCIATED TO HILBERT MODULAR FORMS 43

Proposition 6.4.1. Let ρ : GF Ñ GL2pFpq be an irreducible, continuous represen-

tation. Suppose that ~k, ~m,~n P ZΣ are such that
ś

σPΣp
ωmσσ “

ś

σPΣp
ωnσσ for all

p P Sp, where ωσ : Fˆp Ñ Fˆp is the character induced by σ.

(1) ρ is geometrically modular of weight p~k, ~mq if and only if ρ is geometrically

modular of weight p~k, ~nq;

(2) if p P Sp, then ρ|GFp
has a crystalline lift of weight p~kp, ~mpq if and only if

it has a crystalline lift of weight p~kp, ~npq.

Proof. First note that the condition on ~m and ~n means that ~n´ ~m P kerpλq, where

λ : ZΣ ÝÑ
ź

pPSp

Hom pFˆp ,F
ˆ

p q

is the surjective homomorphism defined by λp~̀qp “
ś

σPΣp
ω`σσ . Since ~hσ P kerpλq

for all σ P Σ, and

rZΣ :
ÿ

σPΣ

Z~hσs “ | detpAq| “
ź

pPSp

ppfp ´ 1q,

where A is the d ˆ d-matrix with columns ~hσ, it follows that kerpλq “
ř

σPΣ Z~hσ,

and therefore ~n “ ~m`
ř

σPΣ rσ
~hσ for some ~r P ZΣ.

Recall from §4.1 that we have Hecke-equivariant isomorphisms

M~k,~mpU,Eq
„
ÑM~k,~m`~hσ

pU,Eq

for all σ P Σ, so it follows that M~k,~mpU,Eq –M~k,~npU,Eq, which implies (1).

To prove (2), recall that a character ξ : GFp
Ñ Qˆp (necessarily Zˆp -valued) is

crystalline with σ-labelled Hodge–Tate weights pwσq for σ P Σp if and only if the

restriction OˆFp
Ñ Qˆp of the character corresponding to ξ via local class field theory

has the form
ś

σPΣp
σwσ (see [Con11, App. B]). The condition on ~m and ~n therefore

implies that there is such a character ξ with trivial reduction and σ-labelled Hodge–
Tate weights pmσ ´ nσq for σ P Σp. Thus if rρ is a crystalline lift of ρ|GFp

of weight

p~kp, ~mpq, then ξ b rρ is a crystalline lift of ρ|GFp
of weight p~kp, ~npq. �

Let Q be a finite set of primes of F containing Sp, and suppose that χ : GF Ñ Fˆp
is a continuous character unramified outside Q. Write ξ : AˆF {FˆF

ˆ
8,` Ñ Fˆp for

the character corresponding to χ via class field theory, so in particular, ξp$vq “

χpFrobvq for all v R Q. Note also that χ is tamely ramified at all p P Sp, and that

ξ|OˆF,p
induces the character Fˆp Ñ Fˆp corresponding to χ|Ip via local class field

theory.

Proposition 6.4.2. Let ρ : GF Ñ GL2pFpq be an irreducible, continuous represen-

tation, and let χ : GF Ñ Fˆp be a continuous character. Suppose that ~k, ~̀, ~m P ZΣ,

and that ξ|OˆF,p
“
ś

σPΣp
σ´`σ for all p P Sp, where ξ is the character corresponding

to χ via class field theory.

(1) ρ is geometrically modular of weight p~k, ~mq if and only if χb ρ is geomet-

rically modular of weight p~k, ~̀` ~mq;
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(2) if p P Sp, then ρ|GFp
has a crystalline lift of weight p~kp, ~mpq if and only if

pχb ρq|GFp
has a crystalline lift of weight p~kp, ~̀p ` ~mpq.

In particular, Conjectures 6.3.1 and 6.3.2 hold for ρ if and only if they hold for
χb ρ.

Proof. (1) Suppose that ρ is geometrically of weight p~k, ~mq, and let f PM~k,~mpU,Eq

be an eigenform such that ρf is isomorphic to ρ. Note that since ξ is trivial on

FˆFˆ8,`, its restriction to pAppqF,f qˆ satisfies ξpαq “ α
~̀

for all α P OˆF,ppq,`. Therefore,

shrinking U and enlarging E as necessary, we have the isomorphism

eξ : M~k,~mpU,Eq
„
ÝÑM~k,~̀̀ ~mpU,Eq

of (3), and hence an eigenform ϕ “ eξf P M~k,~̀̀ ~mpU,Eq such that Tvpϕq “

ξp$vqavϕ and Svpϕq “ ξp$vq
2dvϕ for all but finitely many primes v of F , where

av “ tr pρpFrobvqq and NmF {Qpvqdv “ detpρpFrobvqq. It follows that ρϕ is isomor-

phic to χb ρf , and therefore that χb ρ is modular of weight p~k, ~̀` ~mq.
The converse holds by symmetry.
(2) We claim that χ|GFp

has a crystalline lift rχp whose σ-labelled Hodge–Tate

weight is ´`σ. Indeed, this follows from [Con11, App. B] on taking rχp to correspond
via local class field theory to a lift of ξ|ˆFp

whose restriction to OˆF,p is
ś

σPΣp
σ´`σ .

Therefore if rρp is a crystalline lift of ρ|GFp
of weight p~kp, ~mpq, then rχp b rρp is a

crystalline lift of pχ b ρq|GFp
of weight p~kp, ~̀p ` ~mpq. This gives one direction of

the implication, and the converse again holds by symmetry. �

Remark 6.4.3. Recall that conjectures along the lines of those above are formu-
lated in [DS23] under the assumption that p is unramified in F . However, due
to the different conventions in the definition of the Hecke operators, the Galois
representation associated to an eigenform f in [DS23] is χ b ρf in the notation of
this paper, where χ is the cyclotomic character (see Remark 5.2.2). Therefore ρ is

modular of weight p~k, ~mq in the notation of [DS23] if and only if χ´1bρ is modular

of weight p~k, ~mq in the notation of this paper, which, by the preceding proposition,

is equivalent to ρ being modular of weight p~k, ~m´~1q
The analogous statement holds for our conventions with respect to weights of

crystalline lifts, i.e., ρ|GFp
has a crystalline lift of weight p~kp, ~mpq in the notation

of [DS23] if and only if it has a crystalline lift of weight p~kp, ~mp´1q in the notation
of this paper.

It follows that if p is unramified in F , then Conjectures 6.3.1 and 6.3.2 above

are equivalent to Conjectures 7.3.1 and 7.3.2 of [DS23], but with ~kminpρ, ~mq of that

paper equal to ~kminpχ
´1 b ρ, ~mq “ ~kminpρ, ~m ´ ~1q of this paper (where χ is the

cyclotomic character).

Finally we note the following consequence of the effect of Θ-operators.

Proposition 6.4.4. Let ρ : GF Ñ GL2pFpq be an irreducible, continuous represen-

tation. Suppose that ~k, ~m P ZΣ and ς P Σ. If ρ is geometrically modular of weight

p~k, ~mq, then ρ is geometrically modular of weight p~k ` ~hς ` 2~eς , ~m´ ~eςq.

Proof. Suppose that ρ is geometrically modular of weight p~k, ~mq, and let f P

M~k,~mpU,Eq be an eigenform giving rise to ρ. We first treat that the case where
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ς “ σp,i,ep for some τ “ τp,i P Σ0. We wish to reduce to the case that f R
kerpΘτ q. Recall that kerpΘτ q is described in Theorem 4.2.2 in terms of the im-

ages of the maps Vp : M~̀,~npU,Eq ãÑ M~̀1,~n1pU,Eq, where ~̀1 “ ~̀`
ř

σPΣp
`σ~hσ and

~n1 “ ~n`
ř

σPΣp
nσ~hσ.

First we claim that we may assume f is not divisible by any partial Hasse
invariant Hσ. Indeed, we may write f “ φ

ś

σPΣH
rσ
σ for some ~r P ZΣ

ě0 and φ P

M~k1,~mpU,Eq not divisible by any Hσ, where ~k1 “ ~kminpfq and ~k ´ ~k1 P ΞHasse. If

the proposition holds for φ, then we have that ρ is geometrically modular of weight

p~k1`~hς`2~eς , ~m´~eςq, and hence of weight p~k`~hς`2~eς , ~m´~eςq by Proposition 6.1.2.
Next we show that there is a maximal non-negative integer n such that

f “ V np pφq
ź

σPΣ

Grσσ

for some φ P M~k1,~m1pU,Eq,
~k1, ~m1, ~r P ZΣ. Indeed since Vp and multiplication by

the Gσ are Hecke-equivariant, the formula implies that φ is an eigenform giving

rise to ρ, whose irreducibility then implies that ~k1 ‰ ~0. Furthermore since f is not
divisible by any Hσ, neither is φ (see [Dia23, §9.3] for the effect of Vp on the Hσ

and Gσ), so Theorem 4.2.3 implies that ~k1 “ ~kminpφq P Ξ`min. The boundedness
of n then follows from the fact that in the definition of Vp, if each `σ ą 0, then
ř

σPΣp
`1σ ą

ř

σPΣp
`σ.

Now note that for φ as above, we have Θτ pφq ‰ 0. Indeed, if φ P kerpΘτ q, then
Theorem 4.2.2 implies that

φ “ Vppgq
ź

σPΣ

Gsσσ

for some g P M~̀,~npU,Eq,
~̀, ~n,~s P ZΣ (since φ is not divisible by any Hσ), which

contradicts the characterization of n. Therefore ρ arises from Θτ pφq, and hence is

geometrically modular of weight p~k1 `~hς ` 2~eς , ~m
1 ´ ~eςq. Since ~k ´ ~k1 P ΞHasse and

λp~mq “ λp~m1q (in the notation of the proof of Proposition 6.4.1), it follows that

ρ is geometrically modular of weight p~k ` ~hς ` 2~eς , ~m´ ~eςq (by Propositions 6.1.2
and 6.4.1).

Finally suppose that ς “ σp,i,j for some j ă ep. Note that

p~hς ` 2~eςq ´ p~hς1 ` 2~eς1q “ ~hς ` ~hς1 P ΞHasse and λp~eςq “ λp~eς1q,

where ς “ σp,i,j`1. The desired conclusion therefore follows (by induction on ep´j)
from Propositions 6.1.2 and 6.4.1. �

Remark 6.4.5. Under the assumption that kσ ě 2 for all σ P Σ, a statement
analogous to Proposition 6.4.4 for crystalline lifts follows from the Breuil–Mézard
Conjecture and a modular representation theory calculation. In the same vein, so

does an analogue of Proposition 6.1.2, under the further assumption that ~k and
~k ` ~̀ P Ξmin.

Remark 6.4.6. If there exist ~kminpρ, ~mq as in part (1) of Conjecture 6.3.1, then
Proposition 6.4.4 implies that

~kminpρ, ~m´ ~eσq ď ~kminpρ, ~mq ` ~hσ ` 2~eσ

where σ “ σp,i,ep and the partial ordering is defined by ~k ď ~k1 if ~k1 ´ ~k P ΞHasse.
(The same holds for σ “ σp,i,j if j ă ep, but in view of the final step in the proof of
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Proposition 6.4.4, this is a weaker assertion.) Furthermore, it follows from [Dia23,

Thm. 5.2.1] and the proof of Proposition 6.4.4 that if ~k “ ~kminpρ, ~mq satisfies p|kσ,
then in fact

~kminpρ, ~m´ ~eσq ď ~kpρ, ~mq ` 2~eσ.

Recall also from Proposition 6.4.1 (and its proof) that ~kminpρ, ~mq will depend

only on the image λp~mq P Hom pT,Fˆp q, where T “
ś

pPSp
Fˆp . We may view

the resulting function Hom pT,Fˆp q Ñ Ξ`min (defined by λp~mq Ñ ~kminpρ, ~mq) as a
generalized “Θ-cycle.” Note however that the information is slightly cruder than
what is provided by the original notion in the classical setting (as in [Edi92, §3]),
since it fails to distinguish between ordinary and non-ordinary forms giving rise to
the same Galois representation.

6.5. Algebraic modularity. We now discuss the relation with “algebraic” Serre
weight conjectures in this context, as formulated in [BDJ10] for p unramified in
F , and then generalized to the ramified case by Schein [Sch08] and Gee [Gee11a].
Recall that (for F unramified at p) a weight V in [BDJ10] is an Fp-representation of

GL2pOF {pq, and the notion of a representation ρ : GF Ñ GL2pFpq being modular
of weight V is defined terms of the manifestation of ρ in Jacobians of certain
Shimura curves over F , or equivalently, the appearance of ρ in their cohomology
with coefficients in an étale sheaf determined by V (see [BDJ10, Lemma 2.4]).
Furthermore, this is in turn equivalent to the presence of the corresponding system
of Hecke eigenvalues arising in such cohomology (see [BDJ10, Lemmas 4.10, 4.11]).
One can make similar definitions in terms of Hecke eigensystems on forms associated
to totally definite quaternion algebras (as in [Gee11b]).

To adapt these notions to our setting, let OB be a maximal order in a quaternion
algebra B over F , where B is as in §3.6 or §3.7, so B is unramified at all p P Sp and

at most one archimedean place of F . In either case, we defined a space MB
~k,~m
pU,Fpq

for any ~k P ZΣ
ě2, ~m P ZΣ and sufficiently small open compact U Ă BˆA,f containing

OˆB,p, and equipped it with an action of (commuting) Hecke operators Tv and Sv
for all primes v R Sp such that B is unramified at v and OˆB,v Ă U . We thus have

an action of TQ on MB
~k,~m
pU,Fpq, where TQ is the polynomial ring over Fp in the

variables Tv and Sv for all v R Q, and Q is any finite set of primes of F containing
all v such that v P Sp, B

ˆ
v is ramified, or OˆB,v Ć U .

Suppose now that ρ : GF Ñ GL2pFpq is any continuous, irreducible, totally odd
representation, and Q is a finite set of primes containing all those in Sp and those
at which ρ is ramified. We let mQρ denote the maximal ideal of TQ generated by
the elements

Tv ´ tr pρpFrobvqq and NmF {QpvqSv ´ detpρpFrobvqq

for all v R Q.
We then make the following definition:

Definition 6.5.1. For ρ, ~k and ~m as above, we say that ρ is definitely modular

(resp. algebraically modular) of weight p~k, ~mq if

MB
~k,~m
pU,FpqrmQρ s ‰ 0

for some B, U and Q as above, where B is totally definite (resp. unramified at
exactly one archimedean place).
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Note that since MB
~k,~m
pU,Fpq is finite-dimensional, the action on it of TQ factors

through an Artinian quotient. It follows that the condition in the definition is
equivalent to the non-vanishing of MB

~k,~m
pU,FpqmQρ , or equivalently the containment

Ann TQpM
B
~k,~m
pU,Fpqq Ă mQρ .

We note also that if mQρ is in the support of MB
~k,~m
pU,Fpq, then so is mQ

1

ρ

for all finite Q1 Ą Q. Furthermore, if OˆB,p Ă U 1 Ă U and Q1 contains all v

such that OˆB,v Ć U 1, then mQ
1

ρ is also in the support of MB
~k,~m
pU 1,Fpq. This

is clear if B is totally definite; otherwise, we need to show that mQ
1

ρ is not in

the kernel of the map MB
~k,~m
pU,Fpq Ñ MB

~k,~m
pU 1,Fpq induced by the projection

Y BU 1 Ñ Y BU , for which we may assume that U 1 is normal in U . As in the proof of
Theorem 5.2.1, the Hochschild–Serre spectral sequence identifies this kernel with
H1pG,H0pY BU 1 ,D~k,~m,Fpqq as a TQ1 -module, where G “ U{U 1pU XOˆF q, and a stan-

dard argument shows that H0pY BU 1 ,D~k,~m,FpqmQ1ρ “ 0 (see for example the proof of

Lemma 6.5.3 below).
The above notion of algebraic modularity generalizes the one in [BDJ10] and

[DS23], but with different conventions. More precisely, if p is unramified in F , then

ρ is algebraically modular of weight p~k, ~mq in the sense above if and only if it is

algebraically modular of p~k, ~m`~1q in the sense of [DS23], or equivalently modular
of weight D~k,´~k´~m´~1,Fp in the sense of [BDJ10], where

D~k,´~k´~m´~1,Fp “
â

σPΣ

pdet´kσ´mσ bFp Symkσ´2 F2

pq

(as defined in §3.6) is viewed as a representation of GL2pOF {pOF q.
We note that part (1) of both Propositions 6.4.1 and 6.4.2 hold with “geomet-

rically” replaced by either “definitely” or “algebraically.” Indeed in the case of
Proposition 6.4.1, this is immediate from the definitions, and for Proposition 6.4.2,
the same proof as for geometric modularity carries over.

Recall that Conjecture 7.5.2 of [DS23] predicts (for p unramified in F ) that if ρ

is algebraically modular of weight p~k, ~mq (where ~k P ZΣ
ě2q, then it is algebraically

modular of the same weight, and that the converse holds if in addition ~k P Ξmin.
We extend the conjecture to the current setting as follows:

Conjecture 6.5.2. Suppose that ρ : GF Ñ GL2pFpq is a continuous, irreducible,

totally odd representation, and that p~k, ~mq P ZΣ
ě2 ˆ ZΣ.

(1) ρ is definitely modular of weight p~k, ~mq if and only if ρ is algebraically

modular of weight p~k, ~mq.

(2) If ρ is algebraically modular of weight p~k, ~mq then ρ is geometrically modular

of weight p~k, ~mq; furthermore the converse holds if ~k P Ξmin.

Under a Taylor–Wiles hypothesis on ρ, part (1) follows from results of Gee–Liu–
Savitt [GLS15] (see Theorem 6.5.9 and Corollary 6.5.10 below). As explained in
[DS23], the first assertion in (2) is straightforward if all kσ have the same parity.
Here we prove the forward directions of (1) and (2) unconditionally. The other
direction of (2) is more difficult, but some cases are proved in S. Yang’s PhD
thesis [Yan25b] (see also [Yan25a]).
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Before proving the implications, we recall the following well-known behavior
of weights with respect to definite (resp. algebraic) modularity. Note that the
action of GL2pOF,pq on D~k,~m,Fp factors through

ś

pPSp
GL2pFpq, and recall that

this representation is irreducible if and only if ~k has the property that for each
τ “ τp,i P Σ0, we have

2 ď kp,i,jτ ď p` 1 for some jτ P 1, . . . , ep, and kp,i,j “ 2 for all j ‰ jτ .

Observe also that such a D~k,~m,Fp depends only on the pair pλp~mq,~k0q, where λp~mq

is a character of
ś

pPSp
Fˆp (as in the proof of Proposition 6.4.1) and ~k0 P ZΣ0 is

defined by k0
p,i “ maxtkp,i,1, . . . , kp,i,epu. In particular, it does not depend on the

jτ such that k0
p,i “ kp,i,jτ (but such a ~k is in Ξmin if and only if k0

p,i “ kp,i,ep
for all τ P Σ0). Recall also that for such ~k, the representation D~k,~m,Fp is dual to

D~k,´~k´~m,Fp . The following lemma reduces the question of definite (resp. algebraic)

modularity to consideration of such weights.

Lemma 6.5.3. Suppose that ρ : GF Ñ GL2pFpq is a continuous, irreducible, totally

odd representation, and that p~k, ~mq P ZΣ
ě2 ˆ ZΣ. Then ρ is definitely (resp. al-

gebraically) modular of weight p~k, ~mq if and only if ρ is definitely (resp. alge-

braically) modular of some weight p~̀, ~nq such that D~̀,~n,Fp is a Jordan–Hölder factor

of D~k,~m,Fp .

Proof. We only sketch the argument, which is standard.
Consider first the case of algebraic modularity. Adopting the notation of §3.7,

an exact sequence 0 Ñ T Ñ T 1 Ñ T 2 Ñ 0 of O-modules with smooth actions of
Up “ OˆB,p yields an exact sequence

0 ÝÑ T ÝÑ T 1 ÝÑ T 2 ÝÑ 0

of locally constant sheaves on Y UB , where U “ UpU
p for sufficiently small Up.

Furthermore the morphisms in the resulting long exact sequence

H0pY BU , T 2q Ñ H1pY BU , T q Ñ H1pY BU , T 1q Ñ H1pY BU , T 2q Ñ H2pY BU , T q

are TQ-equivariant. It follows that if mQρ is in the support of M~k,~mpU,Fpq “
H1pY BU ,D~k,~m,Fpq, then it is in the support of M~̀,~npU,Fpq “ H1pY BU ,D~̀,~n,Fpq for

some Jordan–Hölder factor D~̀,~n,Fp of D~k,~m,Fp .

To prove the converse, it suffices to show that mQρ is not in the support of

HipY BU ,D~̀,~n,Fpq for any such Jordan-Hölder factor and i “ 0 or 2. Furthermore,

we claim that these spaces vanish for such `, unless ~̀ “ ~0. For i “ 0, this follows
from the fact that the sections on each connected component are identified with

the invariants in D~̀,~n,Fp under the action of Bˆ` XgUg
´1 for some g P pB

ppq
f qˆ, and

the image of this group in
ś

pPSp
GL2pFpq contains

ś

pPSp
SL2pFpq by the Strong

Approximation Theorem. The vanishing for i “ 2 then follows from Poincaré
Duality (and the duality between D~k,~m,Fp and D~k,´~k´~m,Fp).

We now assume ~̀ “ ~0 and analyze the Hecke action on H0pY BU ,D~0,~n,Fpq by

identifying it with the space of Up-invariants in the smooth Fp-representation

lim
ÝÑ

H0pY BU ,D~0,~n,Fpq “ lim
ÝÑ

H0pCBU , πU,˚D~0,~n,Fpq
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of pB
ppq
f qˆ, where the limit is over sufficiently small Up and πU : Y BU Ñ CBU “

AˆF,f {F
ˆ
` detpUq is the projection to the set of connected components. Furthermore

πU,˚D~0,~n,Fp may be identified with the locally constant sheaf over CU defined by

sections of

pAˆF,f ˆ Fppξ~nqq{Fˆ` detpUq,

where the character ξ~n of Fˆ` detpUq is trivial on Fˆ` detpUpq and (the inflation of)

x ÞÑ x~n on OˆF,p. In particular, it follows that if v R Q splits completely in the

abelian extension L of F corresponding via class field theory to kerpξ~nq, then

Tv “ 1`NmF {Qpvq and Sv “ 1

on H0pY BU ,D~0,~n,Fpq. So if mQρ lies in its support, then the Cebotarev Density and

Brauer–Nesbitt Theorems imply that ρ|ssGL is isomorphic to 1`χ´1
cyc , which in turn

implies that ρ is reducible, yielding the desired contradiction. Using Poincaré Dual-
ity, we similarly obtain a contradiction to mQρ being in the support ofH2pY BU ,D~0,~n,Fpq.

The proof for definite modularity is similar, but much easier, since it only involves
H0. The result therefore follows directly from the exactness of sequences of the form

0 ÝÑ H0pY BU , T q ÝÑ H0pY BU , T 1q ÝÑ H0pY BU , T 2q ÝÑ 0.

�

We recall also an analogue of Ihara’s Lemma in the setting of totally definite
quaternion algebras, essentially due to Taylor [Tay89]. Let B be a totally definite
quaternion algebra over F unramified at all p P Sp, U a sufficiently small open
compact subgroup of BˆA,f containing OˆB,p, and Q a sufficiently large finite set of

primes of F . For w R Q, choose an element h P OB,w –M2pOF,wq such that detphq
is a uniformizer, let U0pwq “ U X hUh´1, and consider the level-raising map

β : MB
~k,~m
pU,Fpq2 ÝÑMB

~k,~m
pU0pwq,Fpq

defined by βpf1, f2qpxq “ f1pxq ` f2pxhq. Note that β is TQ1 -linear, where Q1 “
QY twu.

The analogue of Ihara’s Lemma is the following, for which our proof is based on
the one in [DT94, Lemma 2].

Lemma 6.5.4. Suppose that B, U , Q, w and β are as above, and ρ, ~k and ~m are
as in Conjecture 6.5.2. Then mQ

1

ρ is not in the support of kerpβq.

Proof. If f1, f2 P M
B
~k,~m
pU,Fpq are such that βpf1, f2q “ 0, then f1pxq “ ´f2pxhq

for all x P BˆA . It follows that f1pγfxuq “ u´1
p f1pxq for all γ P Bˆ, x P Bˆf and

u P xU, h´1Uhy “ UB1
w, where B1

w is the kernel of det : Bˆw Ñ Fˆw . In particular,
f1pγfxuq “ f1pxq for all γ P Bˆ, x P Bˆf and u P U 1B1

w, where U 1 “ UpU 1p and

U 1p Ă OˆBp is the principal congruence subgroup of level
ś

pPSp
p.

Suppose now that v R Q1 splits completely in the abelian extension L of F
corresponding via class field theory to Fˆ` detpU 1q. Then for any x P Bˆf and
g P Bˆv , the Strong Approximation Theorem implies that xg “ γfxu for some
γ P Bˆ, u P U 1B1

w, from which it follows that Tvf1 “ pNmF {Qpvq ` 1qf1 “ 2f1 and

Svf1 “ f1. Thus if mQ
1

ρ is in the support of kerpβq, then Tv ´ 2, Sv ´ 1 P mQ
1

ρ for all
such v, which (by the Chebotarev Density and Brauer–Nesbitt Theorems) implies
that ρ|GL has trivial semi-simplification, contradicting the irreducibility of ρ. �
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We now prove one direction of each part of Conjecture 6.5.2.

Theorem 6.5.5. Suppose that ρ, ~k and ~m are as in Conjecture 6.5.2.

(1) If ρ is definitely modular of weight p~k, ~mq, then ρ is algebraically modular

of weight p~k, ~mq.

(2) If ρ is algebraically modular of weight p~k, ~mq, then ρ is geometrically mod-

ular of weight p~k, ~mq.

Proof. (1) Firstly, by Lemma 6.5.3, we may assume that D~k,~m,Fp is irreducible, and

in particular that 2 ď kσ ď p` 1 for all σ P Σ.
Let B, U and Q be as in Definition 6.5.1, with B totally definite, so there exists

a non-zero f P M~k,~mpU,Fpq (for some sufficiently small open compact subgroup U

of level prime to p and sufficiently large finite set of primes Q) such that Tvf “ avf
and Svf “ dvf for all v R Q, where

av “ tr pρpFrobvqq and dv “ NmF {Qpvq
´1 detpρpFrobvqq.

As usual, we choose a character ξ : pAppqF,f qˆ Ñ Fˆp such that ξpαq “ α~m`
~k{2

for all α P OˆF,ppq,` and (after shrinking U and enlarging Q as needed) apply the

isomorphism

eξ : MB
~k
pU,Fpq

„
ÝÑMB

~k,~m
pU,Fpq

to obtain an eigenform ϕ PMB
~k
pU,Fpq such that Tvϕ “ a1vϕ and Svϕ “ d1vϕ for all

v R Q, where a1v “ ξp$vq
´1av and d1v “ ξp$vq

´2dv.

Let L “ F
kerpρq

denote the splitting field of ρ. By the Chebotarev Density
Theorem, we may choose a prime w R Q such that the conjugacy class of Frobw
in Gal pLpζpq{F q is that of a complex conjugation. Since ρ is totally odd and
χcycpFrobwq “ ´1, we have aw “ tr pρpFrobwqq “ 0 and NmF {Qpwq ” ´1 mod p.

Now consider the level-raising map

β1 : MB
~k
pU,Oq2 ÝÑMB

~k
pU0pwq,Oq

defined by β1pϕ1, ϕ2qpxq “ ϕ1pxq`ϕ2pxhq, where U0pwq and h are as in the defini-
tion of β (preceding Lemma 6.5.4). Thus β1 is T-linear, where T is the polynomial
ring over O in the variables Tv and Sv for v R Q1 “ Q Y twu. Let m denote the
kernel of the homomorphism TÑ E defined by Tv ÞÑ a1v, Sv ÞÑ d1v. It follows from
Lemma 6.5.4 and the commutativity of the diagram

MB
~k
pU,Fpq2m

β1mbOFp
//

opeξ, ξp$wq
´1eξq

��

MB
~k
pU0pwq,Fpqm

oeξ

��

MB
~k,~m
pU,Fpq2

mQ
1

ρ

β
m
Q1
ρ
// MB

~k,~m
pU0pwq,FpqmQ1ρ

that the reduction

β
1

m : MB
~k
pU,Eq2m ÝÑMB

~k
pU0pwq, Eqm

of β1m is injective, and hence that β1m is injective with torsion-free cokernel.

Let us note also that the same argument, applied with ~m replaced by ´~k´ ~m, ρ
replaced by χ´1

cyc b ρ
_ and ξ replaced by ξ´1 shows that the same conclusions hold
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with m replaced by n, where n is the kernel of the homomorphism T Ñ E defined
by Tv ÞÑ d1´1

v a1v, Sv ÞÑ d1´1
v .

Next recall that since 2 ď kσ ď p ` 1 for all σ, the OˆB,ppq-module D~k,E is

equipped with a perfect E-bilinear pairing

x , y : D~k,E ˆD~k,E Ñ E

satisfying xγa, γby “ xa, by for all γ P OˆB,ppq, a, b P D~k,E (see [Jar13] for an explicit

description). We thus have a perfect pairing on MB
~k
pU 1, Eq, for any sufficiently

small U 1 containing OˆB,p, defined by

xϕ1, ϕ2y “
ÿ

x

xϕ1pxq, ϕ2pxqy

where the sum is over double coset representatives, i.e., pB
ppq
f qˆ “

š

xO
ˆ

B,ppqxU
1p.

One sees also that for any g P pB
ppq
f qˆ, the adjoint of the double coset operator

rUgU 1s is rU 1g´1U s. In particular, the adjoint of Tv (resp. Sv) on MB
~k
pU,Eq is

S´1
v Tv (resp. S´1

v ) for all v R Q. Furthermore, extending the pairing diagonally to

a perfect pairing on MB
~k
pU,Eq2, the adjoint of β

1
is the map

α1 “ prU0pwq1U s, rU0pwqh
´1U sq : MB

~k
pU0pwq, Eq ÝÑMB

~k
pU,Eq2

In particular α1 is T-linear, and α1m is surjective (since β
1

n is injective).

Now consider the composite α1 ˝ β
1
, which is the T-linear endomorphism of

M~kpU,Eq
2 given by the matrix

ˆ

NmF {Qpwq ` 1 Tw
S´1
w Tw NmF {Qpwq ` 1

˙

.

Since pϕ, 0q P kerpα1 ˝ β
1
qrms, the localization α1m ˝ β

1

m is not an isomorphism,
so its cokernel is non-trivial. Since α1m is surjective, it follows that β1m has non-
trivial cokernel. Furthermore, since this cokernel is torsion-free, it follows that
there is a prime ideal p of T in the support of coker pβ1q such that pXO “ 0, and
hence (enlarging K if necessary), an eigenform rϕ P coker pβ1q bO K such that that

Tv rϕ “ ra1v rϕ and Sv rϕ “ rd1v rϕ for some ra1v P O lifting a1v and rd1v P O lifting d1v.
Letting Π P CB~k denote the (necessarily cuspidal) automorphic representation

generated by rϕ, we have that Π
U0pwqw
w ‰ 0, but ΠUw

w “ 0, from which it follows that
Πw is a discrete series representation of Bˆw – GL2pFwq. Theorem 2.3.1 therefore

implies the existence of a cuspidal automorphic representation Π1 P CB1~k such that

Π1v – Πv for all finite v ‰ w, where B1 is a quaternion algebra over F such that

ΣB
1

“ ΣB Y twu ´ tσ0u for some archimedean place σ0. This in turn yields an

eigenform rϕ1 PMB1

~k
pU 1,Oq, where U 1 contains OˆB1,p and OˆB1,v for all v R Q1, with

Tv rϕ
1 “ ra1v rϕ

1 and Sv rϕ
1 “ rd1v rϕ

1 for all such v. Reducing mod $ thus yields an

eigenform ϕ1 P MB1

~k
pU 1, Eq such that Tvϕ

1 “ a1vϕ
1 and Svϕ

1 “ d1vϕ
1 for all v R Q1,

and finally applying eξ yields the desired eigenform f 1 P MB1

~k,~m
pU 1, Eq such that

Tvf
1 “ avf

1 and Svf
1 “ dvf

1 for all v R Q1.
(2) Now let B, U and Q be as in Definition 6.5.1, but with B indefinite, so there

exists a non-zero f P M~k,~mpU,Fpq for some sufficiently small U of level prime to p
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and sufficiently large Q such that Tvf “ avf and Svf “ dvf for all v R Q, where
av “ tr pρpFrobvqq and dv “ NmF {Qpvq

´1 detpρpFrobvqq.

Again choose ξ : pAppqF,f qˆ Ñ Fˆp such that ξpαq “ α~m`
~k{2 for all α P OˆF,ppq,`

(and shrink U and enlarge Q and E), so that applying eξ yields ϕ P MB
~k
pU,Eq

such that Tvϕ “ a1vϕ and Svϕ “ d1vϕ for all v R Q, where a1v “ ξp$vq
´1av and

d1v “ ξp$vq
´2dv.

The next step is to lift ϕ to an eigenform in MB
~k
pU,Oq. To that end, let T denote

the polynomial ring over O in the variables Tv and Sv for v R Q, and m the kernel
of the homomorphism TÑ E defined by Tv ÞÑ a1v and Sv ÞÑ d1v for v R Q. We claim
that the homomorphism MB

~k
pU,Oqm Ñ MB

~k
pU,Eqm induced by reduction mod $

is surjective. Indeed from the long exact cohomology sequence

H1pY BU ,D~k,Oq Ñ H1pY BU ,D~k,Eq Ñ H2pY BU ,D~k,Oq
$¨
Ñ H2pY BU ,D~k,Oq Ñ H2pY BU ,D~k,Eq

and Nakayama’s Lemma, we see that it suffices to prove that H2pY BU ,D~k,Eqm “ 0.

Applying eξ : H2pY BU ,D~k,Fpq
„
Ñ H2pY BU ,D~k,~m,Fpq, we are reduced to proving that

H2pY BU ,D~k,~m,FpqmQρ “ 0, which was already established in the proof of Lemma 6.5.3.

Similarly, we see that H0pY BU ,D~k,Eqm “ 0, and it follows that the sequence

0 ÝÑMB
~k
pU,Oqm

$¨
ÝÑMB

~k
pU,Oqm ÝÑM~kpU,Eqm ÝÑ 0

is exact.
We have now shown that MB

~k
pU,Oqm is non-zero and torsion-free, so the usual

argument gives an eigenform rϕ P MB
~k
pU,Kq (after enlarging K if necessary) such

that Tvprϕq “ ra1v rϕ and Svprϕq “ rd1v rϕ for all v R Q, where ra1v P O lifts a1v and rd1v
lifts d1v. This in turns yields a cuspidal automorphic representation Π P CB~k , to

which we can apply Theorem 2.3.1 to obtain an eigenform rϕ1 PM~kpU,Kq with the
same eigenvalues as rϕ for Tv and Sv for all v R Q. Finally, the usual argument
of reducing mod $ and applying eξ yields an eigenform f 1 P M~k,~mpU,Eq with the

same eigenvalues as f . �

Remark 6.5.6. As we will recall below (Corollary 6.5.10), the converse to (1) in
the preceding theorem follows from the main result of [GLS15] under a Taylor–Wiles
hypothesis on ρ.

Alternatively, one can try to argue more directly along the lines of our proof of
(1) above. However this requires an analogue of Ihara’s Lemma in the context of
Shimura curves over F , for which the strongest results to date are due to Manning
and Shotton [MS21], which also require a Taylor–Wiles hypothesis on ρ.

Finally we remark that the argument we gave for part (2) of the theorem can be

easily adapted to give a more direct proof that definite modularity of weight p~k, ~mq

implies geometric modularity of weight p~k, ~mq.

Corollary 6.5.7. Suppose that π is as in the statement of Theorem 5.2.1 and that

ρ :“ ρπ is irreducible. Then ρ is geometrically modular of some weight p~̀, ~nq with
~̀ P r2, p` 1sΣ such that `p,i,j “ 2 for all p P Sp, i P Z{fpZ and 1 ď j ď ep ´ 1.

Proof. Suppose first that rF : Qs is odd, and let B be a quaternion algebra over F
which is unramified at all finite places and exactly one archimedean place of F . By
the Jacquet–Langlands correspondence, there is an irreducible subrepresentation Π
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of |det |w{2S~k such that Πv – πv for all finite primes v of F . For some sufficiently

small open compact U 1 “ U 1pU
1p Ă Bˆf , we have Tv (resp. NmF {QpvqSv) acts as

tr pρπpFrobvqq (resp. detpρπpFrobvqq) on ΠU 1 for all v not in some finite set of non-
archimedean places Q of F , from which it follows that mQρ is in the support of

MB
~k,~m
pU 1,Fpq “ H1pY BU 1 ,D~k,~m,Fpq,

where mσ “ ´pw ` kσq{2 for σ P Σ.
Letting U “ OˆB,pU 1p, the projection % : Y BU 1 Ñ Y BU is étale (for sufficiently

small U 1p), and %˚D~k,~m,Fp is isomorphic to the locally constant sheaf T on Y BU

associated to the smooth representation T “ Ind
OˆB,p
U 1p

D~k,~m,Fp of OˆB,p. We thus

obtain an isomorphism H1pY BU 1 ,D~k,~m,Fpq – H1pY BU , T q of TQ-modules, and (the

easier direction of) the proof of Lemma 6.5.3 then implies that mQρ is in the support

of M~̀,~npU,Fpq for some Jordan–Hölder factor D~̀,~n,Fp of T .

It follows that ρ is algebraically modular of some weight p~̀, ~nq as in the statement
of the corollary. Theorem 6.5.5(2) now implies that ρ is geometrically modular of
such a weight.

The proof in the case that rF : Qs is even is similar, but using forms on a definite
quaternion algebra over F and parts (1) and (2) of the theorem. �

Corollary 6.5.8. Suppose that ρ is irreducible and geometrically modular of some

weight p~k, ~mq. Then it is geometrically modular for some weight p~̀, ~nq as in the
conclusion of Corollary 6.5.7.

Proof. From the construction of the Galois representation ρf associated to an eigen-

form f P M~k,~mpU,Fpq, we have that ρf – ρπ for some π P S~2. Applying Corol-

lary 6.5.7 therefore gives the desired conclusion. �

In view of Theorem 6.5.5, one can obtain results towards Conjecture 6.3.2 us-
ing ones on the algebraic Serre weight conjecture, which was proved by Gee–Liu–
Savitt [GLS15] (combined with work of Gee–Kisin [GK19] or Newton [New14])
under a Taylor–Wiles hypothesis. We recall the statement, or more precisely a
variant which is immediate from Theorems 4.2.1 and 6.1.8 of [GLS15] and the fact
that if ρ is geometrically modular of some weight, then it is algebraically modular
of some weight:

Theorem 6.5.9 (Gee–Liu–Savitt). Suppose that ρ is irreducible and geometrically

modular of some weight p~k, ~mq. Suppose further that p ą 2, ρ|F pζpq is irreducible,
and if p “ 5, then the projective image of ρ|F pζ5q is not isomorphic to A5. If

p~̀, ~nq P ZΣ
ě2ˆZΣ is such that D1~̀,~n,Fp

is irreducible, then the following are equivalent:

(1) ρ is definitely modular of weight p~̀, ~nq;

(2) ρ is algebraically modular of weight p~̀, ~nq;

(3) ρ|GFp
has a crystalline lift of weight p~̀p, ~npq for all p P Sp.

Combined with Lemma 6.5.3, this implies:

Corollary 6.5.10. Suppose that p ą 2, p~k, ~mq P ZΣ
ě2 ˆ Σ, and ρ : GF Ñ GL2pFpq

is such that ρ|F pζpq is irreducible, and if p “ 5, then the projective image of ρ|F pζ5q
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is not isomorphic to A5. Then ρ is definitely modular of weight p~k, ~mq if and only

if ρ is algebraically modular of weight p~k, ~mq.

6.6. Ordinary modularity. Suppose now that ~k P ZΣ
ě1, so the Hecke operator

Tp on M~k,´~1pU,Eq is defined for all p P Sp. Since the operators Tp commute with

each other as well as the Tv and Sv for v R Q, it follows that if ρ „ ρf for some
eigenform f P M~k,´~1pU,Eq as in the statement of Theorem 5.2.1, then we may in

fact take f to be an eigenform for the Tp for all p P Sp as well.
Recall from Theorem 5.3.1 that if f is ordinary at a prime p P Sp in the sense

that Tpf “ apf for some ap P E
ˆ, then so is the associated local Galois represen-

tation ρf |GFp
in the sense that it has an unramified subrepresentation (with our

conventions), provided kσ ą 1 for some σ P Sp.
On the other hand, if kσ “ 1 for all σ P Σp, then one direction of Conjecture 6.3.2

amounts to the well-known expectation that ρf be unramified at p. Using the
argument of [DDW24, Prop. 2.5], we at least have the following:

Proposition 6.6.1. Suppose that f P M~k,´~1pU,Eq is an eigenform (as in The-

orem 5.2.1), and moreover that Tpf “ apf for some ap P E. Then ρf |
ss
GFp

is

unramified and appfq “ tr pρf pγqq for any γ lifting Frobp to GFp
.

Proof. We first note that detpρf q is unramified at p, and moreover that

detpρf pFrobpqq “ δε$
~k´~1
p P Eˆ,

where δ is the eigenvalue of S$p
on f and ε is the reduction of pfpNmp$pq

´1 (see
§3.4).

Letting ~k1 “ ~k `
ř

σPΣp

~hσ and relating the actions of Tp under the “doubling

map”

M~k,´~1pU,Eq
2 ÝÑM~k1,´~1pU,Eq

as in [DDW24, Prop. 2.5], one deduces the existence of an eigenform fα PM~k1,´~1pU,Eq

such that Tpfα “ αfα and ρfα „ ρf for each root α of the polynomial

X2 ´ appfqX ` detpρf pFrobpqq.

It then follows from Theorem 5.3.1 that ρf has a non-trivial unramified subrepre-
sentation Lα on which Frobp acts as α.

If the polynomial above has distinct roots α ‰ α1, then it follows that ρ|Fp
is

isomorphic to Lα ‘ Lα1 . Therefore ρf is unramified at p and

tr pρf pFrobpqq “ α` α1 “ ap.

On the other hand, if the polynomial factors as pX ´ αq2, then detpρf q is the
unramified character sending Frobp to α2. Therefore the quotient of ρf |GFp

by Lα
is also isomorphic to Lα, and ρ|ssFp

is isomorphic to Lα‘Lα, again giving the desired

conclusion. �

Remark 6.6.2. Note that for f as in the proposition, it is immediate that ρf is
unramified at p if the polynomial in the proof has distinct roots (or if ρf itself is
reducible). If it has repeated roots (and ρf is irreducible), then the unramifiedness
is proved by De Maria ([DM20, Thm. D]) under the additional assumption that the
kσ are odd (for all σ P Σ).
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In view of the proposition, if kσ “ 1 for all σ P Σp, then we view any Tp-eigenform
f PM~k,´~1pU,Eq as being ordinary at p.

We extend the notions of ordinariness to more general weights p~k, ~mq with ~k P
ZΣ
ě1 by twisting by characters as in §6.4. Suppose that f P M~k,~mpU,Eq is an

eigenform for Tv and Sv for all v R Q (as in Theorem 5.2.1). Enlarging E if
necessary, let ξ : AˆF {FˆF

ˆ
8,` Ñ Eˆ be a continuous character such that ξpupq “

u~m`
~1

p for all u P OˆF,p, so its restriction to pAppqF,f qˆ is as in §3.5 with ~̀ “ ´~m ´ ~1.

Shrinking U and enlarging Q as necessary, we have that eξf P M~k,´~1pU,Eq is an

eigenform for Tv and Sv for all v R Q. We say that f is p-ordinary if either kσ “ 1
for all σ P Σp or Tppeξfq “ ap,ξeξf for some ap,ξ “ ap,ξpfq P E

ˆ. If ξ1 and ξ2 are
two such characters, then

Tppeξ2fq “ Tppeµeξ1fq “ µp$p,pqeµTppeξ1fq

where µ “ ξ´1
1 ξ2. It follows that the notion is independent of the choice of ξ,

and that if f is p-ordinary, then the ap,ξ as ξ varies are related by the formula
ap,ξ2 “ µpFrobpqap,ξ1 , where we have written µ also for the character GF Ñ Eˆ to
which it corresponds via class field theory.

Definition 6.6.3. Suppose that S is a subset of Sp, ~k P ZΣ
ě1 and ~m P ZΣ. We

say that a continuous, irreducible ρ : GF Ñ GL2pFpq is S-ordinarily geometrically
modular if ρ arises from some f P M~k,~mpU,Eq (as in Theorem 5.2.1) which is

p-ordinary for all p P S.

We may similarly define ordinarily definite and algebraic modularity. Recall that

for ~k P ZΣ
ě2, p P Sp and B and U as in Definition 6.5.1, the Hecke operator Tp is

defined on MB
~k,´~1

pU,Fpq (see §3.6, 3.7). Recall also that for arbitrary ~m, we have

(after possibly shrinking U) isomorphisms

eξ : MB
~k,~m
pU,Fpq

„
ÝÑMB

~k,´~1
pU,Fpq

associated to characters ξ : AˆF {FˆF
ˆ
8,` Ñ Fˆp such that ξpupq “ u~m`

~1
p for all

up P OˆF,p.

Definition 6.6.4. Suppose that S is a subset of Sp, ~k P ZΣ
ě2 and ~m P ZΣ. We

say that a continuous, irreducible ρ : GF Ñ GL2pFpq is S-ordinarily definitely

(resp. algebraically) modular if there exists a non-zero ϕ PMB
~k,~m
pU,FpqrmQρ s for some

B, U and Q as in Definition 6.5.1, such that B is totally definite (resp. unramified
at exactly one archimedean place) and for all p P S, we have

Tppeξϕq “ ap,ξeξϕ

for some ap,ξ “ ap,ξpϕq P F
ˆ

p and character ξ : AˆF {FˆF
ˆ
8,` Ñ Fˆp as above.

Just as for ordinary geometric modularity, if the condition on eξϕ in the definition

holds for some character ξ such that ξpupq “ u~m`
~1

p for all up P OˆF,p above, then
in fact the condition holds for all such ξ. Furthermore, the ap,ξ for varying ξ are
related in the same way as for ordinarily geometric modularity.

The analogue of Theorem 5.3.1 holds in the setting for definite or algebraic
modularity. Furthermore, we can extend the description of the local behavior at p
to all p-ordinarily modular Galois representations as follows (writing p instead of
tpu).
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Theorem 6.6.5. Suppose that p P Sp, ~k, ~m P ZΣ, with kσ ě 1 (resp. ě 2) for all

σ P Σ, and that ρ : GF Ñ GL2pFpq is irreducible and p-ordinarily geometrically

(resp. definitely or algebraically) modular of weight p~k, ~mq. Then

ρ|GFp
„

ˆ

χ2 ˚

0 χ´1
cycχ1

˙

,

for some characters χ1, χ2 : GFp
Ñ Fˆp , where χ2 corresponds via class field theory

to the character Fˆp Ñ Fˆp defined by x ÞÑ ξ´1pxqa
vppxq
p,ξ for any ξ and ap,ξ as in

Definition 6.6.3 (resp. 6.6.4), unless kσ “ 1 for all σ P Σp, in which case the same
conclusion holds with ap,ξ replaced by any root of the polynomial

X2 ´ ap,ξX ` pχ
2 detpρqqpFrobpq,

where χ corresponds via class field theory to ξ (so χ2 detpρq is unramified at p).

Proof. Consider first the case of p-ordinarily geometric modularity, and let f and
ξ be as in Definition 6.6.3. Since ρf „ χ´1ρeξf (where χ corresponds to ξ), we can

replace f by eξf and reduce to the case ~m “ ~́1 and ξ “ 1. The assertions are
then given by Theorem 5.3.1 and Proposition 6.6.1.

Consider now the case of p-ordinarily definite or algebraic modularity, and let

ϕ and ξ be as in Definition 6.6.4. Since eξϕ P M
B
~k,´~1

pU,FpqrmQχbρs, we can again

reduce to the case ~m “ ~́1 and ξ “ 1. An inspection of the proof of Theorem 5.3.1
(starting from the introduction of the representation Lχ) shows that this is pre-
cisely the input required in order to obtain the desired conclusion, except that it
is assumed at that point19 that kσ ą 2 for some σ P Σp. However if kσ “ 2 for all
σ P Σp, then one can a give a similar (and much simpler) argument by making the
following changes:

Firstly, in the setup, replace the representation Lχ by the trivial representation
E, ε by the identity, UB,0 and UB,1 by UB and π by the identity.

One can then skip directly to the introduction of the subgroup U 1B,1 in the proof.

The formulas describing Tp on the kernel of (14) in the algebraic case20 and on
IB~2 pU

1
B,1,Cq in the definite case are no longer valid (the factor of pfp being replaced

by pfp ` 1). However if ϕ is in the kernel of (14) or rϕ P IB~2 pU
1
B,1,Cq, then the proof

of Theorem 5.2.1 gives that ρ „ χ´1
cycψ‘ ψ for some character ψ, contradicting our

assumption here that ρ is irreducible.
Finally we obtain a cuspidal automorphic representation π P C~2 such that ρ „ ρπ

and πp is an unramified principal series Ipψ1| ¨ |
1{2, ψ2| ¨ |

1{2q such that ψ1p$pq and
ψ2p$pq are the roots of

X2 ´ rapX ` rdpp
fp

for some lift rap of ap and root of unity rdp (both viewed in Oˆ XQ Ă C). We may
therefore assume that ψ2p$pq is a lift of ap and conclude exactly as in the proof of
Theorem 5.3.1. �

We conjecture the following converse to Theorem 6.6.5:

19The formula ε ˝∆ “ δ ˝ ε in the proof fails if kσ “ 2 for all σ P Σp.
20Note also that whether we are in the algebraic and definite case is no longer determined by

whether the degree d “ rF : Qs is even or odd.
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Conjecture 6.6.6. Suppose that ρ : GF Ñ GL2pFpq is irreducible, S Ă Sp and

p~k, ~mq P ZΣ
ě1ˆZΣ. Suppose that ρ|GFp

has a crystalline lift of weight pkσ,mσqσPΣp

for all p P Sp, and moreover that for all p P S, we have

ρ|GFp
„

ˆ

χ2,p ˚

0 χ´1
cycχ1,p

˙

for some characters χ1,p, χ2,p such that χ2,p|IFp
corresponds via class field theory

to the character OˆFp
Ñ Fˆp defined by

ś

σPΣp
σ´1´mσ . Then ρ is S-ordinarily

geometrically modular of weight p~k, ~mq, and furthermore is S-ordinarily definitely

and algebraically modular of weight p~k, ~mq if ~k P ZΣ
ě2.

Remark 6.6.7. Note that the hypotheses on ρ|GFp
imply also that the characters

χ1,p|IFp
correspond to

ś

σPΣp
σ1´kσ´mσ for p P S. Conversely, if ρ|GFp

has this

form for such characters χ1,p, χ2,p, then it necessarily has a crystalline lift of weight
pkσ,mσqσPΣp

, provided kσ ě 2 for all σ P Σp and some kσ ą 2.

We expect that the proof of Theorem 6.5.9 can be modified (by imposing an ordi-
nariness condition in the relevant local deformation rings) to establish the preceding
conjecture in the definite and algebraic settings under the additional hypotheses of
that theorem. However, we have not checked the details, so we content ourselves
with the following result, which can be deduced more directly from results of Gee–
Kisin [GK19], and will suffice for the purpose of the intended applications to the
ramified quadratic case in the next section.

Theorem 6.6.8. Suppose that ρ is irreducible and geometrically modular of some

weight p~k, ~mq. Suppose further that p ą 2, ρ|F pζpq is irreducible, and if p “ 5, then

the projective image of ρ|F pζ5q is not isomorphic to A5. Let p~̀, ~nq P ZΣ
ě2 ˆ ZΣ be

such that D1~̀,~n is irreducible and for each p P Sp,

‚ max1ďjďep `p,i,j ă p` 1 for some i P Z{fpZ;

‚ ρ|GFp
has a crystalline lift of weight p~̀p, ~npq ;

‚ ρ|GFp
„

ˆ

χ2,p ˚

0 χ´1
cycχ1,p

˙

for some characters χ1,p, χ2,p such that χ2,p|IFp

corresponds to the character OˆFp
Ñ Fˆp defined by

ś

σPΣp
σ´1´nσ .

Then ρ is Sp-ordinarily definitely and algebraically modular of weight p~̀, ~nq.

Proof. Firstly, we can reduce to the case ~n “ ~́1 by twisting.
Note that the hypothesis that ρ|GFp

has a crystalline lift of weight p`σ, nσqσPΣp

implies that χ1,p|IFp
corresponds to

ś

σPΣp
σ2´`σ . Recall also that the hypothesis

that D1~̀,~n is irreducible means that 2 ď `p,i,j ď p ` 1 for all i “ 1, . . . , ep and

j P Z{fpZ, and that `p,i,j ą 2 for at most one j for each i. Let S0 denote the set of
primes in Sp such that kσ ‰ 2 for some σ P Σp.

For each p P Sp, let τp denote the inertia type 1‘ ξp, where ξp : IFp
Ñ Oˆ (for

some sufficiently large O) is the Teichmüller lift of χ1,p|IFp
.

As in the proof of Theorem 6.5.5, let us also choose an auxiliary prime w R Sp
at which ρ is unramified and the conjugacy class of Frobw in Gal pLpζpq{F q is that
of a complex conjugation, where L is the splitting field of ρ.

By [GK19, Lemma 4.2.5] (applied to χcyc b ρ), there is an automorphic repre-
sentation π P C~2 such that
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‚ ρπ „ ρ;
‚ πw „ ψw b St for some unramified character ψw;
‚ if p P Sp, then πp is principal series of the form Ipψ1| ¨ |

1{2, ψ2| ¨ |
1{2q where

ψ1|OˆF,p
corresponds to ξp and ψ2 is unramified,

‚ if p P Sp, then ρ|GFp
„

ˆ

rχ2,p ˚

0 χ´1
cycrχ1,p

˙

, where rχ2,p is an unramified

lift of χ2,p and rχ1,p is a tamely ramified lift of χ1,p (so rχ1,p|IFp
“ ξp).

Since πp corresponds via local Langlands to WDpρπ|GFp
q – rχ2,p ‘ rχ1,p| ¨ |

´1, we

have ψ1 “ rχ1,p| ¨ |
´1 and ψ2 “ rχ2,p, after possibly interchanging ψ1 and ψ2 if p R S0

(conflating characters of WFp
and Fˆp ).

Let B denote the totally definite quaternion algebra over F ramified at either
S8 or S8 Y twu, according to whether d is even or odd. Then by Theorem 2.3.1,
there is an automorphic representation Π P CB~2 such that πv – Πv for all finite
places v ‰ w.

For p P Sp, define Up,0 (resp. Up,1) to be OˆB,p to be the open compact subgroup

of OˆB,p corresponding to

U0ppqp “
!

ˆ

a b
c d

˙

P GL2pOF,pq

ˇ

ˇ

ˇ
c P pOF,p

)

(resp. U1ppqp); otherwise let Up,0 “ Up,1 “ OˆB,p. Let U1 Ă U0 Ă U be open

compact subgroups of Bˆf of the form

U1,pU
p Ă U0,pU

p Ă UpU
p,

where Ui,p “
ś

pPSp
Ui,p for i “ 0, 1, Up “ OˆB,p, and (the same) Up Ă pB

ppq
f qˆ is

sufficiently small that ΠU1 ‰ 0 (in addition to the usual sense).
For a sufficiently large finite set of primes of Q containing Sp, we have Tv “ rav

and Sv “ rdv on ΠU1 for all v R Q, where rav is a lift of tr pρpFrobvqq and rdv is
a lift of NmF {Qpvq

´1 detpρpFrobvqq. Furthermore, for p P S0, we have Tp “ rap
on ΠU1 , where rap P Oˆ is a lift of χ2,ppFrobpq (more precisely, rχ2,ppFrobpq or
rχ2,ppFrobpq`p

fp
rχ1,ppFrobpq, according to whether or not p P S0). Furthermore for

each p P S0, U0,p{U1,p – Fˆp acts on ΠU1 via the Teichmüller lift of
ś

σPΣp
σ2´`σ .

Let rTQ denote the polynomial ring over O in the variables Tv and Sv for v R Q,

and Tp for p P Sp, and let rm denote the kernel of the homomorphism rTQ Ñ E
defined by

Tv ÞÑ tr pρpFrobvqq and Sv ÞÑ NmF {Qpvq
´1 detpρpFrobvqq, for v R Q;

Tp ÞÑ χ2,ppFrobpq, for p P Sp.

Let χ “
ś

pPS0
σ`σ´2 and rχ its Teichmüller lift, viewed as characters of U0,p{U1,p –

Fˆp , inflated to characters of U0,p, and consider the action of rTQ on

MBpU0,Oprχqq “ pMBpU1,Oq bO OprχqqU0 .

Since the surjective map

MBpU1,Oq bO C “MBpU1,Cq� ΠU1

is compatible with the action of U0 and rT, it follows that there is an eigenform in

MBpU0,Oprχqq for rTQ on which Tv acts as rav and Sv as rdv for v R Q, and Tp as
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rap for p P Sp. Therefore the maximal ideal rmQ is in the support of MBpU0,Oprχqq,
and hence in that of MBpU0, Epχqq.

Now let T “ Coind
Up
U0,p

Epχq. As in the proof of Theorem 5.3.1, we have a Up-

equivariant homomorphism ε : D1~̀,´~1 Ñ T ; in this case it is even injective as a

consequence of the irreducibility of D1~̀,´~1. Furthermore, we have an endomorphism

Tp on MBpU, T q for each p P Sp which is compatible with the resulting maps

MB
~̀,´~1

pU,Eq ÝÑMBpU, T q
„
ÝÑMBpU0, Epχqq.

We claim that rmρ is not in the support of the cokernel. In order to prove this, write

S0 “ tp1, . . . , pru, D~̀,´~1 “
Âr

i“1Di where Di “
Â

σPΣpi
Sym`σ´2E2, T “

Â

i Ti

where Ti “ Coind
Up

U0,p
χi and χi “

ś

σPΣpi
σ`σ´2, and factor ε as the composite of

morphisms of the form

εi : p
j´1
â

i“1

Tiq b p
r
â

i“j

Diq ÝÑ p

j
â

i“1

Tiq b p
r
â

i“j`1

Diq

for j “ 1, . . . , r (defined as the tensor product of the morphism D1j Ñ Tj with the
identity in the other factors). The argument in the proof of Theorem 5.3.1 then
shows that Tpi annihilates the cokernel of the map on cohomology induced by εi,
from which it follows that rmρ is not in its support. Therefore rmρ is not in the
support of the cokernel of the resulting composite morphism. It follows that rmρ is
in the support of MB

~̀,´~1
pU,Eq and hence that MB

~̀,´~1
pU,Eqrrmρs ‰ 0, which implies

that ρ is Sp-ordinarily definitely modular.
The proof of Sp-ordinarily algebraic modularity is exactly the same, starting

instead with the quaternion algebra over F ramified at either S8 Y twu ´ tσ0u or
S8 ´ tσ0u for some σ0 P Σ8. �

We will also make use of the following refinement of some of the implications in
Theorem 6.5.5:

Theorem 6.6.9. Suppose that ρ, ~k and ~m are as in Conjecture 6.5.2, and let S
be a subset of Sp. If ρ is S-ordinarily definitely or algebraically modular of weight

p~k, ~mq, then ρ is S-ordinarily geometrically modular of weight p~k, ~mq.

Proof. Firstly, as usual we may twist to reduce to the case ~m “ ~́1 and suppose
the existence of a non-zero ϕ P MB

~k,´~1
pU,FpqrmQρ s (with B as in Definition 6.6.4)

such that for each p P S, we have Tpϕ “ apϕ from some ap P Oˆ.
We then proceed exactly as in the proof of part (2) of Theorem 6.5.5, except that

instead of T, we use the polynomial ring rT over (some sufficiently large) O in the
variables Tv and Sv for v R Q, and T$p

for p P S. Letting ξ, a1v and d1v (for v R Q)

be as in the proof of Theorem 6.5.5 and setting a1p “ ε´1ξp$
ppq
p qap for p P S, we get

that rm is in the support of MB
~k
pU,Eq, where rm is the O-algebra homomorphism

defined by

Tv ÞÑ a1v and Sv ÞÑ d1v, for v R Q; Tp ÞÑ a1p, for p P Sp.

It then follows as in the proof there that MB
~k
pU,Oq

rm is non-zero and torsion-

free. This implies the existence of an eigenform in MB
~k
pU,Oq for the operators in

rT, with eigenvalues lifting those above (after possibly enlarging O). This in turn
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gives an automorphic representation to which we may apply the Jacquet–Langlands
correspondence to obtain an eigenform in M~kpU,Oq with the same property. Finally
reducing mod $ and untwisting yields an eigenform f PM~k,´~1pU,Eq with the same

eigenvalues as the original ϕ for Tv and Sv for all v R Q, as well as the Tp for p P S.
In particular ρf „ ρ and f is p-ordinary for all p P S, as required. �

Remark 6.6.10. The proof of part (1) of Theorem 6.5.5 can be similarly modified

to show that if ρ is S-ordinarily definitely modular of weight p~k, ~mq and D~k,~m is

irreducible, then ρ is S-ordinarily algebraically modular of weight p~k, ~mq.

7. Partial weight one modularity

In the final sections, we will specialize to the case where F is a real quadratic
field in which p ramifies. We will determine precisely when the conjecture predicts
that a representation ρ arises from a Hilbert modular form of partial weight one
and prove strong results in this direction, analogous to those of [DS23, §11] for the
quadratic inert case.

In order to do this, we need some extensions of results from [DS23] and [GLS15].
We do this in more general settings, as it requires no extra work and could be useful
in extending our methods beyond the ramified quadratic case.

7.1. Normalized and stabilized eigenforms. We start with slight generaliza-
tions of various notions and results from Chapter 10 of [DS23]. Recall that it is
assumed there that p is unramified in F , and also that kσ ě 2 for all σ P Σ in
statements involving Hecke operators at primes over p. Using the results of [Dia25]
(and [Dia24]), we may remove the assumption that p be unramified and relax the
assumption on the weight to require only that kσ ě 1 for all σ P Σ. The proofs in
[DS23] carry over essentially without change, except to adapt them to our notation
and conventions.

Firstly, we have the following strengthening of [DS23, Lemma 10.2.1]:

Lemma 7.1.1. If ρ : GF Ñ GL2pFpq is irreducible and geometrically modular of

weight p~k, ~mq, then there exist an ideal n prime to p and a finite extension E of Fp
in Fp such that ρ is equivalent to ρf for some f P S~k,~mpU1pnq, Eq, where f is an

eigenform for the operators Tv for all v - p and Sv for all v - np. Furthermore if
~k P ZΣ

ě1, ~m “ ~́1, S Ă Sp and ρ is S-ordinarily geometrically modular of weight

p~k, ~mq, then we may take f to be an eigenform for Tp for all p P Sp, with Tpf ‰ 0
for all p P S.

Indeed the argument in [DS23] starts with an eigenform, say g, in M~k,~mpUpnq, Eq

for the operators Tv and Sv for all v - np giving rise to ρ, and produces one in
M~k,~mpU1pnq, Eq after possibly shrinking n and enlarging E. By the remark after

Definition 6.1.1, we may replace M~k,~mpU1pnq, Eq by S~k,~mpU1pnq, Eq, and the fact

that we may take f to be an eigenform for the Tv for v|n follows from their com-
mutativity with each other and the Tv and Sv for v - np. Under the additional
hypothesis, the commutativity of the Tv and Sv for v - np with the Tp for p P S
allows us to assume g is also an eigenform for the Tp, with eigenvalue in Eˆ if p P S.
The fact that the same will be true for the resulting eigenform in M~k,´~1pU1pnq, Eq

follows from the commutativity between the Tp and the double coset operators in
the construction of f . (Note that we allow S to be empty.)
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As in [DS23, §10.3], we may refine the twisting construction of §3.5 in order to
work with eigenforms of level U1pnq (for varying n). To align with the conventions

of this paper, let us fix t1 P pAppqf qˆ and m1 P Fˆ` such that m1t1 generates
pd´1 “ d´1 bOF

pOF , and let c “ pt1m1q
´1.

Suppose now that ` P ZΣ and ξ : AˆF {FˆF
ˆ
8,` Ñ Eˆ is a continuous character

such that ξpupq “ u´
~̀

p for all up P OˆF,p, and let m denote its conductor, i.e., the

largest (prime-to-p) ideal m of OF such that ξ is trivial on kerpp pOppqF qˆ � pOF {mq
ˆq.

Note that the restriction of ξ to pAppqF,f qˆ is a character as in §3.5, i.e., ξpαq “ α
~̀

for

all α P OˆF,ppq,`.

The construction in [DS23, §10.3] then yields the following:

Lemma 7.1.2. Suppose that f P S~k,~mpU1pnq, Eq. Then there exists an element

fξ P S~k,~̀̀ ~mpU1pm
2nq, Eq with q-expansion coefficients given by

rtmpfξq “

"

ξppctmqpmqqrtmpfq, if pctmqv P OˆF,v for all v|m;

0, otherwise;

for all t P pAppqF,f qˆ and m P t´1
pd´1 X Fˆ` (where ¨pmq denotes the projection to

components prime to m). In particular, if rtmpfq ‰ 0 for some t,m such that
pctmqv P OˆF,v for all v|m, then fξ ‰ 0, in which case if f is an eigenform for Tv
for all v - p and Sv for all v - np, then so is fξ for Tv for all v - p and Sv for all
v - mnp, and ρfξ „ χ b ρf where χ is the character corresponding to ξ via class
field theory.

In transporting the argument from [DS23, §10.3], note that our ξ is the character
denoted there by ξ1. We also point out two typos there: ξ should be ξ´1 in the
definition of ξ´1

m just before (10.7), and the level mn2 should m2n just before (10.8).
Furthermore the assumption that m|n has implicitly been dropped at that point.
(In fact, if we maintain the assumption that m|n, then the level could be taken
as mn there, as well as the conclusions of [DS23, Lemma 10.3.2] and Lemma 7.1.2
above.)

Remark 7.1.3. Note that we necessarily have ctm P pOF in the formula for the
q-expansion coefficient, and the condition prescribing the first case is that the ideal
it defines be prime to m. With this interpretation, the lemma holds also for f P
M~k,~mpU1pnq, Eq (where now fξ PM~k,~̀̀ ~mpU1pm

2nq, Eq); more precisely, in the case

m “ OF , replace pctmqpmq by ct to obtain a formula that applies also to m “ 0.

We generalize [DS23, Defn. 10.5.1] as follows (restricted to cusp forms and
adapted to our conventions):

Definition 7.1.4. Suppose that ~k, ~m P ZΣ, with kσ ě 1 for all σ P Σ. We say that
an element f P S~k,~mpU1pnq, Eq is a normalized eigenform if the following hold:

‚ rm1
t1 pfq “ 1;

‚ f is an eigenform for Tv for all v - p, and Sv for all v - np;
‚ fξ P S~k,´~1pU1pm

2nq, E1q is an eigenform for Tp for all p P Sp and all char-

acters ξ : AˆF {FˆF
ˆ
8,` Ñ E1ˆ such that ξpupq “ u~m`

~1
p for all up P OˆF,p

(where E1 is any finite extension of E and m is the prime-to-p conductor
of ξ).
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Note that the first condition implies that the forms fξ in the third are non-zero.
Furthermore, if f is a normalized eigenform, then so is fξ1 P S~k,~̀̀ ~mpU1pm

12nq, E1q

for any character ξ1 : AˆF {FˆF
ˆ
8,` Ñ E1ˆ such that ξ1pupq “ u´

~̀
p for all up P OˆF,p

(where m1 is the prime-to-p conductor of ξ1).

Proposition 7.1.5. If ρ : GF Ñ GL2pFpq is irreducible and S-ordinarily geomet-

rically modular of weight p~k, ~mq with kσ ě 1 for all σ P Σ, then there exist an ideal
n prime to p and a finite extension E of Fp in Fp such that ρ is equivalent to ρf
for some normalized eigenform f P S~k,~mpU1pnq, Eq such that Tpfξ ‰ 0 for all p P S

and ξ as in Definition 7.1.4.

Proof. The argument is essentially the same as the proof of [DS23, Prop. 10.5.2].

Suppose first that ~m “ ~́1. Then by Lemma 7.1.1, there exist n and E such
that ρ arises from an eigenform f P S~k,´~1pU1pnq, Eq for Tv for all v and Sv for all

v - np, with Tpf ‰ 0 for all p P S. Therefore it suffices to prove that rm1
t1 pfq ‰ 0,

as then Lemma 7.1.2 implies the third condition in Definition 7.1.4 holds (and we
may rescale f to achieve the first condition).

We prove that if rm1
t1 pfq “ 0, then rmt pfq “ 0 for all t P pAppqF,f qˆ and m P

t´1
pd´1 X Fˆ` , contradicting that f ‰ 0. We proceed by induction on ||ctm||´1 “

Disc´1
F {Q||tm||

´1 P Zą0 (where c “ pt1m1q
´1).

Firstly if ||ctm|| “ 1, then letting u “ pctmqppq P p pOppqF qˆ and α “ m´1m1 P

OˆF,ppq,`, we have rtmpfq “ rt1m1
pfq “ 0 by (1).

For the induction step, suppose that ||ctm|| ă 1 and that rt
1

m1pfq “ 0 for all t1,m1

such that ||tm|| ă ||t1m1||. Since ctm P pOF and ||ctm|| ă 1, there is a prime v such

that m P vt´1
pd´1.

Suppose first that v - p. If v|n or m R v2t´1
pd´1, then the formula for the effect

of Tv on q-expansions gives

NmF {Qpvqr
t
mpfq “ r

$´1
v t

m pTvfq “ avr
$´1
v t

m pfq “ 0

by the induction hypothesis, where av is the eigenvalue of Tv on f .
If v - n and m P v2t´1

pd´1, then we proceed similarly using instead that

NmF {Qpvqr
t
mpfq “ r

$´1
v t

m pTvfq ´ r
$´2
v t

m pSvfq.

If v|p, then the argument is similar to the case v - p, with the subcase where
kσ “ 1 for all σ P Σv corresponding to the one where v - n.

This completes the proof in the case ~m “ ~́1, and the general case follows by
twisting as in [DS23]. �

Definition 7.1.6. Suppose that ~k, ~m P ZΣ, with kσ ě 1 for all σ P Σ. We say that
a normalized eigenform f P S~k,~mpU1pnq, Eq is stabilized if Tvf “ 0 for all v|n.

We have the following refinement of [DS23, Lemma10.6.2] (by the same proof):

Lemma 7.1.7. Suppose that ~k, ~m P ZΣ, with kσ ě 1 for all σ P Σ, and that n Ă m
are non-zero ideals of OF prime to p. If ρ „ ρf for some normalized eigenform f P
S~k,~mpU1pmq, Eq, then ρ „ ρf 1 for some normalized eigenform f 1 P S~k,~mpU1pnq, E

1q

such that ap,ξpfq “ ap,ξpf
1q for all characters ξ as in Definition 7.1.4, where E1 is

(at most) a quadratic extension of E. Furthermore if ordvpnq ě minp2, 1`ordvpmqq
for all v|n, then we may take f 1 as above to be a stabilized eigenform.
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Note that if f is a stabilized eigenform, then ρf and n determine its Hecke
eigenvalues for all Tv for v - p and Sv for v - np, and this in turn determines the
q-expansion coefficients rtmpfq for all t and m such that pctmqp P OˆF,p. However
this information does not necessarily determine the eigenvalue of Tp on fξ for p P Sp
and characters ξ as in Definition 7.1.4. Let us denote this eigenvalue by ap,ξpfq.
As in the discussion before Definition 6.6.3, these are related by the formula

ap,ξ2pfq “ µpFrobpqap,ξ1pfq

as ξ varies, where µ is the unramified character GFp
Ñ Eˆ corresponding via local

class field theory to ξ2ξ
´1
1 |Fˆp

.

If kσ ą 1 for some σ P Σp, then Theorem 5.3.1 implies that the ap,ξpfq can only
be non-zero if the representation χbρf has a non-trivial unramified subrepresenta-
tion, or equivalently, if ρf has a non-trivial subrepresentation on which IFp

acts as
ś

σPΣp
ω´1´mσ
σ (in the notation of §6.4). Note also that these subrepresentations

(of which there are at most two) determine the possible (non-zero) systems of values
of ap,ξpfq.

On the other hand, if kσ “ 1 for all σ P Σp, then ρf |
ss
GFp

is unramified and the

ap,ξpfq are determined by Proposition 6.6.1.

Definition 7.1.8. Suppose that ~k, ~m P ZΣ, with kσ ě 1 for all σ P Σ, and
that p P Sp is such that kσ ą 1 for some σ P Σp. We say that a stabilized
eigenform f P S~k,~mpU1pnq, Eq is strongly p-stabilized if Tppfξq “ 0 for all ξ as in

Definition 7.1.4, or equivalently if rtmpfq “ 0 for all t and m such that pctmqp R OˆF,p.
We say that f is strongly stabilized if it is strongly p-stabilized for all p P Sp is such
that kσ ą 1 for some σ P Σp.

By the discussion preceding Definition 7.1.8, if f P S~k,~mpU1pn, Eqq is a stabilized

eigenform and p P Sp is such that kσ ą 1 for some σ P Σp, then it is automatically
strongly p-stabilized unless ρf has a non-trivial subrepresentation on which IFp

acts

as
ś

σPΣp
ω´1´mσ
σ . On the other hand, if ρf has such a subrepresentation, then it

does not necessarily arise from a strongly p-stabilized eigenform of the same weight

p~k, ~mq. Note however that Θτ pfq is strongly p-stabilized for any τ P Σp,0.
The same argument as for [DS23, Lemma 10.6.5], together with Proposition 6.6.1,

gives the following:

Lemma 7.1.9. Suppose that ~k, ~m P ZΣ, with kσ ě 1 for all σ P Σ, and that n is
a non-zero ideal of OF prime to p. If ρ : GF Ñ GL2pEq is absolutely irreducible,
then ρ „ ρf for at most one strongly stabilized eigenform f P S~k,~mpU1pnq, Eq.

7.2. Quado-Barsotti–Tate representations. In order to describe local Galois
representations with repeated σ-labelled Hodge–Tate weights, we need a slight gen-
eralization of results of Gee, Liu and Savitt [GLS15]. (See [Wie25, §3] for an
extension along these lines in the unramified case.)

Fix a finite extension L of Qp, write L0 for its maximal unramified subextension,
and let f “ rL0 : Qps, e “ rL : L0s. Let ΣL denote the set of embeddings

σ : L ãÑ Qp, which we index as σi,j for i P Z{fZ, j “ 1, . . . , e, with our usual
convention that for each i, the embeddings σi,1, . . . , σi,e have the same restriction
to L0, say τi, and that τi`1 “ φ ˝ τi.

Recall that [GLS15] gives a complete description of reductions of certain crys-
talline representations rρ : GL Ñ GL2pKq which they call pseudo-Barsotti–Tate,
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meaning that for each i, the σi,j-labelled Hodge–Tate weights have the form pri,j , 0q,
where ri,e P r1, ps and ri,j “ 1 for j ă e. We wish to allow some of the ri,j to equal
0, and we will refer to such representations as quado-Barsotti–Tate (a concatenation
of quasi-pseudo-Barsotti–Tate). Since the results are independent of the choice of
ordering of σi,1, . . . , σi,e for each i, we may further assume that

0 ď ri,1 ď ri,2 ď ¨ ¨ ¨ ď ri,e ď p,

so that the quado-Barsotti–Tate condition becomes ri,e´1 ď 1 for each i. For
notational convenience, we set ri,0 “ 0.

Suppose now that rρ is quado-Barsotti–Tate with σi,j-labelled Hodge–Tate weights

pri,j , 0q as above. We define the degeneracy degree of rρ to be the element ~δ P r0, esf

such that δi “ maxt j | ri,j “ 0 u. (Thus a quado-Barsotti–Tate representation is

pseudo-Barsotti–Tate if and only if it has degeneracy degree ~0.)
We then have the following extension of [GLS15, Cor. 2.3.10] (as extended in

[Wan22] to include the case p “ 2) to the quado-Barsotti–Tate setting. We adopt
the same notation as in [GLS15] (except that our L is their K, our K is their E,
their indexing of embeddings is the reverse of ours, and we let

śn
i“1Ai denote the

matrix product AnAn´1 ¨ ¨ ¨A1).

Proposition 7.2.1. Let M be the Kisin module corresponding to a lattice in
a quado-Barsotti–Tate representation rρ as above. There exist matrices Z 1i,j P
GL2pOKq for j “ 0, . . . , e´ 1 such that Filp,p,...,pM˚

i “ SOK ,iαi,e´1 ‘SOK ,iβi,e´1

with

pαi,e´1, βi,e´1q “ pe
1
i, f
1
iqΛ

1
i,e

˜

e´1
ź

j“1

Z 1i,jΛ
1
i,j

¸

,

where e1i, f
1
i is a basis of M˚

i (as in [GLS15, Prop.2.3.5(2)] if δi ă e) and

Λ1i,j “

ˆ

pu´ πi,jq
p 0

0 pu´ πi,jq
p´ri,j

˙

.

We omit the proof, which is essentially the same as that of [GLS15, Cor.2.3.10],
except that the induction step (now downwards on m due to our different conven-
tions) becomes easier for m ď δi, as does the base case if δi “ e. Indeed, if δi “ e,
then the base case is immediate from [GLS15, Lemma 2.2.2(3)]. Furthermore, if
m ď δi, then the arguments in the third through fifth paragraphs of the proof are
unnecessary. To obtain the analogue of the displayed equation in the final para-
graph, one may simply take Z 1i,m to be the identity matrix, and apply21 [GLS15,

Lemma 2.2.2(3)] using that Fil 1DL,i,m “ 0.
We then obtain from this the obvious generalization of [GLS15, Thm. 2.4.1] with

Λi,j “

ˆ

1 0
0 pu´ πi,jq

ri,j

˙

. The proof of Proposition 3.1.3 of [GLS15] then carries

over without change as well, giving the same statement, but with si “
ř

jPJi
ri,j for

some subset Ji Ă t1, . . . , eu, so that si “ xi or ri,e` xi for some xi P r0, e´ 1´ δis,
unless ri,e “ 0 (i.e., δi “ e), in which case si “ 0. This in turn yields the following
generalization of [GLS15, Thm. 3.1.4]:

Theorem 7.2.2. Let T be a lattice in a quado-Barsotti–Tate representation as
above, with σ-labelled Hodge–Tate weights prσ, 0q for σ P ΣL. If T “ T bOK E is

21Note that the reference there to Lemma 2.2.2(2) should be to Lemma 2.2.2(3).
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reducible, then there is a subset J Ă ΣL and a basis for T with respect to which the
action of IL has the form

ˆ ś

σPJ ω
rσ
σ ˚

0
ś

σRJ ω
rσ
σ

˙

,

where ωσ : IL Ñ Eˆ is the fundamental character corresponding via local class field
theory to the character OˆL Ñ OˆK Ñ Eˆ induced by σ.

Note that ωσi,j depends only on i, and we henceforth denote it ωi, so ωi “ ωpi´1

has order pf ´ 1 for all i.
The same arguments as in [GLS15] give the following generalization of their

Theorem 5.1.5 (using their notation, modified as above):

Theorem 7.2.3. Let T be a GL-stable lattice in a quado-Barsotti–Tate represen-
tation as above, with σi,j-labelled Hodge–Tate weights pri,j , 0q for σi,j P ΣL. Let M

be the Kisin module associated to T , and let M “MbOK E.
Suppose that T :“ T bOK E is reducible, so there exist rank one Kisin modules

N “ Mps0, . . . , sf´1; aq and P “ Mpt0, . . . , tf´1; bq such that M is an extension

of N by P. Then for each i there is an integer xi P r0, εis such that t si, ti u “

t ri ` xi, εi ´ xi u, where ri “ ri,e and εi “
e´1
ÿ

j“1

ri,j “ maxt 0, e´ 1´ δi u.

Furthermore we can choose bases ei, fi of Mi so that ϕ has the form

ϕpei`iq “ pbqiu
tiei

ϕpfi`1q “ paqiu
sifi ` yiei

where

‚ yi P Erruss is a polynomial with degpyiq ă si;
‚ if ti ă ri, then the nonzero terms of yi have degrees in the set rtisYrri, si´1s;
‚ except that when there is a nonzero map NÑ P, we must also allow yι to

have a term of degree sι ` αιpNq ´ αιpPq for any one choice of ι.

Finally, we need that the proofs of Lemmas 6.1.2 and 6.1.3 of [GLS15] carry
over22 without change for quado-Barsotti–Tate representations. Thus in the setting
of Theorem 7.2.3, the exact sequence 0 Ñ P Ñ M Ñ N Ñ 0 extends to one of

pϕ, pGq-modules

0 ÝÑ pP ÝÑ
xM ÝÑ

pN ÝÑ 0

with E-action such that T – pT pxMq and for all x P M, there exist α P R and
y P R bϕ,S M such that τpxq ´ x “ αy and νRpαq ě

p
p´1 `

p
e . Furthermore this

pϕ, pGq-module is unique, except in the case ~r “ ~p, ~δ “ ~t “ ~0.

To make the statements involving pϕ, pGq-modules less cumbersome, we will say

that a pϕ, pGq-module with E-action is typical if it satisfies the condition that for
all x P M, there exist α P R and y P R bϕ,S M such that τpxq ´ x “ αy and
νRpαq ě

p
p´1 `

p
e .

22These are in fact only needed in the case that the semisimplification of T is a direct sum of
two characters whose ratio is cyclotomic.
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7.3. The ramified quadratic case: p-adic Hodge theory. Now we assume
that L is a ramified quadratic extension of Qp. We simplify some of the notation
of the preceding section as follows: We write Σ “ tσ1, σ2u for ΣL, pk1, k2q for the
element pkσ1

, kσ2
q P ZΣ, and ω : IL Ñ Fˆp for the fundamental character (which

was ω1 “ ω2 in the preceding section).

For p~k, ~mq P ZΣˆZΣ, where ~k “ pk1, k2q is of the form p1, wq with 2 ď w ď p`1,
we will describe precisely which representations ρ : GL Ñ GL2pFpq have crystalline

lifts of weight p~k, ~mq in the sense of Definition 6.2.2, i.e., with σi-labelled Hodge–
Tate weights ´p1`mi, ki `miq for i “ 1, 2.

In order to provide the desired characterization in the case that ρ is reducible,

we first define a certain subspace of H1pGL,Fppχqq for any character χ : GL Ñ Fˆp .

Note that we may write χ|IL “ ωn´1 for a unique n P r1, p´ 1s. Let rχ : GL Ñ Zˆp
be any crystalline lift of χ with σ1-labeled weight ´1 and σ2-labeled weight n.

Recall that H1
f pGL,Qpprχqq is defined as the kernel of the natural map

H1pGL,Qpprχqq ÝÑ H1pGL, Bcrys bQp Qpprχqq,

and H1
f pGL,Zpprχqq as the preimage of H1

f pGL,Qpprχqq in H1pGL,Zpprχqq. We then

define Vχ as image of H1
f pGL,Zpprχqq in H1pGL,Fppχqq. Since H1

f pGL,Qpprχqq is

one-dimensional over Qp (by [FPR94, 3.3.11], for example), it follows that

H1
f pGL,Zpprχqq{H1pGL,Zpprχqqtor

is free of rank one over Zp, and therefore that

dimFp Vχ “

"

1, if χ ‰ 1;
2, if χ “ 1.

We then have the following characterization of the classes23 in Vχ in terms of

pϕ, pGq-modules:

Proposition 7.3.1. Suppose that ρ : GL Ñ GL2pEq is a representation of the

form ψ b

ˆ

χ c
0 1

˙

, where ψ|IL “ ω, χ|IL “ ωn´1 for some n P r1, p ´ 1s, and

c P Z1pGL, Epχqq. Then c represents a class in Vχ if and only if ρ arises from a

typical pϕ, pGq-module with E-action xM fitting in an exact sequence

0 ÝÑ pP ÝÑ
xM ÝÑ

pN ÝÑ 0,

where the underlying Kisin modules P, M and N are as in the conclusion of The-
orem 7.2.3 with N “Mpn; aq and P “Mp1; bq for some a, b P Eˆ.

In particular, Vχ is independent of the choice of the character rχ in its definition.

Proof. Suppose first that c represents a class in Vχ. Letting rψ : GL Ñ OˆK be
a crystalline lift of ψ with σ1 (resp. σ2)-labelled Hodge–Tate weight 0 (resp. 1).
Enlarging K if necessary so that rχ is valued in OˆK , it follows from the definition
of Vχ that ρ is given by the reduction of a GL-stable lattice T in a crystalline
representation ρ : GL Ñ GL2pKq with σ1 (resp. σ2)-labelled Hodge–Tate weights
p1, 0q (resp. pn, 0q). It follows (from cases already covered by [GLS15] and [Wan22])
that the reduction M of the Kisin module M associated to T is as in the conclusion
of Theorem 7.2.3 with ts, tu “ tn, 1u or tn` 1, 0u.

23See [BS22] for a more explicit description of such spaces in terms of Kummer theory.
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First suppose that ts, tu “ tn`1, 0u, in which case we may assume that s “ n`1
and t “ 0 (as otherwise the extension of Kisin modules splits and we can exchange s
and t). This implies that ρ has a subrepresentation whose restriction to IL is ωn`1,
which is only possible if n “ p ´ 1 and either ρ is decomposable or p “ 2. In the
first case, the conclusion of the proposition is clear, so suppose that p “ 2. In that
case we obtain a contradiction using Kisin’s classification of connected p-divisible
groups and finite flat group schemes in [Kis09]. More precisely, using the notation
and terminology of [Kis09, §1], we have that T is the Tate module of a bi-connected
p-divisible group, and therefore M is formal and M is connected, contradicting that
ψpPq “ ϕ˚pPq.

We may therefore assume that ts, tu “ tn, 1u. Furthermore if s “ 1 and t “
n ą 1, then the extension of Kisin modules splits, so we can exchange s and t.
Finally applying [GLS15, Lemma 6.1.2] (as extended to p “ 2 in [Wan22]) yields
the desired conclusion.

To prove the converse, let V 1χ denote the set of extension classes arising from

pϕ, pGq-modules as in the statement of the proposition. We have thus already shown
that Vχ,E Ă V 1χ (where Vχ,E “ Vχ X H1pGL, Epχqq), so it suffices to prove that
#V 1χ ď #Vχ,E . Note that a and b are determined by ψ and χ, and [GLS15,
Lemma 6.1.3] (again extended to p “ 2 by [Wan22]) implies that each extension

M as above is the underlying Kisin module for at most one pϕ, pGq-module as in
the statement of the proposition. Therefore it suffices to note that the number
of equivalence classes of extensions of Mpn; aq by Mp1; bq as in the statement of
Theorem 7.2.3 is #E, unless n “ 1 and a “ b, in which case it is #E2; in either
case, this coincides with #Vχ,E . �

We need to introduce some more notation to handle the case where ρ is irre-
ducible, let M denote the unramified quadratic extension of L, denote the embed-
dings of its residue field into Fp by τ and τ 1, and the corresponding characters

IL “ IM Ñ Fˆp by ωτ and ωτ 1 , so that ωτ 1 “ ωpτ and ω “ ωτωτ 1 “ ωp`1
τ . (Note that

ωτ has order p2 ´ 1, ω has order p´ 1 and ω2 is the cyclotomic character.)

Proposition 7.3.2. Suppose that ~k, ~m P ZΣ are as above, i.e., k1 “ 1 and k2 “ w
for some 2 ď w ď p`1, and let m “ m1`m2. A representation ρ : GL Ñ GL2pFpq
has a crystalline lift of weight p~k, ~mq if and only if

ρ „ ψ b

ˆ

χ c
0 1

˙

for some characters ψ and χ such that ψ|IL “ ω´1´w´m, χ|IL “ ωw´1 and c P Vχ,
or

ρ „ IndGLGM ξ

for some character ξ : GM Ñ Fˆp such that ξ|IM “ ω´1´w´mωw´1
τ .

Proof. Firstly, by part (2) of Proposition 6.4.2 (for any p and F such that Fp is

isomorphic to L), we may replace ρ by µ b ρ for any character µ : GL Ñ Fˆp
such that µ|IL “ ωm`w`1 so as to assume that ~m “ ´~k. In this case, the assertion
characterizes ρ with quado-Barsotti–Tate lifts with σj-labelled Hodge–Tate weights
prj , 0q, where r1 “ 0 and r2 “ w ´ 1.
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Suppose first that ρ is reducible and that it has such a lift rρ : GL Ñ GL2pKq for
some sufficiently large finite extension K of Qp. By Theorem 7.2.2, we have that

ρ|IL „

ˆ

ωw´1 ˚

0 1

˙

or

ˆ

1 ˚

0 ωw´1

˙

,

according to whether or not σ2 P J . Furthermore, in the notation of Theorem 7.2.3
(suppressing the subscript i “ 0), we have δ “ 1, ε “ 0, r “ w ´ 1 and ts, tu “
tw ´ 1, 0u. If s “ 0 and t “ w ´ 1, then the extension of Kisin modules splits, so
we may assume s “ w ´ 1 and t “ 0. We thus have an exact sequence

0 ÝÑMp0; bq ÝÑM ÝÑMpw ´ 1; aq ÝÑ 0

for some a, b P Eˆ, extending to one of typical pϕ, pGq-modules with E-action. In
particular, we have

ρ „ ψ b

ˆ

χ c
0 1

˙

for some characters ψ and χ such that ψ is unramified and χ|IL “ ωw´1, and it
remains to show that c represents a class in Vχ.

Consider the pϕ, pGq-module
x

M
1

obtained by tensoring xM with xMp1; 1q; i.e., its

underlying Kisin module is M
1
“ M bSE Mp1; 1q, and the pG-action is obtained

from those on the tensor product via the canonical isomorphism

pRbϕ,S pMbSE Mp1; 1qq – p pRbϕ,S Mq b
pRE
p pRbϕ,S Mp1; 1qq.

Thus pT p
x

M
1
q „ pψ1 b ρq for some character ψ1 : GL Ñ Eˆ such that ψ1|IL “ ω, and

we have an exact sequence

0 ÝÑ xMp1; bq ÝÑ
x

M
1
ÝÑ xMpw; aq ÝÑ 0

of typical pϕ, pGq-modules with E-action. In particular, if w ă p, then
x

M
1

is as in
the statement of Proposition 7.3.1 (with n “ w), so c represents a class in Vχ.

Suppose now that w “ p, so that n “ 1 in the definition of Vχ. In this case, we

will define an injective morphism
x

M
1
Ñ

y

M
2

for some pϕ, pGq-module
y

M
2

as in the
statement of Proposition 7.3.1. Note that Theorem 7.2.3 provides a basis pe1, f 1q

for M
1

such that
ϕpe1q “ bue1

ϕpf 1q “ aupf 1 ` cue1 p` dup`1e1q,

for some c (and d) in E, where the term in parentheses occurs only if a “ b. We

then define M
2

to be the Kisin module with basis pe2, f2q and

ϕpe2q “ bue2

ϕpf2q “ auf2 ` ab´1ce2 p` due2q.

The map M
1
ÑM

2
defined by e1 ÞÑ e2 and f 1 ÞÑ uf2 ` b´1ce2 is then compatible

with ϕ, hence defines the desired injective morphism of Kisin modules. Letting
y

M
2

denote the unique extension to a typical pϕ, pGq-module as in the statement
of Proposition 7.3.1, it is straightforward to check (as in the proof of [GLS15,

Prop. 6.1.7]) that pR bϕ,S M
1

is stable under the action of τ . It follows that the

map M
1
Ñ M

2
extends to a morphism of typical pϕ, pGq-modules with E-action,
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which is necessarily of the form
x

M
1
Ñ

y

M
2

by [GLS15, Lemma 6.1.3]. This implies

that pT p
x

M
1
q – pT p

y

M
2
q, and hence that c represents a class in Vχ.

Finally suppose that w “ p ` 1. In this case, we define an injective morphism
xMÑ

y

M
2

for some typical pϕ, pGq-module
y

M
2

as in the description of xM, but with
w “ 2 instead of w “ p` 1. Indeed by Theorem 7.2.3, we have a basis pe, fq for M
such that

ϕpeq “ be
ϕpfq “ aupf ` ce p` du4eq,

for some c (and d) in E, where the term in parentheses occurs only if a “ b and

p “ 2. We then define M
2

to be the Kisin module with basis pe2, f2q and

ϕpe2q “ be2

ϕpf2q “ auf2 ` ab´1ce2 p` du2e2q.

The map M Ñ M
2

defined by e ÞÑ e2 and f ÞÑ uf2 ` b´1ce2 is then compatible
with ϕ, hence defines the desired injective morphism of Kisin modules. Arguing
exactly as in the case w “ p, we find that the morphism extends to one of typical

pϕ, pGq-modules with E-action, and hence that pT pxMq – pT p
y

M
2
q. It now follows from

the case w “ 2 (already treated above) that c represents a class in Vχ.
Conversely, suppose that

ρ „

ˆ

χ c
0 1

˙

with ψ unramified, χ|IL “ ωw´1 and c representing a class in Vχ. Choosing an un-

ramified lift rψ of ψ and a crystalline lift rχ1 of χ with σi-labelled Hodge–Tate weight
ri, we again have that H1

f pGL,Qpprχ1qq is one-dimensional. Letting V 2χ denote the

image of H1
f pGL,Zpprχ1qq in H1pGL,Fppχqq, we find that dimFppV

2
χ q “ dimFppVχq.

Since the classes in V 2χ correspond to reductions of lattices in crystalline represen-
tations of the form

rψ b

ˆ

rχ1 c
0 1

˙

,

we have already proved that V 2χ Ă Vχ, and it follows that Vχ “ V 2χ , and hence that
ρ has a (reducible) crystalline lift with the prescribed labelled Hodge–Tate weights.

Suppose now that ρ is irreducible, and therefore that ρ „ IndGLGM ξ for some

character ξ : GM Ñ Eˆ. Write ΣM “ tσ0,1, σ0,2, σ1,1, σ1,2 u where σi,j is the
embedding whose restriction to L is σj and whose reduction is τ (resp. τ 1) if i “ 0
(resp. 1).

If ρ has a crystalline lift rρ : GL Ñ GL2pQpq with σj labelled Hodge–Tate weights
prj , 0q, then rρ|GM is a crystalline lift of ρ|GM with σi,j labelled Hodge–Tate weights
prj , 0q. Since ρ|GM is decomposable, Theorem 7.2.2 implies that

ρ|IM „ ωw´1 ‘ 1 or ωw´1
τ ‘ ωw´1

τ 1 .

The first possibility contradicts the irreducibility of ρ, and the second implies that
ξ|IM “ ωw´1

τ (after replacing ξ with its conjugate if necessary).

Conversely, if ξ|IM “ ωw´1
τ , then we may choose a crystalline lift rξ : GM Ñ Qˆp

whose σi,j-labelled Hodge–Tate weight is w ´ 1 if pi, jq “ p0, 2q and 0 otherwise.

Then IndGLGM
rξ is a crystalline lift of ρ with σ1-labelled Hodge–Tate weights p0, 0q

and σ2-labelled Hodge–Tate weights pw ´ 1, 0q, as required. �



70 FRED DIAMOND AND SHU SASAKI

Remark 7.3.3. In view of [GLS15, Lemma 5.4.2], the arguments involving pϕ, pGq-
modules are only needed in the case that χ is the cyclotomic character, which
implies that either w “ 3 or w “ p “ 2. Thus it is only for p ď 3 that there is any
overlap between these cases and those for which we need the additional arguments
in the proof of the proposition comparing extensions (i.e., w ě p).

Remark 7.3.4. It follows from the proposition that ρ has a crystalline lift of weight
pp1, 2q, ~mq if and only if it has one of weight pp1, p ` 1q, ~mq (or indeed of weight
pp2, 1q, ~mq). Furthermore it follows from Theorem 4.1.1 that the same equivalence
holds with “has a crystalline lift” replaced by “is geometrically modular.” This
is further indication that the equivalence in Conjecture 6.3.2 extends to weights
slightly outside Ξ`min.

Remark 7.3.5. Taking w “ 1 in the statement of Proposition 7.3.2, the corre-
sponding condition on ρ is that it be unramified.

We remark also that in the case w “ p of the proposition (in which case χ is
unramified), we could have taken n “ p instead of n “ 1 in the definition of Vχ,
provided p ą 2. That this gives the same space of extensions follows for example
from the main result of [BS22] (see the proof below of Lemma ??).

We need one further observation in another special case. Recall that if χ “ χcyc is

the cyclotomic character, then dimFp H
1pGL,Fppχqq “ 3, unless χ is also trivial, in

which case dimFp H
1pGL,Fppχqq “ 4. (Note the latter occurs only if p “ 2, or if p “

3 and L “ Q3pζ3q.) In this case, letting rχ1 : GL Ñ Zˆp be the cyclotomic character
(or indeed any character whose restriction to inertia is cyclotomic), we have that
the image of H1

f pGL,Zpprχ1q in H1pGL,Fppχqq has codimension one (consisting of

what are commonly called the peu ramifiées classes). Let us denote this subspace
by V ty

χ .

Proposition 7.3.6. If χ is the cyclotomic character, then Vχ Ă V ty
χ .

Proof. If c represents a class in Vχ, then the proof of Proposition 7.3.2 shows that

the representation ρ :“

ˆ

χ c
0 1

˙

arises from a typical pϕ, pGq-module xM as in

the statement of Theorem 7.2.324 with s “ r “ 2, δ “ 1 and t “ ε “ x “ 0. In

particular, it follows immediately that ρ arises from such a pϕ, pGq-module xM with
s “ 2, r “ x “ ε “ 1 and t “ δ “ 0.

We claim that this is equivalent to c representing a class in V ty
χ . Indeed if c

represents a class in V ty
χ , then Theorem 7.2.3 and [GLS15, Lemma 6.1.2] imply

that ρ arises from such a pϕ, pGq-module if p ą 2. If p “ 2, then Wang’s extension of

these results ([Wan22]) implies that either ρ arises from such a pϕ, pGq-module, or
from one for which M is as in the statement of Theorem 7.2.3 with s “ t “ r “ ε “ 1
and x “ δ “ 0. In the latter case, Proposition 7.3.1 implies that c P Vχ, and hence

we have already shown in the preceding paragraph that ρ arises from a pϕ, pGq-
module of the desired form. This proves one direction of the claimed equivalence,
and the other follows from a counting argument as in the last paragraph of the
proof of Proposition 7.3.1. �

24In particular, with E-action for some sufficiently large E.
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7.4. The ramified quadratic case: Partial weight one modularity. We spe-
cialize again to the case where F is a real quadratic field in which p ramifies. We
will now prove cases of Conjecture 6.3.2 involving partial weight one, i.e., where
~k “ p1, wq for some 2 ď w ď p.

We first assume w ě 3, since the argument for w “ 2 will require additional in-
gredients and hypotheses. We remark though that a particular case of the following
theorem requires the result for w “ 2 as input (in the form of Corollary 7.4.8).

To begin with, in the modularity direction we have the following:

Theorem 7.4.1. Let F is a real quadratic field in which p ramified, and let p be

the prime of F over p. Suppose that ~k, ~m P ZΣ, with ~k “ p1, wq for some w P r3, ps.
Let ρ : GF Ñ GL2pFpq be irreducible and geometrically modular of some weight.
Suppose further that ρ|GF pζpq is irreducible, and if p “ 5, then the projective image

of ρ|GF pζ5q is not isomorphic to A5. If ρ|GFp
has a crystalline lift of weight p~k, ~mq,

then ρ is geometrically modular of weight p~k, ~mq.

Proof. Let L denote Fp, M its unramified quadratic extension, and write ΣM0
“

tτ, τ 1u and ΣM “ tσ0,1, σ0,2, σ1,1, σ1,2, u as in the proof of Proposition 7.3.2. By

that proposition, if ρ|GL has a crystalline lift of weight p~k, ~mq, then

ρ|GL „ ψ b

ˆ

χ c
0 1

˙

for some characters ψ and χ such that ψ|IL “ ω´1´w´m, χ|IL “ ωw´1 and c P Vχ,
or

ρ „ IndGLGM ξ

for some character ξ : GM Ñ Fˆp such that ξ|IM “ ω´1´w´mωw´1
τ .

We claim that in either case, ρ|GL has crystalline lifts of weight p~k1, ~m1q and of

weight p~k2, ~mq (in the sense of Definition 6.2.2), where ~k1 “ p2, w`1q, ~k2 “ p2, w´1q
and ~m1 “ ~m´ p0, 1q.

Indeed in the first case, it follows from the the definition of Vχ that ρ|GL has

a crystalline lift of the form rψ b

ˆ

rχ ˚

0 1

˙

, where rχ has σ1 (resp. σ2)-labelled

Hodge–Tate ´1 (resp. w) and rψ has σ1 (resp. σ2)-labelled Hodge–Tate ´1 ´ m1

(resp. ´w ´ m2). Therefore rρ|GL has σ1 (resp. σ2)-labelled Hodge–Tate weights
p´1´m1,´2´m1q (resp. p´m2,´w ´m2q), i.e., σi-labelled Hodge–Tate weights
p´1 ´m1i,´k

1
i ´m1iq. Similarly, we see that ρ|GL has a crystalline lift of the form

rψ1 b

ˆ

rχ1 ˚

0 1

˙

(using also Proposition 7.3.6 if χ is cyclotomic), where rχ1 is a

crystalline lift of χ with σ1 (resp. σ2)-labelled Hodge–Tate weight 1 (resp. w ´ 2)

and rψ1 is a crystalline lift of ψ with σ1 (resp. σ2)-labelled Hodge–Tate weight
´m1 ´ 2 (resp. 1´ w ´m2). Therefore ρ|GL has a crystalline lift with σi-labelled
Hodge–Tate weights p´1´mi,´k

2
i ´miq.

In the second case, we may choose a crystalline lift rξ of ξ with σ0,1 (resp. σ0,2,
σ1,1, σ1,2)-labelled Hodge–Tate weight ´2´m1 (resp.´m2, ´1´m1, ´w´m2), so

that IndGLGM is a crystalline lift of ρ|GL of weight p~k1, ~m1q. Similarly choosing rξ1 with
σi,j-labelled Hodge–Tate weights ´1´m1 (resp. ´1´m2, ´2´m1, 1´ w ´m2)

yields a crystalline of lift of weight p~k2, ~mq.
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We may now apply Theorem 6.5.9 to conclude that ρ is algebraically modu-

lar of weights p~k1, ~m1q and p~k2, ~mq. Applying Theorem 6.5.5, it follows that ρ is
geometrically modular of those weights.

By Proposition 7.1.5 and Lemma 7.1.7, we then have that ρ „ ρf 1 „ ρf2 for
some stabilized eigenforms f 1 P S~k1,~m1pU1pnq, Eq and f2 P S~k2,~mpU1pnq, Eq for some

sufficiently small level n prime to p and sufficiently large finite subfield E of Fp.
We claim furthermore that we may take f 1 to be strongly stabilized. Indeed if

f 1 is not strongly stabilized, then applying Theorem 5.3.1 to f 1ξ, where ξ is as in

Definition 7.1.4, implies that ρf 1 |IL „ ω´2´w´mb

ˆ

ωw`1 ˚

0 1

˙

. This contradicts

the explicit form above for ρ|GL , unless w “ p ´ 1 and ρ|IL „ ω´1´m ‘ ω´2´m,
in which case the claim follows from Corollary 7.4.8 (and a further shrinking of n
using Lemma 7.1.7 if necessary).

Now consider the forms25 H2f
1 and Θf2 P S~k3,~m1pn, Eq, where ~k3 “ p3, wq.

Since both are strongly stabilized and give rise to ρ, Lemma 7.1.9 implies they are
the same, and hence H2|Θf

2. Since p - pw ´ 1q, it follows from [Dia23, Thm. A]
that f2 “ H2f for some f P S~k,~mpU1pnq, Eq, as desired. �

For the argument in the other direction, we will need to assume part (2) of
Conjecture 6.5.2. On the other hand, we can remove the Taylor–Wiles hypothesis
from the “easier” implications in Theorem 6.5.9 in our setting. In particular, we
have the following:

Theorem 7.4.2. Suppose that p~k, ~mq P ZΣ
ě2ˆΣ, with k1 “ 2 and 2 ď k2 ď p`1. If

ρ is definitely or algebraically modular of weight p~k, ~mq, then ρ|GFp
has a crystalline

lift of weight p~k, ~mq.

Proof. By Theorem 6.5.5, we may assume26 that ρ is algebraically modular of

weight p~k, ~mq. Let B, U and Q be as in Definition 6.5.1 (with B ramified at
exactly one archimedean place), so that mQρ is in the support of MB

~k,~m
pU,Fpq “

H1pY BU ,D~k,~m,Fpq.
Suppose that θ : GL2pFpq Ñ AutKpV q (for some sufficiently large K) is an

absolutely irreducible representation that has D~k,~m,Fp as a Jordan–Hölder factor

in its reduction, i.e., in that of any GL2pFpq-stable lattice T in V . Viewing θ as a
representation of Up “ OˆB,p – GL2pOF,pq via inflation, let T be the locally constant

sheaf associated to T as in §3.7. (Note that we may assume Up is sufficiently small
that this is defined.) The same argument as in the proof of Lemma 6.5.3 then shows
that mQρ is in the support of H1pY BU , T bO Eq, and hence in that of H1pY BU , T q.
Similarly, it follows that mQρ is in the support of its maximal torsion-free quotient

H1pY BU , T qtf , and hence in that of

H1pY BU , T q bO K – pH1pY BU 1 ,Kq bK V qGL2pFpq,

25We will systematically write Hi for Hσi (and similarly Gi for Gσi ), and omit the subscript

for the unique Θ.
26Alternatively, a similar (but slightly simpler) argument than we are about to give applies in

the case of definite modularity.
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where U 1 “ UpU 1p and U 1p is the kernel of the projection Up Ñ GL2pFpq. Therefore

there is a TQ-eigenform

f P pMB
~2
pU 1,Qpq bK V qGL2pFpq

such that Tvf “ ravf and Svf “ rdv for some lifts rav of tr pρpFrobvqq and rdv of
NmF {QpvqdetpρpFrobvqq for all v R Q, and hence a cuspidal automorphic represen-

tation π P CB~2 (and embedding K ãÑ C) such that

pπp bK V qUp ‰ 0

and Tv “ rav and Sv “ rdv on π
OˆB,v
v for all v R Q.

Let us again adopt notation from the proof of Proposition 7.3.2, so L “ Fp, M is
its unramified quadratic extension, and ω, ωτ and ωτ 1 are fundamental characters.

Applying Theorems 2.3.1 and 5.1.1, we now have ρ „ ρπ for some π P C~2 with the
property that ρπ|GL is potentially semistable with σi-labelled Hodge–Tate weights
p0,´1q for i “ 1, 2, and WDpρπ|GLq

F´ss corresponds under local Langlands to a
representation πp such that pπp bK V qGL2pOLq ‰ 0. In particular, if θ „ rdetsn

(resp. rdetsn b St), where r¨s denotes the Teichmüller lift (and St the Steinberg
representation), then ψ b ρπ|GL is crystalline (resp. semistable) with σi-labelled
Hodge–Tate weights p1, 0q (for i “ 1, 2), where ψ is any character whose restriction
to inertia is χcycrωs

n. Otherwise, we have that χcycbρπ|GL is potentially Barsotti–
Tate with inertial type corresponding under local Langlands to the dual of θ.

To complete the proof, suppose first that k2 “ 2. In that case, we may apply
the conclusion above with θ „ rdetsm`2, where m “ m1 ` m2. Since ψ b ρ has
a crystalline lift with σi-labelled Hodge–Tate weights p1, 0q, and ψ|IFp

“ ωm`4,

it follows that ρ has a crystalline lift with σi-labelled Hodge–Tate weights p´1 ´
mi,´2´miq, as required. For consistency with the discussion below, note that this
means D~2,´~3´~m “ det´m´4

PW crispρ|GLq, where W cris is as in [GLS15, Def. 4.1.3].
In general, the task at hand is to prove that

D~k,´~1´~k´~m “ det´m´k2´2
b Symk2´2 F2

p PW
crispρ|GLq.

Suppose next that k2 “ p`1. Taking θ „ rdetsm`2bSt and letting n “ ´m´4,

it follows that either detn PW crispρ|GLq or that ρ|GL has the form ψb

ˆ

χcyc ˚

0 1

˙

with ψ|IL “ ωn. In either case, we deduce that that detn Symp´1 F2

p PW
crispρ|GLq

from the equality W crispρ|GLq “W explicitpρ|GLq ([GLS15, Thm. 6.1.8] and [Wan22,
Thm. 5.4]) and the description of W explicitpρ|GLq in [BS22]. Indeed this is already
immediate from the definition of W explicitpρ|GLq in the second case, so suppose that
detn PW crispρ|GLq. The only irreducible representations with detn as a Serre weight

have the form IndGLGM ξ, where ξ|IM “ ω2
τ , and one then finds that detn Symp´1 F2

p is
also a Serre weight. Reducible representations with detn as a Serre weight have the

form ψb

ˆ

χ c
0 1

˙

, where either ψ|IL “ ωn and χ|IL “ ω2 (with c representating

a class in V ty
χ if χ “ χcyc), or ψ|IL “ ωn`1, χ unramified and c representing a class

in Vχ. In the first case, or if p “ 2, we again have detn Symp´1 F2

p PW
explicitpρ|GLq

by definition, so suppose p ą 2 and we are in the second case. By [BS22, Thm. 5.6],
the space Vχ is spanned by the subspaces Ψdetn,J,x for pJ, xq P tpΣ0, 0q, pH, 1qu

defined in [BS22, Def. 5.2]. Replacing detn by detn Symp´1 in [BS22, Def. 5.2]
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gives the same two possible values for pJ, xq, but interchanges the corresponding
subspaces (the exponents of v in their definition still being 0 and 1´ p), so another

application of [BS22, Thm. 5.6] implies that detn Symp´1 F2

p PW
explicitpρ|GLq.

Now suppose that 3 ď k2 ď p. We have two choices for θ: one of dimension p`1
(induced from a Borel), and one of dimension p´ 1 (cuspidal). We denote these θ1

and θ2, and let θ˚i denote the dual of θi for i “ 1, 2. It follows from the existence of
the lift χcycbρπ|GL and the definition of the set WBTpρ|GLq (see [GK19, Thm. A])
and its equality with W crispρ|GLq ([GLS15, Thm. 6.1.8]) that

W crispχcyc b ρ|GLq X JHpθ
˚

i q ‰ H

(where JHpϑq denotes the set of Jordan–Hölder factors of the reduction of any
stable lattice for ϑ). Since θi has central character rdets2m`k2`2, we have θ˚i „
rdetsn´m b θi where n “ ´m´ k2 ´ 2, and the above intersection is equivalent to

W crispρ|GLq X JHprdetsn´m´2θiq ‰ H.

Since θi has D~k,~m “ detm`2 Symk2´2 F2

p as a Jordan–Hölder factor, we have

JHprdetsn´m´2θ1q “ tdetn Symk2´2 F2

p,detn`k2´2 Symp`1´k2 F2

p u

and JHprdetsn´m´2θ2q “ tdetn Symk2´2 F2

p,detn`k2´1 Symp´1´k2 F2

p u,

with the last factor absent if k2 “ p. In particular, if k2 “ p, it follows immediately

that detn Symp´2 F2

p PW
crispρ|GLq.

Suppose now that 3 ď k2 ď p´ 1 and detn Symk2´2 F2

p RW
crispρ|GLq. We must

then have

tdeta Symb F2

p,deta´1 Symb`2 F2

p u ĂW crispρ|GLq,

where a “ n` k2 ´ 1 and 0 ď b “ p´ 1´ k2 ď p´ 4. We will again appeal to the
explicit description of the set of Serre weights for the local Galois representation.

Firstly, if ρ|GL is irreducible, then the assumption that deta Symb F2

p PW
crispρ|GLq

implies ρ|GL is of the form IndGLGM ξ where ξ|IM “ ωaωb`2
τ or ωa`1ωbτ . Similarly

since deta´1 Symb`2 F2

p P W
crispρ|GLq, we have that ρ|GL is of the form IndGLGM ξ

1

where ξ1|IM “ ωa´1ωb`4
τ or ωaωb`2

τ . This is only possible if

ξ|IM “ ωaωb`2
τ “ ωa`b`1ωp´b´1

τ 1 “ ωnωk2

τ 1 ,

which contradicts the assumption that detn Symk2´2 F2

p R W
crispρ|GLq. Similarly,

if ρ|GL is reducible, then an analysis of the possibilities shows that it must have

the form ψ b

ˆ

χ c
0 1

˙

with ψ|IL “ ωa, χ|IL “ ωb`2 and c representing a class in

Vχ. Appealing again to [BS22, Thm. 5.6], we find that Vχ is the subspace Ψσ,J,x in

[BS22, Def. 5.2] with σ “ deta´1 Symb`2 F2

p, J “ Σ0 and x “ 0, giving ´pb` 2q as

the exponent of v. Furthermore taking detn Symk2´2 F2

p, J “ H and x “ 1 gives the

same subspace, contradicting assumption that detn Symk2´2 F2

p RW
crispρ|GLq. �

Theorem 7.4.3. Let F be a real quadratic field in which p is ramified, and let p be

the prime of F over p. Suppose that ~k, ~m P ZΣ, with ~k “ p1, wq for some w P r3, ps.
Suppose further that Conjecture 6.5.2(2) holds. If ρ is irreducible and geometrically

modular of weight p~k, ~mq, then ρ|GFp
has a crystalline lift of weight p~k, ~mq.
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Proof. Suppose that ρ is geometrically modular of weight p~k, ~mq. Then by Proposi-

tion 6.4.4, it is also geometrically modular of weight p~k1, ~m1q, where ~k1 “ p2, w` 1q
and ~m1 “ ~m ´ p0, 1q as in the proof of Theorem 7.4.1. Furthermore ρ is also

geometrically modular of weight p~k2, ~mq, where ~k2 “ ~k ` ~h2 “ p2, w ´ 1q .
Under our assumption of Conjecture 6.5.2(2), it follows that ρ is also algebraically

modular of weights p~k1, ~m1q and p~k2, ~mq. Therefore by Theorem 7.4.2, ρ|GFp
has

crystalline lifts of those weights, and hence

t det´m´w´1
bSymw´3 F2

p,det´m´w´2
bSymw´1 F2

p u ĂW crispρ|GFp
q.

The same analysis as in the last paragraph of the proof of Theorem 7.4.2, but with
a “ ´m ´ w ´ 1 and b “ w ´ 3 then shows that ρ|GFp

is of the form described in
Proposition 7.3.2, unless w “ p and

ρ|GFp
„ ψ b

ˆ

χ c
0 1

˙

for some characters ψ and χ such that ψ|IFp
“ ω´3´m and χ|IFp

“ ω2 (with c

defining a class in Vχ, but we will not make use of this).
Suppose then that this is the case, i.e., ρ has the form just described and ρ „ ρf

for some eigenform f P Sp1,pq,~mpU,Eq, and we will derive a contradiction. By
Lemma 7.1.7, we may furthermore assume that U “ U1pnq for some n prime to
p and that f is stabilized, strongly so by Theorem 5.3.1. Note that k2 “ p is
divisible by p, we have that Θpfq is divisible by H2 by Theorem 4.2.1. Therefore
we have Θpfq “ H2f1 for some f1 P Mp1,p`2q,~m1pU,Eq where ~m1 “ ~m ´ p0, 1q.
Furthermore it follows from Theorem 4.1.1 that H1|f1, so Θpfq “ H1H2f2 for some
f2 PM~2,~m1pU,Eq, and note that (a multiple of) f2 is strongly stabilized.

In particular, ρ is geometrically modular of weight p~2, ~m1q, and our hypothesis

therefore implies that ρ is also algebraically modular of weight p~2, ~m1q. We claim
that it is in fact p-ordinarily so. To that end consider a quaternion algebra B and
non-zero element ϕ PMB

~2,~m1
pU 1, EqrmQρ s, where B is ramified at exactly one infinite

place (and unramified at p) and U 1 for some U 1 containing OˆB,p. We then have

that eξϕ P M
B
~2,´~1

pU 1, EqrmQ
1

µbρs for sufficiently large Q1, where ξpupq “ um`1
p for

all up P OˆF,p and µ corresponds to ξ via class field theory. We may then lift eξϕ

to an eigenvector rϕξ P M
B
~2,´~1

pU 1,Oq for Tv and Sv for all v R Q1 (enlarging O if

necessary). We thus obtain an automorphic representation Π P CB~2 such that Πp is

an unramified principal series, as are the Πv for all v R Q1, with the same eigenvalues

as rϕξ for Tv and Sv on Π
OˆB,v
v . We thus have µb ρ „ ρπ, where π P C~2 corresponds

to Π under Theorem 2.3.1, and Πp – πp is a principal series representation of the

form Ipψ1| ¨ |
1{2, ψ2| ¨ |

1{2q for some unramified characters ψ1, ψ2. Furthermore
ρπ|GFp

is crystalline with σ-labelled Hodge–Tate weights p1, 0q for both σ P Σ, so

χcycb ρπ|GFp
arises from a p-divisible group over OFp

with an action of O. Noting
that ep “ 2 ď p´ 1 and

χcyc b ρπ|GFp
„ ψ1 b

ˆ

χ c
0 1

˙
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where ψ1 “ ψχcyc µ|GFp
is unramified and ψ|IFp

“ ω2 is cyclotomic, it follows that
the p-divisible cannot be local-local, and therefore that

χcyc b ρπ|GFp
„ rψ1 b

ˆ

rχ ˚

0 1

˙

for some lifts rψ1 of ψ and rχ of χ such that rψ1 is unramified and rψ1|IFp
is cyclotomic.

Therefore WDpρπ|GFp
q – rχ1 ‘ rχ2| ¨ |

´1 for a pair of unramified characters rχ1, rχ2 :

W ab
Fp
– Fˆp Ñ Oˆ. By local-global compatibility, these coincide with ψ1, ψ2, from

which it follows that Tp acts on Π
OˆB,p
p , and hence on rϕξ, by ψ1p$p,pq`pψ2p$p,pq P

Oˆ. This in turn implies that eξϕ is an eigenform for Tp with non-zero eigenvalue,

and hence that ρ is p-ordinarily algebraically modular of weight p~2, ~m1q.
By Theorem 6.6.9, we then have that ρ is also p-ordinarily geometrically modular

of weight p~2, ~m1q. By Proposition 7.1.5 and Lemma 7.1.7, there exist an ideal
n1 prime to p and a stabilized eigenform f3 P S~2,~m1pU1pn

1q, Eq (enlarging E if

necessary) such that ρ „ ρf3 and Tpf3,ξ ‰ 0 for all ξ as in Definition 6.6.3. By
another application of Lemma 7.1.7, we may assume n “ n1.

Now consider f4 “ f3´f2 P S~2,~m1pU1pn
1q, Eq. Since f2 and f3 are both stabilized,

we have rtmpf4q “ 0 for all t P pAppqF,f qˆ and m P t´1
pd´1 X Fˆ` such that ctm R p pOF .

On the other hand, since f2 is strongly stabilized, we have f2 ‰ f3, so f4 ‰ 0. It
follows that f4 P kerpΘq, so by Theorem 4.2.2, we have

f4 “ Hs1
1 Hs2

2 Gt11 G
t2
2 Vppf5q

for some s1, s2 P Zě0, t1, t2 P Z and f5 P MtotpU,Eq (where U “ U1pnq). Further-

more, by Theorem 4.2.3, we may assume f5 P M~k3,~m2pU,Eq for some ~k3 P Ξ`min,

~m2 P Z2. We thus have

p2, 2q “ s1p´1, pq ` s2p1,´1q ` pk32 , pk
3
1 q

with 1 ď k32 ď pk31 ď pk32 . One sees easily that the first equation implies that

p “ 3 and ~k3 “ ~1, so assume this is the case. Note also that

m2 :“ m21 `m
2
2 ” m11 `m

1
2 “ m´ 1 mod pp´ 1q “ 2.

Since Vp is injective and compatible with Tv for all v ‰ p and Sv for all v - np,
it follows that f5 is an eigenform for all these operators, with the same eigenvalues
as f4. In particular, we have ρf5

„ ρ and Tvf5 “ 0 for all v|n. The same argument
as in the proof of Proposition 7.1.5 then shows that if rt1m1

pf5q “ 0, then in fact

rmt “ 0 for all t P pAppqF,f qˆ and m P t´1
pd´1XFˆ` such that ctm R p pOF , which implies

that f5 P kerpΘq. In this case, applying Theorem 4.2.2 gives a contradiction, so we
conclude that rt1m1

pf5q ‰ 0.
Now consider f6 “ Θpf5q P S~2,~m3pU,Eq, where ~m3 “ ~m2´p0, 1q. Since Tvf6 “ 0

for all v|np, some multiple of f6 is a strongly stabilized eigenform. Note also that
since m31 `m

3
2 ” m mod 2, there exist u1, u2 P Z such that

pm1,m2q “ pm
3
1 ,m

3
2 q ` u1p´1, 3q ` u2p1,´1q.

Therefore some multiple ofGu1
1 Gu2

2 f6 is a strongly stabilized eigenform in S~2,~mpU,Eq

giving rise to ρ, as is H2f . Therefore f6 “ Θpf5q is divisible by H2. Since k32 “ 1 is
not divisible by p, Theorem 4.2.1 implies that f5 is divisible by Ha2, i.e., f5 “ H2f7
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for some f7 P Sp0,2q,~m2pU,Eq. Finally, this contradicts Theorem 4.2.3 and completes
the proof. �

We now turn our attention to the case of w “ 2, where our arguments require
ordinariness hypotheses. We first treat the easier implication relating geometric
modularity to existence of crystalline lifts:

Theorem 7.4.4. Let F be a real quadratic field in which p is ramified, and let p

be the prime of F over p. Suppose that ~k, ~m P ZΣ, with ~k “ p1, 2q. Suppose further
that Conjecture 6.5.2(2) holds. If ρ is irreducible and p-ordinarily geometrically

modular of weight p~k, ~mq, then ρ|GFp
has a crystalline lift of weight p~k, ~mq.

Proof. By Theorem 6.6.5, we have

ρ „ ψ b

ˆ

χ c
0 1

˙

for some characters ψ and χ such that ψ|IFp
“ ω´m´2 and χ|IFp

“ ω. Furthermore,

by Proposition 6.4.4, ρ is also geometrically modular of weight p~k1, ~m1q, where
~k1 “ p2, 3q and ~m1 “ ~m ´ p0, 1q. Our assumption of Conjecture 6.5.2(2) therefore

implies that ρ is algebraically modular of weight p~k1, ~m1q. By Theorem 7.4.2, ρ has a

crystalline lift of weight p~k1, ~m1q. It therefore follows from [GLS15, Thm. 5.4.1] that
c defines a class in Vχ. Finally, Proposition 7.3.2 implies that ρ has a crystalline

lift of weight p~k, ~mq. �

Remark 7.4.5. The ordinariness hypothesis is needed for our argument since there
are irreducible representations of GFp

with crystalline lifts of weight pp2, pq, ~mq
and pp2, 3q, ~m1q (where ~m1 “ ~m ´ p0, 1q as usual), but no crystalline lift of weight
pp1, 2q, ~mq. This fact also underpins our reliance on such a hypothesis in the proof
of Theorem 7.4.6.

We have the following result in the direction of partial weight one modularity:

Theorem 7.4.6. Let F is a real quadratic field in which p ramified, and let p be the

prime of F over p. Suppose that ~k “ p1, 2q and that ~m P ZΣ. Let ρ : GF Ñ GL2pFpq
be irreducible and geometrically modular of some weight. Suppose further that p ą 2,
ρ|GF pζpq is irreducible, and if p “ 5, then the projective image of ρ|GF pζ5q is not

isomorphic to A5. If ρ|GFp
is reducible and has a crystalline lift of weight p~k, ~mq,

then ρ is geometrically modular of weight p~k, ~mq.

Proof. If ρ|GFp
is reducible and has a crystalline lift of weight p~k, ~mq, then by

Proposition 7.3.2 we have

ρ „ ψ b

ˆ

χ c
0 1

˙

for some characters ψ and χ such that ψ|IFp
“ ω´m´2, χ|IFp

“ ω and c P Vχ. In

particular, ρ has a crystalline lift of weight p~k2, ~mq, where ~k2 “ p2, pq, and The-

orem 6.6.8 implies that ρ is p-ordinarily algebraically modular of weight p~k2, ~mq.

Therefore ρ is also p-ordinarily geometrically modular of weight p~k2, ~mq by Theo-
rem 6.6.9. By Proposition 7.1.5 and Lemma 7.1.7, it follows that ρ arises from a
stabilized eigenform f P S~k2,~mpU1pnq, Eq for some n not divisible by p, and moreover

with Tpfξ ‰ 0 for all ξ as in Definition 7.1.4.
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Since c P Vχ, we see as in the proof of Theorem 7.4.1 that ρ also has a crys-

talline lift of weight p~k1, ~m1q, where ~k1 “ p2, 3q and ~m1 “ ~m ´ p0, 1q. There-
fore Theorems 6.5.9 and 6.5.5 imply that ρ is geometrically modular of weight

p~k1, ~m1q. By Proposition 7.1.5 and Lemma 7.1.7, ρ arises from a stabilized eigen-
form f 1 P S~k1,~mpU,Eq, where U “ Upn1q for some n1 not divisible by p. Furthermore

another application of Lemma 7.1.7 allows us to replace n and n1 by a common mul-
tiple, and hence assume n1 “ n.

We claim that we can in fact take f 1 to be strongly stabilized. Indeed this
follows from Theorem 5.3.1, unless p “ 3 and ρ|IFp

„ 1 ‘ ω. In that case, note

that Theorem 4.2.1 implies that H2|Θpfq, so ρ arises from a strongly stabilized
g P Sp2,5q,~m1pU,Eq. Similarly H2|Θpf

1q, so ρ arises from a strongly stabilized g1 P

Sp2,5q,~m2pU,Eq, where ~m2 “ ~m´ p0, 2q. It follows that Θpgq “ H1H
2
2g
1 is divisible

by H2. Theorem 4.2.1 then implies that g “ H2g
2 for some g2 P Sp1,6q,~m1pU,Eq,

and Theorem 4.2.3 then implies g2 “ H1f
2, where now f2 P S~k1,~m1pU,Eq is (up to

scalar) a strongly stabilized eigenform giving rise to ρ. We can therefore replace f 1

by f2 to complete the proof of the claim.
Now write Θp´2f 1 “ G´1

1 G´1
2 Hs1

1 Hs2
2 f3, where f3 P S~k3,~mpU,Eq is (up to

scalar) a strongly stabilized eigenform not divisible by H1 or H2. By Theorem 4.2.3,
we have

~k3 “ pp, p` 1q ´ a1p´1, pq ´ a2p1,´1q P Ξ`min

for some a1, a2 P Zě0. Furthermore Θp´1f 1 “ G1G2H
2
1H

p`1
2 , so Theorem 4.2.1

implies that either a2 ě p` 1 or k32 “ p` 1´ pa1` a2 is divisible by p. Using that
~k3 P Ξ`min, the first possibility implies that a1 “ 2 and a2 “ p`1, so ~k3 “ p1, 2q “ ~k
and we are done.

So suppose that a2 ă p ` 1 and p|k12, i.e., a2 ” ´1 mod p, so a2 “ p ´ 1.

Again using that ~k3 P Ξ`min, we find that a1 “ 1, so ~k3 “ p2, pq “ ~k2. Since
f and f3 are both stabilized eigenforms in S~k2,~mpU,Eq, but only f3 is strongly

stabilized, we have f ´ f3 in kerpΘq. Applying Theorem 4.2.2 now implies that
f ´ f3 “ Gt11 G

t2
2 Vppg

3q for some t1, t2 P Z and eigenform g3 P S~k,~mpU,Eq giving

rise to ρ, and we are done. �

Remark 7.4.7. Recall that ρ|GF pζpq is irreducible unless ρ is induced from a char-

acter of GL, where L is the quadratic extension of F contained in F pζpq. From
the shape of the local Galois representation, one sees easily that (under the other
assumptions of Theorem 7.4.6) this is only possible if p splits in L.

Finally, we record the following consequence used in the proof of Theorem 7.4.1:

Corollary 7.4.8. Under the hypotheses of Theorem 7.4.6, there exist an ideal n
prime to p and strongly stabilized eigenform f P Sp2,pq,~mpU1pnq, Eq such that ρ „ ρf .

This was in fact established in the course of the proof of Theorem 7.4.6, but can
also be deduced from the statement of the theorem by taking a linear combination of
G´m1G´m2

2 Vppgq and H1H
2
2g, where g P Sp1,2q,~mpU1pnq, Eq is a stabilized eigenform

giving rise to ρ.
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compatibility for l “ p, II, Ann. Sci. Éc. Norm. Supér. (4) 47 (2014), no. 1, 165–179.
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