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ABSTRACT. Let p be a prime and F' a totally real field in which p is unrami-
fied. We consider mod p Hilbert modular forms for F', defined as sections of
automorphic line bundles on Hilbert modular varieties of level prime to p in
characteristic p. For a mod p Hilbert modular Hecke eigenform of arbitrary
weight (without parity hypotheses), we associate a two-dimensional representa-
tion of the absolute Galois group of F', and we give a conjectural description of
the set of weights of all eigenforms from which it arises. This conjecture can
be viewed as a “geometric” variant of the “algebraic” Serre weight conjecture
of Buzzard—Diamond—Jarvis, in the spirit of Edixhoven’s variant of Serre’s
original conjecture in the case F' = Q. We develop techniques for studying the
set of weights giving rise to a fixed Galois representation, and prove results in
support of the conjecture, including cases of partial weight one.

1. INTRODUCTION

1.1. The weight part of Serre’s Conjecture. Let p be a rational prime. Serre’s
Conjecture [52], now a theorem of Khare and Wintenberger [41, 42] (completed by
a result of Kisin [44]) asserts that every odd, continuous, irreducible representation
p: Gal(Q/Q) — GL2(F,) is modular in the sense that it is isomorphic to the mod
p Galois representation associated to a modular eigenform. Furthermore, Serre
predicts the minimal weight k£ > 2 such that p arises from an eigenform of weight
k and level prime to p, the recipe for this minimal weight being in terms of the
restriction of p to an inertia subgroup at p. Under the assumption that p is modular,
the fact that it arises from an eigenform of Serre’s predicted weight was known
prior to the work of Khare-Wintenberger (assuming p > 2), and indeed this plays a
crucial role in their proof of Serre’s Conjecture. This fact, called the weight part of
Serre’s Conjecture, was proved by Edixhoven [22] using the results of Gross [35] and
Coleman—Voloch [12] on companion forms. Edixhoven also presents (and proves for
p > 2') an alternative formulation, which predicts the minimal weight k& > 1 such
that p arises from a mod p eigenform of weight k& and level prime to p, where mod p
modular forms are viewed as sections of certain line bundles on the reduction mod
p of a modular curve. The qualitative difference between the two versions of the
conjecture stems from the fact that a mod p modular form of weight one does not
necessarily lift to characteristic zero.
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1Both versions in the case p = 2 ultimately follow from the results of Khare—~Wintenberger and
Kisin, as explained in [5].
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There has been a significant amount of work towards generalising the original
formulation of the weight part of Serre’s Conjecture to other contexts where one
has (or expects) Galois representations associated to automorphic forms. This
work begins with that of Ash and collaborators in the context of GL,, over Q (in
particular [2]), and the most general formulation to date is due to Gee, Herzig and
Savitt in [29]. We refer the reader to the introduction of [29] for a discussion of this
history and valuable perspectives provided by representation theory, p-adic Hodge
theory and the Breuil-Mézard Conjecture.

An important setting for the development of generalisations of the weight part
of Serre’s Conjecture has been that of Hilbert modular forms, i.e., automorphic
forms for G = Resp/gGLa where F is a totally real field. Work in this direction
was initiated by Buzzard, Jarvis and one of the authors in [4], where a Serre weight
conjecture is formulated under the assumption that p is unramified in F. For a
totally odd, continuous, irreducible representation

1) p: Gal(F/F) — GLa(F,),

there is a notion of p being modular of weight V, where V is an irreducible F,-
representation of G(F,) = GLy(Op/pOr), where Op denotes the ring of integers
of F'. In this context, the generalisation of the weight part of Serre’s Conjecture
assumes that p is modular of some weight, and predicts the set of all such weights
in terms of the restriction of p to inertia groups at primes over p. This prediction
can be viewed as a conjectural description of all pairs (7o, 7p) wWhere 7o (resp. 7p)
is a cohomological type at oo (resp. K-type at p) of an automorphic representation
giving rise to p (see [4, Prop. 2.10]). The conjecture was subsequently generalised
in [51, 28] to include the case where p is ramified in F, and indeed proved under
mild technical hypotheses (for p > 2) in a series of papers by Gee and collaborators
culminating in [32, 31], with an alternative endgame provided by Newton [47].

It is also natural to consider the problem of generalising Edixhoven’s variant of
the weight part of Serre’s Conjecture, especially in view of the innovation due to
Calegari-Geraghty [7] on the Taylor—Wiles method for proving automorphy lifting
theorems. By contrast with the original formulation of the weight part of Serre’s
Conjecture, there has been relatively little work in this direction. The main aim of
this paper is to formulate such a variant in the setting of Hilbert modular forms
associated to a totally real field F' in which p is unramified. More precisely, for p as
in (1), we give a conjectural description of the weights of mod p Hilbert modular
eigenforms giving rise to p, where we view mod p Hilbert modular forms as sections
of certain line bundles on the special fibre of a Hilbert modular variety. Furthermore,
we develop some tools for studying the set of possible weights, and prove results
towards the conjecture in the first case that exhibits genuinely new phenomena
relative to the settings of [22] and [4].

1.2. Outline of the paper. The foundations for this paper have their roots in
the work of Andreatta—Goren [1], which develops the theory of mod p Hilbert
modular forms and partial Hasse invariants. In particular, they use the partial
Hasse invariants to define the filtration, which we refer to instead as the minimal
weight, of a mod p Hilbert modular form. However, the framework for [1] is based
on an alternate notion of Hilbert modular forms, defined using Shimura varieties
and automorphic forms associated to the reductive group G*, the preimage of G,,
under det : G — Resp/gG,, where G = Resp/gGL2. We wish to work throughout
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with automorphic forms with respect to G itself, which are more amenable to the
theory of Hecke operators and associated Galois representations. To this end we
need to adapt the setup of [1].

We begin by recalling the definition of Hilbert modular varieties in §2 and Hilbert
modular forms in §3 in our context. For us, a weight will be a pair (k,1) € Z* x Z*,
where ¥ is the set of embeddings F' — Q. A fundamental observation is the absence
in characteristic p of the parity condition on k that appears in the usual definition
of weights of Hilbert modular forms (with respect to G, as opposed to G*) in
characteristic zero; our (k,1) is arbitrary. In §4 we explain the construction of Hecke
operators in our setting, and in §5 we recall (and adapt) the definition of partial
Hasse invariants from [1].

In §6 we establish the existence of Galois representations associated to mod
p Hilbert modular eigenforms of arbitrary weight. More precisely we prove (see
Theorem 6.1.1):

Theorem. If f is a mod p Hilbert modular eigenform of weight (k,1) and level
U(n) with n prime to p, then there is a Galois representation py : Gp — GLo(F,)
such that if v np, then py is unramified at v and the characteristic polynomial of
ps(Frob,) is X2 —a, X + dyNmp/q(v), where T, f = a, f and S, f = d,f.

This was proved independently by Emerton—-Reduzzi—Xiao [24] and Goldring—
Koskivirta [34] under parity hypotheses on k. The new ingredient allowing us to
treat arbitrary (k,[) is to use congruences to forms of level divisible by primes over
p. We remark that our proof relies on a cohomological vanishing result that is a
byproduct of the proof of the main result of the forthcoming paper [18].

In §7, we introduce the notion of geometric modularity and formulate a conjecture
that specifies the set of weights for which a given p is geometrically modular. A key
point is that the geometric setting allows for the notion of a minimal weight (among
the possible k for a fixed 1) of eigenforms giving rise to p, something not apparent
in the framework of [4]. Moreover this minimal weight should lie in the set =
of strictly positive elements of a certain cone defined in [17], and for such weights
we expect that geometric modularity of p can be characterised using p-adic Hodge
theory. In particular, we make the following conjecture (Conjecture 7.3.2; see also
Conjecture 7.3.1):

Conjecture. Suppose that p : Gp — GLQ(FP) is irreducible and geometrically
modular of some weight, and that k € ELH, Then p is geometrically modular of
weight (k1) if and only if play, has a crystalline lift of weight of (k-,l;)rex, for
all v|p.

We also explain the relation with the Serre weight conjectures of [4], which can be
viewed as specifying the weights (k,1) € ZZ, x Z* (i.e., algebraic weights) for which
p is algebraically modular. In particular Conjecture 7.5.2 predicts that geometric
and algebraic modularity of p for a weight (k,1) are equivalent if k € ZZ, N =, .
(The notion of algebraic modularity assumes k € ZZ,, and the equivalence fails if
k¢ =F. ) In the case F' = Q, the only non-algebraic weights with k € =1, have the

min

form (1,1), for which Conjecture 7.3.2 reduces to the statement that p is unramified

2Strictly speaking, we assume F # Q throughout the paper to allow for a more uniform
exposition, and because nothing new would be presented in the case F' = Q. For F' = Q, the
equivalence between algebraic and geometric modularity for k > 2 is standard, and the analogue of
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at p if and only if it arises from a mod p eigenform of weight one. In general however,
there is a much richer range of possibilities for p to have non-algebraic minimal
weights. The first instance where this is apparent is for real quadratic fields F' in
which p is inert, and we investigate this in detail in §11.

We review and develop several useful general tools before specialising to the inert
quadratic case, beginning with the theory of ©-operators in §8. For this, we again
proceed by adapting the treatment in [1], but in doing so we introduce some new
perspectives which we feel simplify and clarify some aspects of their construction.
(See Remark 8.1.3 and the proof of Theorem 8.2.2.)

In the last few sections, we make critical use of g-expansions. Most of §9
is a straightforward application of standard methods and results describing g-
expansions and the effect on them of Hecke operators. We also construct partial
Frobenius operators, whose image we relate to the kernel of partial ©-operators in
Theorem 9.8.2, generalising a result of Katz [38].

In §10 we prove various technical results on eigenforms and their g-expansions. We
also study the behaviour of the minimal weight for p as [ varies (see Theorem 10.4.2),
and prove that if an eigenform of algebraic weight is ordinary at a prime over p,
then so is the associated Galois representation (Theorem 10.7.1).

Finally in §11 we specialise to the inert quadratic case. We first use results
from integral p-adic Hodge theory to describe those p for which the (conjectural)
minimal weight is not algebraic (i.e., has k; = 1 for some 7). We then use the tools
developed in the preceding sections to transfer modularity results between algebraic
and non-algebraic weights. In particular we prove cases of Conjecture 7.3.2 in the
setting of partial weight one, conditional on our conjectured equivalence between
algebraic and geometric modularity (see Theorem 11.4.1). Since one direction of
this equivalence is easy under a parity hypothesis, we also obtain the following
unconditional result (Theorem 11.4.3):

Theorem. Suppose that [F : Q] =2, p is inert in F, 3 < kg < p, ko is odd and
p: Grp — GLo(F),) is irreducible and modular. If pler, has a crystalline lift of
weight ((ko,1),(0,0)), then p is geometrically modular of weight ((ko,1),(0,0)).

Our method is indicative of a general strategy for transferring results from the
setting of algebraic Serre weight conjectures to geometric, aspects of which partly
motivate the forthcoming paper [18]. The problem of generalising our conjectures
and results to the case where p is ramified in F is also the subject of current work.

1.3. Acknowledgements. We are grateful to Payman Kassaei for many valuable
discussions related to this work. We also thank Fabrizio Andreatta, Eyal Goren,
Kai-Wen Lan and David Savitt for helpful correspondence, and Robin Bartlett,
Toby Gee, David Helm and Vytautas Pasktuinas for useful conversations. This
research also benefitted from the authors’ participation in the Workshop on Serre’s
Modularity Conjecture at the University of Luxembourg in June 2015 (organised
by Mladen Dimitrov, Haluk Sengiin, Gabor Wiese and Hwajong Yoo), especially
through discussions with Mladen Dimitrov and Jacques Tilouine.

Conjecture 7.3.2 reduces via the Breuil-Mézard Conjecture to Edixhoven’s variant of the weight
part of Serre’s Conjecture, hence is known.
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2. HILBERT MODULAR VARIETIES

In this section we recall the definitions and basic properties of the models for
Hilbert modular varieties used throughout the paper.

2.1. General notation. Let p be a fixed rational prime. Let F' be a totally real
field in which p is unramified. We let Op denote the ring of integers of F', and
Ory = Of ® Z for any prime /.

Since this paper offers nothing new in the case F = Q (relative to [22]), we
will assume throughout that F' # Q in order to avoid complications arising from
consideration of the cusps.

Let 0 = 0p/q denote the different of F' over Q. Fix algebraic closures Q, @p of Q
and Q, respectively, and fix embeddings of Q into @p and C.

Let ¥ denote the set embeddings of F' into Q. Let L denote a finite extension of
Qp in @p containing the image of every embedding in 3, O its ring of integers, 7 a
uniformiser and £ = O/ its residue field. We identify ¥ with the set of embeddings
of F into L (and hence of Op into O), as well as the set of embeddings of F' into R.

If T'is a subset of Flow = F@R =[] R, we let T the set of totally positive
elements in 7.

2.2. Hilbert modular varieties of level N.

Definition 2.2.1. For a fractional ideal J of F' and an integer N > 3, let M
denote the functor which sends an O-scheme S to the set of isomorphism classes of
data (A,4,\,n) comprising

e an abelian scheme A/S of relative dimension [F : Q],

e a ring homomorphism ¢ : Op — End(A/S),

e an Op-linear isomorphism A : (J, J;) ~ (Sym(A/S), Pol(A/S)) such that
the induced map A®o,, J — AV is an isomorphism, where Sym(A4/S) (resp.
Pol(A/S)) denotes the étale sheaf whose sections are symmetric Op-linear
morphisms (resp. polarisations) A — AV,

e an Op-linear isomorphism 7 : (Op/N)? ~ A[N].

We call such a quadruple a J-polarised Hilbert-Blumenthal abelian variety with level
N structure (or simply an HBAV when J and N are fixed) over S.

The functor M ; v is representable by a smooth O-scheme, which we shall denote
Y n; see [15, Thm. 2.2] and the discussion before it, from which it also follows
(using for example [9, Thm. 1.4]) that Y n is quasi-projective over O.

Let Z; v denote the finite O-scheme representing O p-linear isomorphisms J/N J =~
'@ upy. If (4,1, )\, n) is an HBAV over S, then A ® A1 defines an isomorphism

J/NJ =J @0, N, (Or/N)? ~ Sym(A/S) ®o, Ny, A[N],
where A[N] is viewed as an étale sheaf on S. Composing with the isomorphisms
Sym(A/S) ®o, Ny, A[N] ~ Hom(Op, uy) ~ 0~ ' @ uy

induced by the Weil pairing and the trace pairing thus gives an element of Z; 5 (5).
In particular taking S = Y x and the universal HBAV over it, we obtain a canonical
morphism Yy y — Z; n with geometrically connected fibres.
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2.3. Unit action on polarisations. The group O;7+ of totally positive units in
OpF acts on Yy by v in O, sending (A,¢,\,n) € Y;n(S) for every O-scheme S
to (A,t,v\,m) € Yy n(S). Similarly u € GL2(Op/NOF) acts by sending (A4, ¢, A, n)
to (4,1, A\,mo7r,-1) where r,-1 denotes right multiplication by u~!, thus defining
a right action of GL2(Orp/NOpr), and hence of GLQ(ap) on Yy through the
projection GLQ(@F) — GL2(Op/NOp) where (3F denotes the profinite completion
of Op. If p € OF, then the action of u? € O;,+ on Y n coincides with that of

p~ I € GLy(Op) (where I, denote the 2-by-2 identity matrix).

2.4. Adelic action on level structures. Now let U be an open compact subgroup
of ResF/@GLg(i) o GLg(ap) containing GL2(Op,). Choose an integer N > 3
such that N is not divisible by p and U(N) C U, where U(N) := ker(GLg(ap) —
GL3(Op/NOpg). Then the action of Of)‘:Hr X GLg(ap) induces one on Y n of the
finite group

Gy = (OF , % U)/{ (1% w) | p € OF,u € Uyu=pl mod N }.

Note that the action of (v,u) € OI§7+ X GLg(ap) on Y, n is compatible with the
natural action on Z; y defined by multiplication by v det(u)~!.

We will show that if U is sufficiently small, then Gy, n acts freely on Y n. To
make this precise, let Pr denote the set of primes r in Q such that the maximal
totally real subfield Q(p,-)™ of Q(u,) is contained in F, and let Cr denote the set of
quadratic CM-extensions K/F (in a fixed algebraic closure of F') such that either:

e K = F(u,) for some odd prime r € Pp, or
e K = F(y/B) for some 8 € OF.
Note that the sets Pr and Cr are finite. R

For an ideal n of O, we define the following open compact subgroups of GLy(OF):

Up(n) = {(Z Z)eGLg(éF) cenéF};
Ui(n) = {(‘c‘ 2>er(n) dlenéF};
WUi(m) = {(Z Z)eUl(n) a—lEnéF}.

Lemma 2.4.1. Suppose that one of the following holds:

e U C Uy (n) for some n such that if r € Pg, then n does not contain tOp
where v is the prime over r in Q(u,)", or

e U C Up(n) for some n such that if u, C K and K € Cg, then n C q for
some prime q of F' inert in K and not dividing r.

Then Gy,n acts freely on Yy n.

Proof. For Gy n to act freely on Yy y means that the morphism Gy n X Yy v —
Yu n Xo Yy, n defined by (g, z) — (gz, z) is a closed immersion. Since this morphism
is finite and the fibre over every closed point is reduced, it suffices to prove that for
every geometric point z € Yy v (5), the map Gun — Yy v (S) defined by g — gz is
injective, i.e., that the stabiliser of z in Gy y is trivial.
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Suppose then that (A4, ¢, \,7n) is an HBAV over an algebraically closed field, and
that (v,u) € O;H- x U is such that (A, ¢, v\, nor,-1) is isomorphic to (A, ¢, A, 7).
This means that there is an automorphism « of A such that @ commutes with the
action of O and satisfies c on =now and A\(j) = a¥ o A(vj)oa for j € J.

We wish to prove that o = «(u) for some p € Of. Suppose this is not the
case. Viewing F as a subfield of End”(A) = Q ® End(A) via ¢, it follows from the
classification of endomorphism algebras of abelian varieties that F'(«) is a quadratic
CM-extension K/F. Since « is an automorphism, it is a unit in an order in K, so
a € O. Since O and O} have the same rank and o ¢ O}, we have o € O for
some n > 0; replacing a by a power, we may assume n is a prime r. Since o” € F
and K = Fla] is Galois over F, it follows that ¢, € K, and hence either K = F(u,.)
or r = 2. In either case we conclude that r € Pp, p,, C K and K € Cp.

Now let f(X) denote the minimal polynomial of o over F. Note that since
a” € O, we have

(2) FX) = (X —a)(X = Ga) = X — (1 + ¢ )aX +¢a®

for some (. € p,. For each prime ¢ of F' not dividing p, the f-adic Tate module
Ty(A) is free of rank two over O and is annihilated by f(«), so f(X) is in fact the
characteristic polynomial of o on Ty(A). It follows that f(X) is the characteristic
polynomial of @ on A[N], and hence also the characteristic polynomial of u on
(Op/N)2.

Suppose now that U is as in the first bullet in the statement of the lemma, Since
U C Uy (n), the characteristic polynomial of u is (X — 1) mod n. Comparing with
(2), we see that (1 + ¢,)a = 2mod n and (.o = 1 mod n. If r = 2, this implies
2 € n, contradicting the hypothesis on n. If r is odd, this implies ¢,.o?(¢. —¢71)? € n;
since (a2 € Oy and (¢, — ¢ 1)? generates t, this also contradicts the hypothesis
on n.

Suppose now that U is as in the second bullet of the statement. Then there is
a prime q dividing n such that q is inert in K and does not divide r. Since the
discriminant of f(X) is only divisible by primes over r, we have Ox ¢ = Op4lc], so
f(X) is irreducible modulo q. On the other hand, since u € Uy(q) its characteristic
polynomial factors over Op/q, and we again obtain a contradiction.

We have now shown that a = «(u) for some p € OF. It follows that u=! =
pl mod N, and that v = p~2. Therefore the image of (v,u) in Gy y is trivial, as
required. O

Caveat 2.4.2. Unless otherwise indicated, we assume throughout the paper that
the open compact subgroup U of GLy(Or) contains GLs (O Fp) and is sufficiently
small that the conclusion of Lemma 2.4.1 holds for some, hence all, N > 3 such that
UN)cU.

2.5. Hilbert modular varieties of level U. We fix a set T of representatives ¢
in (A%°)* for the strict ideal class group (A%)* /F} OF = A% /Fx(slﬁlﬂi> 4, and let
J¢ denote the corresponding fractional ideal of F'. We assume the representatives ¢
are chosen so that the J; are prime to p; i.e., that ¢, € O;ﬂ’p for each t € T

Since Y}, n is quasi-projective over O, the quotient Y, /Gy, n is representable
by a scheme over O (by [36, Prop.V.1.8]), and we define

Yy = H Y, n/Gun.
teT
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Then Yy is smooth over O and the projection [[,.; Yy, v — Yy is Galois and étale
with Galois group Gy n (in view of Lemma 2.4.1 and Caveat 2.4.2). Moreover Yy
is defined over O N Q and is independent of the choices of N and T

2.6. Components. Let Zy = [[,.r 25, ~v/Gun with (v,u) € Gyn acting by
multiplication by v det(u)™1, so if ux(Q) C O, then Zy;(O) can be identified with
the set of (geometrically) connected components of Y. Fixing a generator (x for
97! @ un(0) as an Op-module, we obtain a bijection

(3) (AF)"/F{ det(U) ~ Zy(0)

by sending zF* det(U) to the Gy, n-orbit of the isomorphism J; /N .J; ~ 7 loun(0)
sending the class of (za)™! € J; ®o, Or to (n, where t € T and o € F' (unique
up to multiplication by an element of OIX?’ +) are chosen so that 21 € ta@lﬁ.

2.7. Complex points. We recall that Yy is defined over O N Q, and a standard
construction yields an isomorphism

(4) GL2(F)\GL2(Ap)/UUs ~ Yy (C)

where Use = [],¢5 SO2(R)R* C ] oy GL2(R) = GL2(Fi), allowing us to view
Yy as a model for the Hilbert modular variety of level U. More precisely, by the
Strong Approximation Theorem, any double coset as in (4) can be written in the
form GLy(F)geodiag(l,z)UUs for some goo € GLo(Fi), € (AF)*, such that
det(goo) € FZ , and 20p = JoOp for some J. Such a double coset corresponds
under (4) to the Gy n-orbit of the HBAV over C defined by

C®Or/(goo(20)Op & (JO) ™)

with the evident Op-action, isomorphism A : (J,Jy) ~ (Sym(A/S),Pol(A/S))
defined so that A(a) corresponds to the Hermitian form trp g (st /Im(goo(20)), and
level N-structure defined by (a,b) — (age(20)+bx™1)/N, where zo = i®1 € CQOp.

3. HILBERT MODULAR FORMS

In this section we recall the definition of Hilbert modular forms as sections of
certain line bundles on Hilbert modular varieties.

3.1. Automorphic line bundles. The condition that A®o, J — A" is an isomor-
phism (in the definition of an HBAV) is called the “Deligne-Pappas” condition. Our
assumption that p is unramified in F' ensures its equivalence with the “Rapoport con-
dition” that Lie(A/S) is, locally on S, free of rank one over Op ® Og ([15, Cor. 2.9]),
and hence so is its Og-dual 6*934/5 ~ S*Qh/s, where s : A — S is the structure
morphism and e : S — A is the identity section. Since Op ® Og ~ @rez Og as a
coherent sheaf of Og-algebras, we may accordingly decompose 5*9}4 /g @S a direct
sum of line bundles on S. Applying this to the universal HBAV A; x over Y n, we
obtain a decomposition s*levN JYon = @T cx; Wr where each w; is a line bundle on

S. For a tuple k = (k;)rex € Z*, we let w®* denote the line bundle @, w®*" on
YJ,N.

Remark 3.1.1. Note that the definition of w®* makes sense “integrally” because
p is assumed to be unramified in F' so that the Rapoport condition is satisfied; in
the ramified case, one can instead proceed as in [50].
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Since Hpp (A/S) = R's.Q% /g is locally free of rank two over Op ® Os (by [49,
Lem. 1.3]) sitting in the exact sequence

0= 5.0} /5 = Hpr(4/9) = R's.04 = 0

of locally free modules over Op ® Og (given by the Hodge-de Rham spectral
sequence),

(5) /\%)F®OS ’H%)R(A/S) = 8*9114/3 ®OF®OS RlS*OA
is locally free of rank one over Or ® Og and similarly decomposes as a direct sum
of line bundles indexed by 7 € ¥. We let §, denote the line bundles so obtained
from the universal HBAV over S = Yy, and for a tuple | = (I;),ex € Z%, we
let §%! denote the line bundle &, §2!. Finally we let L’]}é\, denote the line bundle
WwOF ® 58

Recall that we defined the action of O; 4 X GLQ(@F) on S =Y, N by requiring
the pull-back via (v,u) of the universal HBAV (A, A\,n) to be isomorphic to
(A, e,y A, nor,-1); welet o, : A — (v,u)* A be the unique such isomorphism. Note
that ((v,u) w w) 0y = Qs for (v,u), (V,u') € OF | % GLy(OF) (where we
identify (v, u)* o (v/,u')* with (vv/,uu’)* via the natural isomorphism resulting from
the equality (¢/,u’) o (v,u) = (v, uu’)). It follows that the induced O ® Og-linear
isomorphisms

Ot () (5.0 ) = 5.0 s, () (Rs.0% ) — R1s.2% s
satisfy the relation o), o (v,u)*a;, = @}, .- We thus obtain an action of the

group Op | X GLg(ap) on the sheaves S*Qzlq/s and RIS*Q;,/S, and hence on the
line bundles E%V, compatible with its action on Y n.

Recall that if u € OF, then (u?, uls) acts trivially on Yj . In this case the
isomorphism a2 s, is given by «(y), and it follows that the induced action on L?i\,
is multiplication by the element p**2' := T]_7(u)*+2. In particular if k, + 21, is
an integer w independent of 7, then p*+# = Nmpg/q(p)". Thus if w is even, then
the action of 0;,57 L xUon E?i\, factors through Gy y and hence defines descent
data; we let L’fjl the resulting line bundle on Yy (given by [36, Cor.VIIL.1.3]). The
same holds if w is odd and Nmpgq(p) = 1 for all 4 € Of NU. Note that the line
bundle ,C]fjl is independent of the choice of N.

3.2. Hilbert modular forms.

Definition 3.2.1. For two tuples k and [ above, we say (k,!) is paritious if k, + 21,
is independent of 7. For such (k,[), we call an element of H°(Yy, E’f]’l) a Hilbert
modular form of weight (k,1) and of level U (where in addition to Caveat 2.4.2, we
assume that Nmpq(p) = 1 for all p € Op NU if kr 4 21, is odd).

We now make an observation critical to our consideration of weights of mod p
Hilbert modular forms. Let Y ; 5 denote the special fibre of Y} , and similarly let
Zii\, denote the pull-back of ﬁ’}é\, to Yy n. If pf ™2 =1 mod 7 for all p € OF NU,
then the action of Oy, x U on ZLk,éV factors through Gy, n, and hence defines

descent data, giving rise to a line bundle Z?jl on the special fibre Y of Y7 (again
independent of the choice of N). If (k, 1) is paritious, then this is simply the pull-back
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of L' to Y7, but the line bundles ZZ’I may be defined even if (k, 1) is not paritious.
In particular if O NU is contained in the kernel of reduction modulo p, then ﬁ@’l is
defined for all pairs (k,1). This holds for example if U C U;(n) for some ideal n such
that the kernel of Of — (Op/n)* is contained in the kernel of Oj — (Op/p)*.
More generally for any O-algebra R in which the image of ;/*+2! is trivial for all

p € OxNU, we obtain a line bundle EI;J”ZR on Yy r = Yu Xo R by descent from the
pull-back of the line bundles E’}é\,

Definition 3.2.2. . If U, k, [ and R are such that the image of ©**2 in R is trivial
for all 4 € Of NU, then we call an element of HO(YU)R,ZEZR) a Hilbert modular
form over R of weight (k,l) and level U, and we write My, ;(U; R) for the R-module

of such forms. If R = F, then we call such a form a mod p Hilbert modular form (of
weight (k,1) and of level U).

Definition 3.2.3. We say that U is p-neat if O NU is contained in the kernel
of reduction modulo p (in addition to U being sufficiently small in the sense of
Caveat 2.4.2).

3.3. The Koecher Principle. The Koecher Principle implies that My, ;(U; R) is
a finitely generated R-module (assuming an O-algebra R is Noetherian), and that
Mo o(U; R) = H°(Yy,r, Oy, ) is the set of locally constant functions on Yy . Both
of these assertions follow from the analogous ones with Y replaced by Y n, proved
by Rapoport. (The case J = O is treated by Prop. 4.9 and the discussion preceding
Prop. 6.11 of [49], and the modifications needed for the case of arbitrary J are given
in [10]; see also [19, Thm. 8.3] and [20, Thm. 7.1] for variants with different level
structure and descent data in place.)

3.4. Canonical trivialisations. We observe that the sheaves 6! on Y, y are in
fact free (not just locally so). Indeed if A is the universal HBAV over S = Y v,
then we have a sequence of canonical isomorphisms:

(©) R's,04 ~ Lie(AY) ~ Lie(4) ®0, J ~ Homos(s*Qz/s, 0s) ®o, J
~ Homopgos (S*Q%/S, Jol® Og),

from which it follows that A, g0, Hpr(4/S) = 5.0} /¢ ®oreos R's:04 is canon-
ically isomorphic to Jo~' ® Og, which is free of rank one over O ® Og. Therefore
each §, is free of rank one over Og, and hence so are the sheaves §®!.

Under the action of (v,u) € O;,+ x U on Y;n, one finds that the canonical
isomorphism ¢ from A% oo Hpr(A/S) to Jo~! ® Og is multiplied by v (in the
sense that (v,u)*y = (v®1)Yoa; ). Therefore the action of (v,u) on the resulting
trivialisation of ,Cg:lN = 6®! is multiplication by v!. In particular, if (0,1) is paritious
(i.e., I, is independent of 7), then ! = 1 so the trivialisation of Eg’lN on Yy is
invariant under Gy, i, hence descends to one on Y. 7

3.5. Complex Hilbert modular forms. If (k,!) is paritious, then under the
identification (4), the line bundle Llfjl gives the usual automorphic line bundle
whose sections are classical Hilbert modular forms of weight (k,[) and level U.
More precisely, £lfjl is defined over @ N Q, and its fibre at the point Ygoorw €
Y17 (C) corresponding to the double coset GLa(F)goodiag(1l, 2)UUs has basis ef! =
@, (ds®% @ h®!7), where s = (s;)rex are the coordinates on C® F =2 C* and h, is
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the basis for 0, given by the trivialisation defined above. For ¢ € My, ;(U;C), we
define the function f4 : GL2(Ar) — C so that

yi 20 =127 det(goo) 5 (go0: 20)* fo(Vgoou)e™ for all v € GLy(F), u € U,

where j(goo,2) = cz +d for goo = (Z Z
half plane $, and the exponents k and [ — 1 denote products over the embeddings
7 € 3. Then ¢ — f, defines an isomorphism My, ;(U;C) ~ Ay ;(U), where Ay (U)
is the set of functions f : GLy(Ag) — C such that:
o f(vhu) = det(too) ~1j(tUoo, i) “F f(R) for all v € GLy(F), h € GLy(AF) and
u € UUq;
o f1(900(20)) = det(goo) 15 (goo,)* f(hgoo) is holomorphic on $H* for all
h € GL2(AR).
Note also that f ~ (fagiag(1,2)) defines an isomorphism Ay ;(U) ~ ©,My(I'vz),
where 2 runs over a set of representatives of F*\A}/det(U)FX |, Ty, = GL3 (F)N
diag(1,x)Udiag(1,z)~! and My (T) denotes the set of holomorphic functions ¢ :
H* — C such that o(y(2)) = det(y)"*/2j(v, 2)k¢(z) for all y € T.

€ GL3 (R) and z in the complex upper-

3.6. Forms of weight (0,!) in characteristic p. Let us now return to character-

— l —
istic p and give sufficient hypotheses for the sheaf L?j on the special fibre Y to

be globally free, even when (0,1) is not paritious. Suppose that py(Q) C O, so the
geometric components of Y x are defined over O. Recall that the set of geometric
components is in bijection with Z; 5 (O), with (v,u) acting by v det(u)~!, so the
stabiliser of each component of Y n is { (v,u) € Of, . xU |v = det(u) mod N }. Let-
ting Hy, n denote the corresponding subgroup of Gy, n, we see that if vV'=1modn
for each v € O, Ndet(U), then the trivialisation of Z?,:lN on Yy is invariant
under Hy, v, so descends to the quotient Y ; n/Hy n. Note that this hypothesis also
implies that p?' =1 mod 7 for all u € O; NU, so that ZOJiZN descends to Y; since
the projection from [[Y ; y/Hy, n is an isomorphism on each connected component,
it follows that Z?jl is (globally) free on Y.
We record this as follows (recall that Zy is defined in see §2.6):

Proposition 3.6.1. Suppose that un(Q) C O for some N prime to p such that
UN)cU. If ! =1mod 7 for all v € Or, Ndet(U), then the sheafz([)jl on Yy
is (non-canonically) isomorphic to Oy, , and Mo, (U; E) to the space of functions

Note that the hypotheses of the proposition are satisfied for all | € Z* if 0;7 LN
det(U) is contained in the kernel of reduction modulo p. This holds for example if
U C 'U;(n) for some ideal n such that the kernel of OF — (Op/n)* is contained

in the kernel of Oj — (Op/p)*. In this case U is also p-neat, so the sheaves Z’{']’l
are defined for all pairs (k,1), and the spaces of mod p Hilbert modular forms

HO (?U,Zlfjl) for fixed k and varying [ are (non-canonically) isomorphic.
4. HECKE OPERATORS

In this section, we define Hecke operators geometrically on spaces of mod p
Hilbert modular forms.
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4.1. Adelic action on Hilbert modular varieties. Suppose that U; and U, are
open compact subgroups of GL, (51:); we assume as usual that Caveat 2.4.2 holds,
so Uy and Uy contain GLg(Op ) and are sufficiently small in the sense that the
conclusion of Lemma 2.4.1 holds. R
Suppose that g € GLy(A¥) = GL2(Op ® Q) with g, € GL2(Op,,) and g 'Ug C
Usz. We now proceed to define a morphism pg : Y7, — Yy, which corresponds to the
one defined by right multiplication by g on the associated Hilbert modular varieties;
i.e. on complex points it is given by GLo(F)xUiUs — GLo(F)xgUsUs.
We first choose:
e o € O such that ag € Mg(ap) and a € OIX’@
e N, prime to p such that U(Ny) C Usy;
e N, prime to p such that U(N;) C Uy and (ag)~ N1 /Ny € Ma(Op).

We will define a morphism pg : [{ YN, = [[Ysn, whose composite with the
projection to Yy, factors through Y7, , yielding the desired morphism pg : Y7, — Yu,,
independent of the above choices of o, Ny and Ns.

We first note that the conditions above imply that No|Ny, g 1U(Ny)g C U(N3),
and (right) multiplication by (ag)~!'N; /N induces an injective Op-linear map

j: (Op/Na)* — (Op/N1)?/(Or/N1)? - (ag) ™" Ny
Let (Aj,t1,A1,m) denote the universal HBAV over S = Yy, n, where J; = Jy,

for some t; € T, and let A} = A1/n:1(C) where C = (Or/N1)? - (ag) "' Ny. Then
A inherits an Op-action ¢} from Aj, and 7); induces an Op-linear closed immersion

(Or/N1)?/(Op/N1)? - (ag) ™' N1 — A

whose composite with j defines an isomorphism 7} : (Op/N2)? — Aj[Na].
Now consider the injective Op-linear map 7* : Sym(A}/S) — Sym(A4;/S) defined
by f+— 7 o f om, where 7 is the natural projection A; — Aj.

Lemma 4.1.1. The image of 7* is (det(ag))Sym(A;/S) where (det(ag)) denotes
the ideal O N det(ag)OF of OF.

Proof. Note that since Sym(A;/S) is an invertible Op-module, the image of 7* is
(locally on S) of the form ISym(A;/S) for some ideal I of O, non-zero since 7* is
injective. Moreover since ker(w) C Aj[N1], there is an isogeny ¢ : A} — A; such
that ¢ o 7 is multiplication by Ni; since 7* o ¢* is multiplication by N2, it follows
that N2 € I, so I can only be divisible by primes dividing N;.

We now determine I ® Z; for each prime ¢|N;. Note in particular that ¢ # p, so
£ is invertible in Og. Consider the commutative diagram:

Sym(A}/S) ® Z, — Sym(A41/5) ® Zy
1 "

Homg, (A3, Te(A1), Ze(1))  —  Homg, (A3, Te(Ar), Ze(1)),

of Op-linear maps of ¢-adic sheaves on S, where the top map is 7* ® Zy, the vertical
isomorphisms are induced by the Weil pairings, and the bottom map is given by the
map Ty(7) : Ty(A1) — Ty(A}) on f-adic Tate modules induced by 7. The cokernel
of m* ® Z, is therefore isomorphic to that of the bottom map, which in turn is
isomorphic to Homg, (Mg, Q¢/Z¢(1)), where My is the cokernel of /\QO”Tg(W). Since
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the f-adic sheaves Ty(A1) and Tp(A]) are locally free of rank two over Op, and the
cokernel of Ty(r) is isomorphic to

ker(m) ® Z¢ = C @ Zy = 0%,/ (ag) " 0%,

it follows that M, is isomorphic to Op ¢/ det(ag)Ope.

We have now shown that the cokernel of 7* ® Z, is (étale locally) isomorphic to
Orp ¢/ det(ag)Op, for all €. Since the cokernel of 7* is also étale locally isomorphic
Or/I, it follows that O /I is isomorphic to Op/ det(ag)Op, and hence that I =
(det(g)). O

It follows from the lemma that A; : J; ~ Sym(A;/S) restricts to an isomorphism
IJ; — 7*Sym(A}/S), where I = (det(ag)). Moreover since f is a section of
Pol(A}/S) if and only if 7*f is a section of Pol(A;/S), we see that A\; further
restricts to an isomorphism (I.J;)+ — 7*Pol(A}/S). Now let Jo = J;, where to € T
is the fixed representative of I.J; in the strict class group of F', and choose an element
B € F such that 3J; = I.J;. Thus f is uniquely determined up to O ,, and the
composite of A o 8 with the inverse of 7* yields an isomorphism

(J2, (J2)4) = (L1, (I]1)+) " (Sym(A3/S), Pol(A}/5))
(Sym(A41/S),Pol(4}/S))

1

1

which we denote by .
Finally we note that since A satisfies the Deligne—Pappas condition, so does A’.
This follows for example from the commutative diagram:

A1 ®OF IJl — A1 ®OF Jl ~ AY

T®1 \L T e

Ay @op I — (A1),

and the observation that the top left map is an isogeny with kernel A;[I]| ®o, IJ1,
hence (constant) degree |Or/I|?, while deg(m @ 1) = deg(7¥) = deg(r) = |Or/I|,
so the bottom map must be an isomorphism.

Now (A}, ¢}, A1, n}) is a Ja-polarised HBAV with level Ny structure over Yy, n,, so
corresponds to a morphism Y, n, — Y}, n, such that the pull-back of the universal
HBAV over Yy, n, is (A}, ¢}, A1, n}). Taking the union over ¢; € T yields the desired
morphism pg : [[Ysn, = [[Yin,-

It is straightforward to check that the composite of g, with the projection to
Yy, is independent of the choices of o, N2 and 3, and indeed of N; in the sense
that if Ny is replaced by a multiple N, then the resulting morphism is obtained by
composing with the natural projection [[Y;n — [[ Yy n,. (The only non-trivial
point is that if « is replaced by a multiple dc, then the resulting Js-polarised HBAV
with level Ny structure on Yy, n, is isomorphic to the original (A, ¢}, A}, n}) via the
map induced by ¢1(4).) Moreover the resulting morphism to Yy, in invariant under
the action of Gy, n, on [[Y, N, (indeed we have g, o (u,u) = (p, g~ tug) o p, for
all (u,u) € O, x Uy on each Yy, n, for any choice of 3 as above), hence factors
through Yy, , yielding the desired morphism pg : Yy, — Yy,.

Suppose that Uy, Uy and Uz are open compact subgroups of GLQ(ap) with
g1,92 € GLy(A%) as above satisfying g, 'Uig1 C Uy and g, 'Usgs C Us, so that
Pg: * Yu, — Yy, and pg, : Yy, = Yy, are defined. Note that choosing s, N2 and
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N3 to define pg,, and then aq, Ny and (the same) Ny to define py,, we may use
ajag, N1 and N3 to define pg,q4,. Let (Aj, i, Ai, 1) denote the universal HBAV
over Yy, j, for i =1,2,3, where J; = J;, for t; € T such that t;;, represents the
class of (det(c;g;))J; for i = 1,2. The above construction of py, then yields a
Jis1-polarised abelian variety (A}, ¢;, A;,n;) with level N;4q structure over Yy, n,,
where A} = A;/n;(C;) with C; = (Or/N;)? - (igi;) "' N;. Tt is straightforward to
check that the pull-back via pg, of (A5, 5, Ay, n5) is isomorphic to a Js-polarised
HBAV with level N3-structure defining pg, 4,, so that we may take pg, 4, = pgs © g,
and conclude that pg, ¢, = pg, © pg, -

4.2. Adelic action on Hilbert modular forms. We revert to the original setting
of §4.1, with g, U; and U, satisfying ¢g~'U;g C Us, and use the notation in the
definition of p; (and in particular a choice of Ny, N3, a and f), but writing S; =
Yy, n fori=12ands; : A; = S; and s} : A} — S; for the structural morphisms.
We let 7, denote the canonical projection 4; — A} ~ pyA2; the dependence on «
is such that if § € Op N Ofﬂ’p (and Nj is such that (dag) ™ Ny /No € Mg(@p)), then
o = 4(0)mq. It follows that the Op ® Og,-linear morphisms

~x 1 ~ / 1 1
pgSQ’*QA2/S2 o] 51,*QA’1/51 — 81,*QA1/51,

(7)

~ ~ 1 1

,OZR132,*Q:42/S2 ~ R 8/17*9:4,1/51 — R 817*921/51
induced by (o ® 1)71x% are independent of the choice of a (as well as Ny and g,
and even N; in the sense of compatibility with pull-back by the natural projection).
Furthermore the commutativity of the diagram:

Qg

Ay (v, u)* Ay
T \l/ ‘l’ (Vvu)*ﬂ'(x
~% ﬁ;(a">g_l“'9) ~% —1 * * ~k
PyA2 Py(v, g~ ug)* A2 = (v,u)*pyAs

implies that the morphisms in (7) are compatible with the action of Gy, N, (where
Gu,.n, acts on the sources via the homomorphism (v,u) — (v, g~ ug) to Gu, N,
and pull-back by f7). It follows that the same is true for the Og,-linear morphisms
ﬁ;ﬁﬁi Ny /3]3’1{ ~, induced by those in (7) for k,1 € 7%, which therefore descend
to define morphisms

(8) p;£’I€],2l7R - 'C’Iffll,R

for any O-algebra R in which the image of p**2! is trivial for all u € O; N

Us (and hence all p € OF NU;). We thus obtain an R-linear map [UygUs] :
My (Uz; R) = My, 1(Uy; R) defined as the product of || det(g)|| = Nmp/g(det g)~*
with the composite:

k,l « pk,l Kl
HO(YUz,Ra £UQ,R) — HO(YUl,R7pg‘CU2,R) — HO(YU17R7£U1,R)'
Returning now to the setting where Uy, Uy and Us are open compact subgroups
of GL2(OF) and g1, gs € GLy(A%) are such that g; 'Uyg1 C Us and g5 'Usags C Us,
we find that the composite:

.
PgiTag

Alﬁﬁ;AQ — pglﬁ;2A3gﬁ;1ng3
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IS Tayap- This in turn implies that the composite

p;192£?f7§,R = p;lp‘:;Qﬁl;}j’R - pzl‘C?fﬁ,R — ‘lecjll’R’
is the morphism in (8) used to define [Uyg192Us], which therefore coincides with
[Urg1Us] o [Uag2Us].
For R = O and (k,!) paritious, we thus obtain an action of the group {g €
GL2(AF) | gp € GL2(Opp) } on

MkJ(O) = lingJ(U; O),

where the direct limit is over all sufficiently small open compact subgroups U
of GL2(A%) containing GLy(Op,),). Similarly we have an action on My ;(C) :=
ligM %,1(U; C), which is compatible by extension of scalars with the one just defined
on My, ;1(O). One can check that the action is also compatible under the isomorphisms
My, 1 (U;C) ~ A, 1 (U) with the usual action defined by right multiplication on the
space of automorphic forms Ay ; = ligAkJ(U).

Recall that for R = E and arbitrary (k,1), the space My ;(U; E) is defined for
sufficiently small U (for example p-neat as in Definition 3.2.3), so we may similarly
define

My (E) = ligle’z(U; E).

Then My (F) is a smooth admissible representation of {g € GL2(A¥)|g, €
GL3(Opy) } over E, and we recover My, (U; E) = My, ,(E)Y for sufficiently small U
containing GLa(OFr,). (Note that My ;(E)Y = 0 if g2 # 1 for some u € UNO}.)
We may similarly define My ;(R) for any (k,!) and R in which p is nilpotent.
We again have My ;(U; R) = My, (R)Y for sufficiently small U (indeed for any U
for which we have already defined M, ;(U; R)), so we may define M ;(U; R) to be
My, 1 (R)Y for any open compact subgroup U of GL3(A%) containing GL2(OF,,).
Note then that My ;(U; R) = 0 if i*+2! # 1 for some u € UNOJ, but not necessarily
under the weaker assumption (if pR # 0) that p*+2 has non-trivial image in R for
some p1 € U N Of. We shall restrict our attention however to the case R = E.

4.3. Hecke operators. Suppose now that U; and Us are open compact subgroups
of GL2(A%) containing GL2(OF ;) and that ¢ is an element of GL2(A%) such that
gp € GL2(Op,p). We may then define the double coset operator

[U1gUs) : My, 1(Uz; E) — My (Urs E)

to be the map f — >, ; gif where UigUs = [],c; 9:Ua. It is straightforward to
check that the map is independent of the choice of representatives g;, that the image
is indeed in My, ;(Uy; E), and that the definition agrees with the one already made
when U; and U, are sufficiently small and g~ 1U;g C Us.

If U; and U, are sufficiently small we may reinterpret [U;gUs] in the usual
way using trace morphisms as follows. Letting U] = Uy N gUsg~ ', we have that
g tU{g C Us, so that [U1gUs] = [U11U]] o [U;gUs] and [U]gUs] is the composite

Sy — Lkl S —
HO(YU27£U1/) - HO<YU1’;Pg£U2) - HO(YUIMEU{)

where the second map is induced by the one from (8). On the other hand [U;1U]]
is precisely the composite

= Skl - « k.l = 5kl
HO(YU{VCU{) - HO(YU{7p1‘CU1) - HO(YUM‘CUl)a
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where the first map is given by the inverse of pTL’fjf — ,C’,‘J{l (from (B), in this case an

isomorphism), and the last map is the trace times the index of U{ N Oy in U; N OF.
For primes v of F such that v { p and GL3(Op,) C U, we define the Hecke
operators

1 0 w, O
(9) T”'_[U<O wy)U} and Sy.—{U(O wU)U]
on My, (U; E), where w, is a uniformiser of Op,. These operators are independent
of the choice of w,, and commute with each other (for varying v). Note that

under the above interpretation via the trace map (for sufficiently small U), we have
Ul =UnNUy(v) and U NOx = UNOF, so that T, can be written as the composite

= =kl — ey — ey — =kl
HO(YUv‘CU ) - HO(YU’vngU ) - HO(YU’7P1’CU ) - HO(YUvﬁU ),
where U’ = U N Up(v), the first map is the natural pull-back, the second map is
induced by the maps p;Z’;’l — Z’;],l o~ pfzg’l of (8), and the last map is the trace.
We remark also that if (k,1) is paritious, then the above definitions with E replaced

by O gives Hecke operators compatible with the usual ones denoted T, and S, on
the corresponding spaces of automorphic forms.

4.4. Adelic action on components. We will describe below the action of the
group { g € GL2(A%) | gp € GL2(OF,) } on the spaces My ;(E), but first we consider
the right action via p,; on geometric components. More precisely, suppose as usual
that g~'U,g C Uy and Ny, Ny and « are as in the definition of Pg; assume moreover
that ux, (Q) C O and consider the map Zy, (O) — Zy,(O) induced by p, (where
Zy, was defined in §2.6). Maintaining the notation in the construction of py, one
finds that the commutativity of the diagram in the proof of Lemma 4.1.1 implies

that of
J1 ®op OF 5 Sym(A1/S1) ®o, Or — Hom(A% , A1[Mi], pny)  —>  Hom(Op/Ni,pn,)
vt vt + 1

J2 ®op Or = Sym(A}/S1) R0 Op — Hom(/\zoFAll[Ng],pNz) —  Hom(Op /N2, pn,),

where the horizontal arrows of the top (resp. bottom) row are induced (from left to
right) by A1 (resp. A}), the Weil pairing on A; (resp. A}), and n; (resp. n}), the first
vertical arrow by Bdet(ag)~!, the second by det(ag)~!7*, the third by the surjec-
tions A3, A1[N1] = AB, A1[No] (arising from the isomorphisms det(age) ™' B, ,
Ty(r) for £|N3) and -M/N2 2 iy — pp,, and the last by the natural projection and
Ni/N2 Tt follows that if ¢ € Zy, n, (O) (ie., ¢ 2 Ji/N1 =071 @ pn, (0)) then 5y(¢)
is the isomorphism J /Ny ~ 071 ® pun, (O) induced by z — ¢(Ba—2 det(g) " a)N1/N2,
It follows in turn that the map Zy, (O) — Zy,(O) induced by p, corresponds to

multiplication by det(g)~! under the bijections of (3), with (y, chosen to be Cﬁll /Nz,

4.5. Adelic action on forms of weight (0,7). Recall that the map [U;gUs] arises
by descent (and reduction mod ) from maps

(10) HO(S5, £5! ) — HO(S1, 55L5 ) — HO(S1,£5 \)
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where S; = Y, n,. Moreover we have isomorphisms ,Cg;l N, = Os, obtained by
tensoring powers of the components of the composite

@ oy = /\?)F®OsiH]13R(Ai/Si) = ']iail ® Osi = @ OSH

TED TED
where the first isomorphism is the canonical one following (6), and the second arises
from the isomorphisms J;0 ! ® O =2 Op ® O = @,¢xO induced by the inclusions
J;97!1 C F (a choice permitted by our assumption that J;, Jo and ? are prime to
p). Since the global sections of Og, are constant on components, we may realise
(10) as a map

{ ZJ27N2 (O) - O} — {ZJ17N1 (O) -0 }

Under the canonical isomorphisms A% oo, Hpgr(A4i/Si) = Jo~' ® Og,, we find
that the map

5y (N0, Hbir(42/52)) — Ado., Hbr (41/51)

in the definition of [U;gUs] corresponds to the map Jo07 ! ® Og, — J107! ® Og,
induced by multiplication by a2 € (O ® O)*. We therefore realise (7) as
the map sending s : Z;, n,(O) — O to the map Z;, n,(0O) — O sending ¢ to
|| det(g)||(Ba=2)!s(py(¢)). Note in particular that if det(g) = 1 and U; C Us,
then we may choose 8 = o2 and conclude that [U;gUs] coincides with the natural
inclusion Mo ;(Us; E) — Mo, (Ur; E) defined by [U;11Us). It follows that the action
of {g € GLy(A¥) | gy, € GL2(Op,p) } on My, (E) factors via det through that of
{a € (A¥)*lay, € Of, }, so we get an action of { g € GLa(A¥)| g, € GL2(OFp) }
on My, (U; E) factoring through

{a € (AF)" |ay, € OF, }/det(U).

We now determine the corresponding representation of the latter group on
My, (U; E). Note that we have an exact sequence

1 — Op,Ndet(U) — FINOg,

— {a € (A®) |ap € OF, }/ det(U) — (AF)* /F det(U) — 1,

where the maps are all induced by the canonical inclusions. Note that the last

quotient is finite. If 7 = 1 for all v € det(U) N Or ., then p— 71! defines an E*-
valued character of (F* N Of )/(OF , Ndet(U)), hence of a finite index subgroup

of {a € (A¥)*|a, € OF, }/ det(U).

Lemma 4.5.1. If7' =1 for all v € det(U) N Op ,, then Mo, (U; E) is isomorphic,
as a representation of {a € (A¥)*|a, € Of  }/det(U), to the induction of the
character

Y (FENO0g,)/(Of, Ndet(U)) — E*
defined by y(p) = Nmpg(u) " i'; otherwise Mo (U; E) = 0.

Proof. Note that the conclusion of the lemma is equivalent to the assertion that
My, (U; E) is isomorphic to

Iy ={f:G— E| f(paw) = Yy(p) f(x) forall p e GNF, x € G, w € detU }
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as a representation of G = {a € (A¥)* |a, € Of, }. We may therefore replace L
by a finite extension and U by an open subgroup Us for which the hypotheses of
Proposition 3.6.1 are satisfied.

Next observe that if det(g) = u € F N O, and g 'U.g C Us,, then we may
take 3 = pa? in the definition of [U;gUs], so that 5, induces the natural projection
Zin, (O) = Zjn,(O) for each J, and the map in (10) is the composite of the
natural inclusion with multiplication by Nmp () ~'&'. Therefore F* N O, acts
on My ;(Us; E) via the character ;.

Let e be a non-zero element of My ;(Usz; E) supported on a single component of
Zu,(0). Since FX N O, acts via ¢y on e, there is a G-equivariant homomorphism
Iy, — My (Uz; E) whose image contains e. Since G acts transitively on Zy, (O),
the G-orbit of e spans My ;(Us; E), so the homomorphism is surjective. Since Iy,
and Mo, (Us; E) both have dimension equal to the cardinality of (A%)* /F} det(U),
it follows that the map is in fact an isomorphism. O

4.6. Twisting by characters. It follows from Lemma 4.5.1 that for any character
§:{a € (A¥)*|a, € Op,}/det(U) — E* such that {(a) = a for all a €
Fin Olé,zﬁ the eigenspace consisting of those e € My ;(U; E) satisfying

ge = || det(g)||¢(det(g))e for all g € GLo(AY) such that g, € GL2(Op,)
is one-dimensional. We let e¢ be a basis element.

Lemma 4.6.1. If U, | and & are as above, then for any k,m € Z*, the map
f e ® f defines an isomorphism My (U; E) — My 140 (U; E) such that

[UgUl(ec @ f) = £(det(g))ec @ [UgU]f
for all f € My m(UsE), g € GLy(AY) such that g, € GL2(OFyp); in particular

To(ee ® f) = &(wy)ee @ T f and Sy(ee @ f) = &E(wy)?ee @ Sy f for all v such that
vtp and GLy(OF,) C U.

Proof. We first prove that the map is an isomorphism. The existence of £ implies
that 7! = 1 for all v € det(U) N O§7+, so replacing L by a finite extension, we
may assume that the hypotheses of Proposition 3.6.1 are satisfied and hence view
e¢ as a function Zy(O) — E. Since e is non-zero and the action of the group
{a € (A¥)*|ap € Of, } on Zy(O) is transitive, it follows that e is everywhere
non-zero. We therefore have a section egl € My,_;(U; E) such that f — f® egl
defines the inverse of our map.

We now establish the compatibility with the Hecke action. The definition of
[UgU] gives

[UgUl(ee  f) = §}hq®f §]ma )| giee @ g:f,
where UgU = HgiU. Noting that g;ec = gee = || det(g)||¢(det(g))ee since det(g;) €
det(g) det U, it follows that

[UgU](ec ® f) = &(det(g) Q@wawaM®WWV

as required. [
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5. PARTIAL HASSE INVARIANTS

We next adapt the definition of partial Hasse invariants from [1] to our setting.

5.1. Definition of partial Hasse invariants. We write Ver 4 for the Verschiebung
isogeny of an abelian scheme A over a base S of characteristic p, i.e., the morphism
A®P) — A defined as the dual of the relative Frobenius morphism AY — (AY)(®) =
(AP where A®) denotes the pull-back A xg S with respect to the absolute
Frobenius morphism Frg : S — S. Taking A to be the universal HBAV over
S=Y J.N, the pull-back Ver’, defines an Op ® Og-linear morphism

1 1 o 1
S*QA/S - S*QA(p)/S = FrSS*QA/Sa

where s : A — S denotes the structure morphism. Writing S*Q}4 /s = Orlr, we see

Qp
Fr—lor’

Fr denotes the absolute Frobenius on F,. The 7-component of Ver’ is therefore a

. —k,0 _ _®(—1
section of Ly = w?rp,lww?( ), where:

e if Fror=7,thenk, =p—1and k,» =0if 7 £ 7;
e if Fro7 # 7, then k; = —1, kpy-15, = p, and ko = 0 if 7/ ¢ {Fr ' o7, 7}.

For each 7, we denote this weight by kn,,, and let Haj n . be the element of

eva —k ar 70 . . .
HY(Y N, L SN just constructed. Then Ha J,N,+ has non-zero restriction to each

that the 7-component of ]F‘IESJZ}4 /s is canonically isomorphic to w where

component of Y’ J,N; moreover if we let Z, denote the associated divisor of zeros,
then Z, is non-trivial on each component and ) _ Z, is reduced. (This follows from
the corresponding result proved in [1, §8] for the partial Hasse invariants on the
variety they denote M(F), un): Choosing (n € pn(E) for sufficiently large E yields
an étale cover Y ; y — OM(E, uy) which identifies M(E, uy) with the quotient of
Y jn by the image of Uy(N) in Gy, (n),n and our Ha, with the pull-back of their

partial Hasse invariant hes ; for the pair (9B,4) corresponding to 7.)
kHa,—

Note that ¥ =1 mod 7 for all 4 € OF, so the line bundle £;; ¥ is defined
for all U under consideration. By the compatibility of the Verschiebung with base-
change and isomorphisms, we see that the sections Haj x , on [[Y s n descend to
define a mod p Hilbert modular form of weight (kp,_,0) and level U, which we
denote by Hay .. Moreover, from the compatibility of Verschiebung with isogenies,
in particular with 7, as defined in §4.2, we see that [UygUz|Hay, » = || det g||Hay, -
for any g € GL2(A%) such that g, € GL2(Op,) and g~'U;g C Us. In particular,
the element

HaU’T S MkHaT,O(E) = kaHa-,- 70(U; E)
is independent of the choice of U, so we henceforth omit the subscript U and write
simply Ha, for this mod p Hilbert modular form, which we call the partial Hasse
invariant (associated to T).
We record the following immediate consequence of the assertions above:

Proposition 5.1.1. The partial Hasse invariant Ha, satisfies gHa, = || det(g)||Ha,
for all g € GLa(AY) such that g, € GL2(Op,). For any weight (k,1), multiplication
by Ha, defines an injective map:

Mk,l(E) — MkJrkHaT R (E)

commuting with the action of g for all such g. In particular, for any open compact
subgroup U of GLa(AY) containing GL2(Or ), multiplication by Ha, defines an
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mjective map
My (U E) = My yhy, 1(U; E)
commuting with the operators T, and S, for all v{p such that GL2(Op,) C U.

5.2. Minimal weights. We now recall the definition of the minimal weight of a
mod p Hilbert modular form, again adapting notions from [1] to our setting (see
also [17]). This is an analogue of the weight filtration for mod p modular forms
in the classical setting F' = Q. For F' = Q, the vanishing of the spaces of mod p
modular forms of negative weight forces the weight filtration to be non-negative, but
in the Hilbert case, the partial negativity of the weights of partial Hasse invariants
already shows the situation is more subtle. We let

EAG = { E n'rkHaT

TEYD

N, € Lo for all 7 € E}

be the set of non-negative integer linear combinations of the weights of the partial
Hasse invariants. Note that the weights kp,. are linearly independent, so each
k € Eaq is of the form Zrez n,ka, for a unique n € Zgo- We define a partial
ordering <, on Z* by stipulating that k' <m, k if and only if k — k' € Zaq.

For any non-zero f € My ;(U; E), consider the set W (f) defined as

{ K =k=> nkya,

Since the divisor ) Z is reduced, the set W (f) contains a unique minimal element
under the partial ordering <g, (cf. [1, 8.19, 8.20]), which we call the minimal
weight of f, and denote v(f). Note that replacing U by an open compact subgroup
U’ C U does not alter v(f), since any f' € My ;(U'; E) satisfying f = f'[[ Hal"
will be invariant under U, hence in My ;(U; E). We may therefore define v(f) for
f € My 1(E) without reference to U. Note also that v(f) is not affected by replacing
E by an extension E’.

We note also that the minimal weight of a form is independent of [ in the following
sense: Recall from Lemma 4.6.1 that we have isomorphisms My, ;(E) — My (E)
defined by multiplication by eigenvectors e; € My - ;(E) associated to suitable
characters £ of (A%)*. Since these isomorphisms commute with multiplication by
the partial Hasse invariants, it follows that v(es @ f) = v(f) for all f € My (E).

Finally we define the minimal cone in Z* to be

n € 2%, f= f’HHaZT for some f’ € My (U; E) } '

Emin = { k € Z% | pky > kppo1o, for all 7 € £},

(Note that Epin C Z§0~) A recent result of the first author and Kassaei [17] shows
that in fact v(f) € ZEmin for all non-zero mod p Hilbert modular forms f.

6. ASSOCIATED GALOIS REPRESENTATIONS

The aim of this section is to prove the existence of Galois representations associ-
ated to Hecke eigenforms of arbitrary weight. We first state the theorem and review
some ingredients needed for the proof.
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6.1. Statement of the theorem.

Theorem 6.1.1. Suppose that U is an open compact subgroup of GLg(aF) contain-
ing GL2(Op,p), and Q is a finite set of primes containing all vip and all v such that
GL2(Opy) ¢ U. Suppose that k,l € Z* and that f € My, (U; E) is an eigenform
for T, and S, (defined in (9)) for all v & Q. Then there is a Galois representation

pr - GF — GLQ(E)

such that if v & Q, then ps is unramified at v and the characteristic polynomial of
py(Frob,) is
X? — ay X 4+ d,Nmp/g(v),

where T, f = a,f and Sy, f =d, f.

This has been proved for paritious weights (k,!), independently by Emerton—
Reduzzi—Xiao [24] and Goldring—Koskivirta [34]; in fact their methods yield the
result under a weaker parity condition. The contribution here is to remove the
parity hypothesis altogether, and the new ingredient is to use congruences to forms
of level divisible by p. For this we will need to work with the integral models for
Hilbert modular varieties with level structure U; (p) at p studied by Pappas in [48].

6.2. Hilbert modular varieties of level U’ = U NU;(p). Suppose that J is a
fractional ideal of F' and N > 3 is an integer, with J and N both prime to p. We let
M?L n denote the functor which associates to an O-scheme S the set of isomorphism
classes of pairs (A, H), where

e A=(A,i,\,n) is a J-polarised HBAV with level N-structure over S, and
e H is a free rank one (Op/p)-submodule scheme of A[p| over S such that the
quotient isogeny A — A’ = A/H induces an isomorphism Sym(A’/S) —
pSym(A/S).
Then MY y is represented by O-scheme which we denote Y7 v, the forgetful mor-
phism Y.}),J/V — Y N is projective and YJQ ~ is a flat local complete intersection over
O of relative dimension [F': Q] ([48, Thm. 2.2.2]). We let ./\/llJ n denote the functor
which associates to an O-scheme S the set of isomorphism classes of triples (A, H, P)
where A and H are as above and

e P ¢ H(S) is an (Op/p)-generator of H in the sense of Drinfeld-Katz—
Mazur [40, 1.10].
Then M} y is represented by O-scheme which we denote Y v, and the forgetful
morphism Y — Y7y is finite flat, so Yy is flat and Cohen-Macaulay over O
([48, Thm. 2.3.3)).

Suppose U is an open compact subgroup of GLg(@F) containing GLy(Op ), and
let U' = U NU;(p). We suppose that U is sufficiently small, and in particular that
U is p-neat (see Definition 3.2.3). The action of the group Gy, n on Y; n then lifts
to one on YJ{N, corresponding to the action on M}I,N defined by (v,u)- (A, H, P) =
((v,u) - A, H, P). It follows from the corresponding assertions for Y x that Gy n
acts freely on [],. Y}u N> the quotient is representable by a scheme Y7/, and the
quotient map is étale and Galois with group Gy, n. Since the Y}) y are flat and
Cohen—Macaulay over O, so is Yy, and let my : Yy — Yy denote the natural
projection (writing just = when U is clear from the context). We let Ky denote
the dualising sheaf on Yyr over O (see [14, §3.5]), and similarly let Ky denote the
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dualising sheaf on Yy over O. Since Yy is smooth over O, its dualising sheaf Ky is
canonically identified with Q[;; %}9 = /\g;g]ﬁ%,[] Jo-

Suppose now that g, U; and U, are as in §4, so in particular ¢~ 'U;g C U,
and assume further that g, € Ui(p). We then obtain exactly as before finite
étale pj, : Yy, — Yy, by descent from morphisms pN; : HY}M N ]_[Yth N,» and
compatible with p, : Yy, — Yy, via the projections my, : Yy — Yu,. Since p; is

étale, we have a canonical isomorphism (p)*Ky; = Ky:.

6.3. Hilbert modular forms of level U’ = U N U;(p). For (m,n) € Z? (viewed
also as an element of (Z*)?) and p-neat U, we let Ly;" = w3, L;", and we similarly
define E?},’j}% for O-algebras R, writing also Z?/n in the case R = E. For k,l € Z,
we define the space of Hilbert modular forms over R of weight k and level U’ to be

M (U'; R) :== H*(Yyr g, Kvv g ®ov,, . £1[3732,l+1).

Note that we could have made this definition for more general weights (k,1), but we
will in fact only need the case of parallel weight. Recall also from [14] that formation
of the dualising sheaf is compatible with base change, so Ky g can be identified
with the dualising sheaf of Y7/ g over R.

For g, Uy, U, as above, we define an R-linear map

[U1gUs] + My 1 (Uy; R) = My (Uy; R)

as || det g|| times the composition of the pull-back from Y7;; to Yy; with the map on

sections induced by the tensor product of the canonical isomorphism (p)*Ky; —
Ky; with the map

Nk pk—2,1+1 %k * pk—2,14+1 * k—2,14+1 _ k—2,14+1
(pg) EUé =75, Py L, = 7, Ly, = EU{

given by 7, of (8). We again have the compatibility [Ujg1Us] o [Usg2Us] =
[U19192U3)], giving rise to an R-linear action of the group {g € GL2(A¥)|g, €
Ui(p) } on My (R) = ling,l(U’;R). As before we may identify My (U’; R)
with (M ,QJ(R))Ul, and define commuting R-linear Hecke operators T,, and S, on
My, (U’; R) for all v such that GLy2(Op,,) C U'.

Let S =Y N, and A = A n the universal HBAV over S. Since A is smooth over
S and S is smooth over O, we have an exact sequence

0= 5"Qg0 = Ly o = Vg =0

of locally free sheaves on A. Applying R's,, we obtain the connecting homomor-
phism:

(11) S*Q,lq/s — Rls*s*le/o = Qé/o ®og R's.04.
Combined with the canonical isomorphisms

Homo,20s(ANoppos HHr(A/S), 5:0Y4 /g) — Homog(R's.04, Os)

induced by the inclusion O C 9~' =5 Hom(Op, Z) and the isomorphism (5), we
obtain an O ® Og-linear homomorphism

(12) Homoreos (A20F®OSH11)R(A/S)a ®%F®os(5*9i1/s)) = /0,
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which is in fact an isomorphism (see [39, 1.0.21]), called the Kodaira—Spencer

isomorphism. Taking /\gs:(@]7 we obtain an isomorphism:

A S 2 -1 F:Q] 1 _ 0d
Ean LN = @ (w? o, 071 — AGYQL o =0l 0.
The functoriality of the morphisms in the construction ensures that the isomorphism
is compatible with the action of Gy, n, and therefore descends to an isomorphism

tv: Ly =Ky

Moreover for g, Uy and Us such that ¢g7'U;g C Us, g, € GL2(Op,), one finds
similarly that the canonical isomorphism p;Ky, — Ky, is compatible with the
morphism of (8). It follows that the isomorphisms

My (U; R) & HO(YU,RJCU,R ®0, , EZ,_I%JH)

induced by &y are compatible with the operators [U;gUs]. Moreover the generic
fibre of Y}, y is smooth over L, so that if p is invertible in R, the same constructions
apply to give isomorphisms

H(Yyr r, L3 ) = My (U's R)

such that the operators [U]gUj] are compatible by extension of scalars with those
on the spaces Ay (U’) of automorphic forms of weight (k,!) and level U’.

6.4. Minimal compactifications. We will also make use of minimal compactifi-
cations of Hilbert modular varieties, whose properties we now recall. The minimal
compactification X jn of Yy is constructed by Chai in [10] (see also [19] and
[20]), and we define X to be the quotient of [ Xy under the natural action of
Gy,n. Then Xy is a flat, projective scheme over O with j : Yy — Xy as an open
subscheme whose complement is finite over O, and the line bundle /3(1]’0 extends to
an ample line bundle on Xy which we denote by .£;. The Koecher Principle in this
setting means that the natural map Ox, — j«Oy, is an isomorphism.

Definition 6.4.1. Assuming as usual that O is sufficiently large (i.e., containing
the N*" roots of unity), then each (reduced) connected component C' of Xy — Yy is
isomorphic to Spec 0. We call C a cusp of Xy .

If U is of the form U(n) := ker(GLg(ap) — GL2(Op/n)) for a sufficiently
small, prime-to-p ideal n of O, then the completion of X along C' is canonically
isomorphic to Spf §c, where
Ugs

(13) §C = O[[qa]]ae'1+u{0}

for a fractional ideal I depending on C, and p € Uy 1 = ker(Op | — (Op/n)*) acts

via ¢* — ¢*®. (The O-algebra §C is obtained from the corresponding one in [10]
by working over O instead of Z[uy,1/N] and taking invariants under the stabiliser
in Gy, N of a cusp Cof X J,~ mapping to C. In particular, the class of the ideal 1
in (13) is given by abn™! where a and b are as in [10]; a more detailed discussion in
the case of arbitrary U is provided below in §9, where Proposition 9.1.2 gives (13)
as a special case.)

The minimal compactification of Yy is then obtained as follows. First one
constructs a toroidal compactification X% of Yy as the quotient of a toroidal
compactification of ] Y}’ ~ defined exactly as for [ Y n, but using the functors
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MY v and T'(Np)-admissible polyhedral cone decompositions (in the terminology of
[10]). Then 7 : Yy» — Yy extends to a projective morphism X{F — Xy such that
the connected components of the pre-image of a cusp C correspond to pairs (f, P)
where pOp C f C Op and P is an (Op/p)-generator of Op/f (or more canonically,
b/bf). Moreover a similar calculation to the case of level U shows that if U = U(n),
then the ring of global sections of the completion of X5 along the component over
C' corresponding to (f, P) is isomorphic to the §C—algebra

a1)Un,
(14) O;[[q “ae(-;flj)_'_u{o}?

where Spec O; is the finite flat O-scheme representing (Or/p)-generators of p, @
§/pOp (or more canonically, u, ® fa™'2~1/pa~t0~1).

Now let X¢rd denote the ordinary locus of Xy, so Xg¢ is an open subscheme of
Xy containing the cusps, and let Y(?rd =YynX [‘}rd. Let X, [tjo/rd (resp. Y1) denote
the pre-image of X4 (resp. Y3*4) in X (resp. Yiv), and define

X7 = Spec f,Oxtora
U/

where f: Xiord — Xgrd is the restriction of X — Xy. Since f is proper, X4 is
finite over X ffd, and since YUO’fd — Yﬁrd is finite, we can identify Y{}’fd with an open
subscheme of X254, We then define the minimal compactification j' : Yir» — Xp
by gluing Y7 and Xgd along Y,3id.

Thus Xy is a flat over O, and the morphism 7 extends to a projective morphism
7 : Xy — Xy, so in particular Xy is projective over O. Furthermore the restriction
Ford . X[c}r,d — X[‘}rd is finite, and 7°™ : Yl?fd — Yﬁrd is finite flat. The cusps C” of
Xy (i.e., the reduced connected components of Xy» — Yyr/) lying over a cusp C' of
Xy correspond to pairs (f, P) as above, and in the case U = U(n), the completion
of Xy along C' is isomorphic to Spf §C/ where §C, is the gc—algebra defined by
(14) above. Note in particular that if f = Op, then S¢r = 06, ®o Se is flat over

§C. The Koecher Principle carries over to show that j.Oy,, = Ox,,, and we let
%y denote the pull-back 7*.%y of the ample line bundle .%.

6.5. Proof of Theorem 6.1.1. We begin the proof with some preliminary reduc-
tions.

First we claim we can replace the field E by a finite extension E’. Indeed if
p: Gp — GLy(E") satisfies the conclusion of the theorem with E replaced by E’,
then in fact p is defined over E. For p > 2, this follows by an elementary argument
using an element of g € G (a complex conjugation, for example) such that p(g) has
distinct eigenvalues in E. For p = 2, one can twist by the character £ : Gp — E*
such that ¢2 = det p so as to assume det p = 1, and then use the classification of
subgroups of SLa(E’) 2 PGLy(E') to arrive at the desired conclusion.

Next we claim that we can assume U = U(n) for a sufficiently small ideal n prime
to p. Indeed by the proof of Chevalley’s Theorem on congruence subgroups of O},
we can choose ideals ny and ny relatively prime to each other and to p so that the
kernels of reduction mod n; for ¢ = 1, 2 are contained in that of reduction mod p. We
may then apply the theorem with U replaced by U(mn;), where U(m) C U and m is
divisible only by primes such that GL2(Op,,) ¢ U. This produces representations
p; satisfying the conclusions with @ augmented by the set of primes dividing n;.
Moreover we can replace the p; by their semi-simplifications, which are isomorphic
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to each other by the Brauer—Nesbitt and Cebotarev Density theorems. We therefore
obtain the desired conclusion for all v & Q.

Next we show that we can assume | = —1,° i.e., that I, = —1 for all 7 € X.
Given any [, define I’ € Z* by I = I, + 1. Recall from the discussion before
Lemma 4.5.1 that our hypothesis on U ensures that p — ﬁl/ is a well-defined
E*-valued character on the finite index subgroup (Ff N OF )/(Of , Ndet(U)) of
{a € (A¥)*|a, € Of, }/det(U), for which we may choose an extension § as in
Lemma 4.6.1 (enlarging E if necessary). The case | = —1 of the theorem then
furnishes a Galois representation p f@er? unramified at all v € @ with Frob, having

characteristic polynomial
X? — wy) X + {(wy) *duNmp /g (v).
Let V ={be det(U)|b, =1mod p}, and define
¢ AYJFXFL V= EX

by &' (aza) = §(a)6;l/ for o € F*, 2 € FZ | and a € (A%)* with a, € OF .
Letting pe : Gp — E* be the character corresponding to & by class field theory, we
have pg¢: (Frob,) = &(w,) for all v ¢ @, so the representation pgs ® Prgest satisfies
the conclusion of the theorem.

Now we reduce to the case where f is of arbitrarily large, “nearly parallel” weight.
More precisely, we claim that, given any M € Z, we can assume that k = (k;),ex
has the form k =m+2 — k= (m+ 2 — k;),, where

e meZ m>M,
e 0<k,<p-—1foral ey
e for each v|p, kK, < p—1 for some 7 € %,,.

Here we have identified ¥ with the set of embeddings Or — O and written

(15) Y= HZU,Where Yo={7eX|v=7"1r0)}.

v|p

To prove the claim, suppose f € My, _1(U; E), and choose any m € Z such that
m > M and m > k; +p — 3 for all 7 € X. For each v|p, choose some 7, o € 3, and
let 7, ; = Fr’ 0Ty0, 80 By = {741 =0,..., f, =1} where f, = [Op/v: F,]. Now
letreZbesuChthatO§r<pf”—1and

fo—1
r = (m+2—k,, ,)p" mod (p' —1).
i=0 )
We then define «, for 7 € X, by requiring that 0 < x,, , <p—-1fori=0,...,f, -1
and r =) Ii.,—u.’ipi. Note that the resulting s, is independent of the choice of 7,
and that x, < p — 1 for some 7 € 3,. Now define k' = (k.), € Z* by setting
kI =m+ 2 — k.. We then have k' —k =Y n,kpu,, where

fo—1

nr = (pfv - 1)_1 Z( ii‘rim— - kFriOT)pi
=0

3Tn fact any parallel | will do; the choice of | = —1 is made for later convenience.
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for 7 € ¥,. Note that n, € Z> for all 7 € ¥, so k' — k € Eag. By Proposition 5.1.1
there is a Hecke-equivariant injection My _1(U; E) — My —1(U; E), so the theorem
for forms of weight (k, —1) follows from the case of weight (&', —1).

The heart of the proof is to construct, for &k = m + 2 — k as above, a Hecke-
equivariant injective homomorphism

My, —1(U; E) = M2 -1 (U E).
Letting A denote the universal HBAV over S = ?J)N, Froby : A — A® the
relative Frobenius morphism and H* = ker Frob 4, the pair (4, H*) defines a section
YN — ?OJ’ ~» Where as usual we use Y to denote the special fibre of an O-scheme
Y. Moreover the section identifies Y J,~ with a union of irreducible components
of ??],Na whose pre-image in ?;N we denote by Yj'y. The action of Gyn on
?1% N restricts to one on Y}L ~» and we let Y/ denote the corresponding quotient
of [TY] n. Thusi:Y{ — Yy is a closed immersion identifying Y7/ with a union
of irreducible components of Y/, and T o : Y}/ — Yy is finite flat. In particular
Y}/ is Cohen-Macaulay (over E), and we let K}; denote its dualising sheaf. By

Grothendieck—Serre duality ([14, Thm. 3.4.4], and the compatibility [14, (3.3.14)])
applied to the finite morphisms ¢ and 7 o i, we have canonical isomorphisms:

. “ . 7
Ky, = H0m07U/(Z*Oy;;,/CU/)

[

(16)

— . lJ‘ ga— . -
and 7,0, K ’Hom@?U (T4i Oy, Ku).

Since 7 is a closed immersion, the first of these isomorphisms identifies i*lC’é with a
subsheaf of K. To exploit the second isomorphism, we recall that [48, Prop. 5.1.5]
identifies Y}, n With a closed subscheme of the universal submodule scheme H over

Y})’N. In particular, if A is the universal HBAV on S =Y j n, then
H" = Spec (Symy, (®reslr) /(LEP forT € 5))

as a Raynaud (Op/p)-module scheme (i.e., the morphisms A, : LEP — Lgyo, of [48,
4.4.1] are zero), so that

Y’y = Spec (Symos (Bresly) [(LEP forT € B, @rex, LEP™Y forv\p)) ,

where the £, are line bundles on S. Moreover the inclusion H* — A induces a
canonical Og ® Op-linear isomorphism:

1 ~ 1 ~ 1 ~
5.0 s QY g = ey = Bresl,

and hence isomorphisms w, 2 L. of line bundles on S for 7 € ¥.. These isomorphisms
are compatible with the action of Gy, and so give rise to an isomorphism

Y/} = Spec (SymovU (Brexw,) [(@EPforT € %, @,ex, @@V for v|p>) ,

which in turn gives an isomorphism f*i*Oy[;; = @KZ’;’O where the direct sum is
over Kk = (Kr)rex such that 0 < k, < p—1 for each 7, and K, < p — 1 for some 7
in each ¥,. Combined with the Kodaira—Spencer isomorphism on Y, we deduce
from (16) that

_ . - k0 = L =2—k,—1
Tal Ky = ’Homo?U (@,{Eg Ku) 2 oLy m=1
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Tensoring with Z?}’O, we get injective morphisms Z?jfl = Tl (K @0 i*Z?}’O) for
k =m + 2 — k as above. Composing the homomorphism on sections with the one
induced by the inclusion i,K}; — Ky obtained from (16), we obtain the desired
injective homomorphism

—1

H(Yu,Ly ) = HO (YKl 0w L") — HY (Yo, Ko oy ooy,

Moreover one finds that for ¢ € GL2(AY) with g, € Ui(p), the isomorphisms
Tl Oy = @HZZ’O are compatible with (8) under the restriction of pj to the
subschemes Y}/, and deduces that the maps My _1(U; E) — M,12,_1(U’; E) are
compatible with the Hecke action; in particular they commute with the operators
T, and S, for v & Q.

Next we show that if m is sufficiently large, then the image of My, _1(U; E) in
M 42,-1(U’; E) is contained in that of the reduction map from M,,4o _1(U’;O)
to My,42,-1(U’; E). For this we will make use of the minimal compactifications
j:Yy = Xy and j' : Yyr — Xy+ and their properties recalled above.

We first compute the completion of j. Ky along the cusps of Xy:. We let j
YO’Vd — XOrd denote the restriction of j. Recall also the notation 7 : Xy — XU7
Nord s X ord — X,‘}rd and 74 : YUofd — YUord for the morphisms extending and
restrlctmg 7. Since 7°'4 is finite flat, we have

Ord(J*’CU’)‘XOFd = joir grd(KU/|Y°§d)

S (Homo, o (17 Oy, Ov,) @, (£ o)
Homjorao .4 (J'ffrdﬁgrdoygdvj* Oygra) ®Oxord (jgbf;jd)
(ﬁirdoxgsdaoxg,rd)@o 7 |Xgrd)a

cord .

1%

1

HomOXoUrd xord (

where we made use of the canonical trivialisation of E%l and the Koecher Principle
(for the last equality). Moreover the isomorphism is of 72*O xo -modules.

Since 7°™ is finite, it follows that the completion of 7, ;. K Rox, .,?U_Q along a
cusp C CAXU is canonically isomorphic to the coherent sheaf on Spf S¢ associated
to the &S¢c-module

Hom (@SC/ Sc)

where the direct sums are over the cusps C’ of Xy in the pre-image of C' and
the rings S¢ and S¢» are defined by (13) and (14) above. Therefore the comple-
tion of jLKy ®oy o 35,2 along a cusp C’ of Xy is canonically isomorphic to
Homg (Sc/ S¢) as an Ser-module if ¢! € #71(C).

Now consider the natural inclusion 7K, — j.Ky+ of coherent sheaves on X 7,
where as usual we write ~ for the special fibres of (quasi-coherent sheaves on and
morphisms of) schemes over O. This inclusion is an isomorphism on Yy, so its
cokernel is supported on the cusps of X /. The same computation as above shows

the completion of 7, Ky ®ox,, E;,Q along C' C Xy is canonically isomorphic to
the sheaf associated to Homgg(é%/, :5%), where :S% = §c ®o E and S = §c’ Ro E.
Let X/; denote the closure of Y} in Xy, so X/ is a union of irreducible components
of Xy If C' € #=1(C) is a cusp of X such that C c X/, then §f = Op, so §c/
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is flat over §c and the natural inclusion

~

Homg, (Scr,Sc) @0 E — Homgﬁ(sﬁ, 3’5)

is an isomorphism. It follows that j/ K., — ELKU’ is an isomorphism after completing

along C’, and so an isomorphism on stalks at the (closed points of) cusps of X};.
Therefore the cokernel of 7K, — j.Ku- is supported on the complement of X/
It follows that j, of the inclusion i,k — Ky factors through j7K,,,, and hence
that the image of My _1(U; E) is contained in the subspace

HO(YU/,RU/ ®(97U/ ?Zl/) C HO(YU/,ELKU/ ®(97U, ?ZL/)
= H'(Xy,j.(Ku ®os , Ly)
HO(?U/,EU/ ®O?U’ ZZL/)) = Mm+27_1(U/; E)

A key ingredient we need at this point is the fact that R'm,. Ky = 0, which

follows naturally from the methods developed in the forthcoming paper [18], so we
refer there for the proof rather than duplicate it here. Since #° is finite, it follows
that R'7,(j.Ky) = 0, and hence the morphism 7., Ky — 7. (j.K;;/) is surjective.
Since % is ample, we have H(Xy, 7. j. Ky ®oy, Z7") = 0 for sufficiently large
m, and it follows that the homomorphism

H(Xy, 7 Kv @0y, L) — HY(Xu,7.(lKy) ®oy, L))
| [

My g0 _1(U';0) —  H' Xy, 7Ky, R0, Z0))

is surjective. This completes the proof of the claim that the image of My, _1(U; E)
in My,12 -1(U’; E) is contained in that of M,,42 _1(U"; O).

The theorem now follows from a standard argument. Let T denote the ring
of endomorphisms of M, 12 —1(U’; O) generated over O by the operators T, and
Sy for v € Q. Then T is a finite flat O-algebra, and M,, 12 —1(U’; O) is a faithful
T-module with My, _1(U; E) as a subquotient. The formula T'f = 0¢(T)f defines an
FE-algebra homomorphism T — E whose kernel is a maximal ideal m generated by
the operators T, — a,, and S, — d,, for v € Q. By the Going Down Theorem, there
is a prime ideal p C m such that p N O = 0, and hence (enlarging L, O and E if
necessary), an J-algebra homomorphism 6: T — O whose kernel is p C m. Since p
is in the support of My, 4o —1(U’; L) = Myyy2,—1(U’; O) ®0 L, there is an eigenform
f € My,yo,_1(U’; L) such that Tf = §(T) f for all T € T. By the existence of Galois
representations associated to characteristic zero eigenforms [8] and [54] (together
with the usual association of reducible representations to Eisenstein series), we have
a representation:

pf : GF — GLQ(L)

such that if v € @, then pjis unramified at v and the characteristic polynomial of
p7(Frob,) is
X? — a,X + d,Nmp/g(v).

where a, = 0(T,) and d, = 6(S,). Choosing a stable lattice and reducing modulo 7
gives the desired representation py. This concludes the proof of Theorem 6.1.1. [
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Remark 6.5.1. Note that by construction, if « € F* N O;yp, then ( g 2 ) acts
on My (E) as @t t2=2 Therefore if f € My, (U; E) is an eigenform for S, with

eigenvalue d,, for all v € Q, then there is a character
¥ (AF)/(UN(AF)S) = E~

such that (o) = @**2=2 for all « € F* N O, and ¢(w,) = d, for allv ¢ Q. It
follows from the description of ps in Theorem 6.1.1 that det(ps)xcye (Where xeyc is
the cyclotomic character) corresponds via class field theory to the character

V' AL JFXELV — EX
defined by ¢'(aza) = ¢(a)az " for a € F*,z € F} and a € (A¥)* with
ap € O, where V = {a € A% |a € U,a, =1 mod p }.

7. GEOMETRIC WEIGHT CONJECTURES

In this section we formulate our geometric Serre weight conjectures and discuss
the relation with [4].

7.1. Geometric modularity. Let
p:Gr = Gal(F/F) — GLy(F,)

be an irreducible, continuous, totally odd representation of the absolute Galois
group of F.

Definition 7.1.1. We say that p is geometrically modular of weight (k,l) if p
is equivalent to the extension of scalars of p; for some open compact subgroup

UcC GLg(ap) and eigenform f € My ;(U; E) as in the statement of Theorem 6.1.1.

Note that the level U is unspecified, but required to contain GL(OF,). Also
unspecified are the field E (and thus implicitly the field L C @p, by which we view

E = O/ C F,) and the finite set of primes of Q). Thus p is geometrically modular of
weight (k,1) if there is a non-zero element f € My, ;(U; E) for some U D GL2(Op,)
and E C F, such that

T, f = tr(p(Frob,))f and Nmpg/g(v)S,f = det(p(Frob,))f

for all but finitely many primes v. (Note that both sides of both equations are
defined whenever v { p, GL2(OF,,) C U and p is unramified at v.)

Remark 7.1.2. Folklore conjectures predict that every p as above is indeed geomet-
rically modular of some weight (k, ). The focus of this paper is to give a conjectural
recipe for all such weights (k,) in terms of the local behaviour of p at primes over

p.

7.2. Crystalline lifts. In order to formulate our conjectures, we recall the notion
of labelled Hodge-Tate weights. Let K be a finite extension of Q,, and let

o:Gg — GL4(L) = Auty (V)

be a continuous representation on a d-dimensional L-vector space V. Recall that V'
is crystalline if Deys(V) = (V ®q, Bcrys)GK is free of rank d over

(L ®q, Barys)" = L ®q, Ko
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where Be,ys is Fontaine’s ring of crystalline periods [25] and K is the maximal
unramified subfield of K. One similarly defines the notion of a de Rham (resp. Hodge—
Tate) representation and an associated filtered (resp. graded) free module Dgg (V)
(resp. Dur(V)) of rank d over L ®g, K in terms of the rings Bqr (resp. Bur).
Moreover if V' is crystalline, then it is de Rham, and if V' is de Rham then it is
also Hodge-Tate. Thus if V is crystalline, then Dyr(V) is a graded free module of
rank d over L ®q, K. If L is sufficiently large that it contains the image of each
embedding of L into @p, then L ®q, K = HTGZK L where X ={7: K — L}, and
for each 7 € Yk, the corresponding component of DT (V) is a graded d-dimensional
vector space over L.

Definition 7.2.1. If V is crystalline, then the 7-labelled weights of V' are defined
as the d-tuple of integers (wy,ws, ..., wq) € 7% such that wy > wy > -+ > wy and
the 7-component of Dy (V) is isomorphic to @, L[w;], where L[w;] has degree w;.
We define the Hodge—Tate type of V to be the element of (Z4)*% whose T-component
is given by the 7-labelled weights of V; thus to give the Hodge—Tate type of V is
equivalent to giving the isomorphism class of Dyt (V') as a graded K ®q, L-module.

We now specialise to the case d = 2 and K = F,, where v is a prime of F' dividing
P, 80 B is identified with the subset £, C ¥ = {7: F — L} defined by (15), and
consider the representation

o:Gg — GLQ(E,).

Definition 7.2.2. For a pair (k,l) € ZE{ x Z*¥v, we say that o has a crystalline

lift of weight (k,1) if for some sufficiently large extension L C @p of Q, with ring O
of integers and residue field F, there exists a continuous representation:

& : Gx — GLy(O)

such that 6 ®o F is isomorphic to o, and & ®¢ L is crystalline with Hodge—Tate
type (k+1—1,1).

7.3. Statement of the conjectures. First recall from §5.2 the definition of the
minimal cone:

Emin = { k € Z% | pky > kp-1,, for all 7 € ©},

and let ZF. = Z ., N Zgl.

—min

Conjecture 7.3.1. Let p: Ggp — GL2(F,) be an irreducible, continuous, totally
odd representation, and let | € Z”. There exists kmin = kmin(p, 1) € E;in such that
the following hold:
(1) p is geometrically modular of weight (k,1) if and only if k >wa kmin;
(2) if k € Bf,., then k >wa kmin if and only if plc,, has a crystalline lift of
weight of (kr,1l;)rex, for all vlp.

Note that the conjecture, in particular the existence of kuyi, as in 1), incorporates
the “folklore conjecture” (see Remark 7.1.2) that p is geometrically modular of some
weight (k,[). Moreover, for any [ € Z* there should be weights (k,) for which p
is geometrically modular. In fact one can show using partial ©-operators (defined
below in §8) that for any given [ and I’, if p is irreducible and geometrically modular
of some weight (k,1), then p is geometrically modular of some weight (k',1"). We
explain this, and the dependence of ki, on [ (for fixed p), in §10.4. A simpler
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observation is that the conjecture is compatible with twists by arbitrary characters
¢E:Gp — F; . More precisely, by Lemma 4.6.1 and the well-known computation of
reductions of crystalline characters (see for example [13, Prop. B4]), we see that the
conjecture holds for the pair (p,!) if and only if it holds for the pair (p ® £,1 — m)
for any m € Z* such that &7, = [I,cx, € for all v|p, where Ip, is the inertia
subgroup of G, and

=X
€ Ip, — O;i’v — F,

is the fundamental character defined as the composite of the maps induced by 7 and
local class field theory. Thus Conjecture 7.3.1 for all pairs (p, ) reduces to the case
[ =0, with the resulting minimal weights related by kmin(p,1) = kmin(p ® £,0) for
any character § chosen so that {|r, =[], cx. elr for all v|p. We remark also that
play, always has a crystalline lift of some weight (k;,l;)rex, with 2 <k, <p+1
for all 7 € ¥, from which it follows that p has a twist for which ki, as in 2) would
satisfy k; <p+1lall 7€ X.

Assuming that p is geometrically modular of some weight, then the existence of a
weight ki satisfying 1) in Conjecture 7.3.1 is strongly suggested by Corollary 1.2
of [17], which implies that the minimal weight v(f) of the eigenform f satisfies
v(f) € Emin, but it is not an immediate consequence. Indeed there are two issues:
firstly, we would need v(f) € =, (which we expect to hold if p; is irreducible),
and secondly, the eigenform f giving rise to p is not unique. However if we grant
the existence of kpin as in 1), then Conjecture 7.3.1 reduces to the following:

Conjecture 7.3.2. Suppose that p : Gp — GLQ(E,) is irreducible and geometrically
modular some weight, and that k € Erf]in, Then p is geometrically modular of weight

(k,1) if and only if pla,, has a crystalline lift of weight of (kr,l;)rex, for all v|p.

Remark 7.3.3. The existence of ki, satisfying part 2) of Conjecture 7.3.1 is a
purely p-adic Hodge-theoretic statement, and it is strongly suggested by the Breuil—-
Mézard Conjecture (of [3] as generalised by [31]) and the modular representation
theory of GL2(Op/p), but again not an immediate consequence. We remark also
that the condition k € Er‘;in is needed; indeed one can construct local Galois
representations with crystalline lifts of weight (k, 1), but none of weight (', 1), where
k' =k + kyga, isin Zgg but not in Ej{lin. Granting the existence of a weight ky;, as
in 2), then Conjecture 7.3.1 follows from Conjecture 7.3.2 under the assumptions
that p is geometrically modular of some weight and that v(f) € . if py ~ p is

irreducible.

7.4. The case k = 1. We now consider a special case of Conjecture 7.3.2. Since
a representation Gx — GLg(L) is crystalline of Hodge-Tate type 0 € (Z?)¥x if
and only if it is unramified, it follows that o : G — GLa(F,) has a crystalline lift
of weight (1,0) if and only if it is unramified. Thus Conjecture 7.3.2 incorporates
the prediction that p, assumed to be geometrically modular, is of weight (1,0) if
and only if it is unramified at all primes v|p. One direction of this, that if p is
geometrically modular of weight (1,0) then it is unramified at all v|p, is a theorem
of Dimitrov and Wiese [21] (also proved independently by Emerton, Reduzzi and
Xiao [23] under additional hypotheses), and the other direction is proved under
technical hypotheses by Gee and Kassaei [30]. By twisting, these results extend to
the case of weight (1,1) for aribtrary .
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7.5. Relation to algebraic modularity. We now explain how our conjecture is
consistent with results on the weight part of Serre’s Conjecture as formulated by
Buzzard, Jarvis and one of the authors in [4]. These results provide information
about algebraic weights, meaning weights (k,1) such that k, > 2 for all 7, but with
a different notion of modularity, which we call algebraic modularity. We will next
explain this notion and its relation with the conjectures above. The remainder of
the paper will then focus on developing methods applicable to the case of partial
weight one, which lies outside both settings just mentioned, namely weights that
are algebraic or of the form (1,1).

Recall that in [4], a Serre weight is an irreducible representation of GLa (O /p) over
Fp. For an algebraic weight (k,1) € ZZ, x Z*, we let V}; denote the representation

® (det I+ @ Symm”*~ 2 F;) ,

TEY

where GL3(Op/p) acts on the factor indexed by 7 via the homomorphism to
GLy(F,) induced by 7. The irreducible representations of GL2(Or/p) (i.e., Serre
weights) are precisely the Vi ; such that 2 < k. < p+1 for all 7 € £; moreover
for such (k,l), we have that Vj,; is isomorphic to Vi if and only if & = £/
and | — 1" = @, .5yZ - Ha,. (More concretely, the latter condition means that
Zg;al lppior D! = Zif;al It ip" mod (p/~ — 1) for all 7 € ¥, where f, = [r(OF) :
1) .

For an irreducible representation p : Gp — GL2(F,) and an aribtrary finite-
dimensional representation V of GL2(Op/p) over F,, we say p is modular of weight
V' if it arises in the étale cohomology of a suitable quaternionic Shimura curve over F'
with coefficients in a lisse sheaf associated to V'; we refer the reader to Section 2 of [4]
for the precise definition. It is also proved in loc. cit. that p is modular of weight
V' if and only if it is modular of weight W for some Jordan-Hélder consitituent W
of V', so the determination of the weights V' for which p is modular reduces to the
consideration of Serre weights.

Definition 7.5.1. For an algebraic weight (k,l) € ZZ, x Z*, we will say that p is
algebraically modular of weight (k,1) if it is modular of weight Vi, 1—k—1 in the sense
of [4] (the presence of the twist being to reconcile the conventions of this paper with
the ones of [4]).

A conjecture is formulated in [4] for the set of Serre weights for which p is
modular. Under the assumption that p is algebraically modular of some weight
and mild technical hypotheses, the conjecture is proved in a series of papers by
Gee and coauthors, culminating in [32] and [31], with an independent alternative
to the latter (deducing the conjecture from its analogue in the context of certain
unitary groups) provided by Newton [47]. They also prove variants of the conjecture
(under the same hypotheses), including that if 2 < k, < p+ 1 for all 7, then p is
algebraically modular of weight (k,[) if and only if p|g,, has a crystalline lift of
weight of (kr,l;)rex, for all v|p. The generalised Breuil-Mézard Conjecture (as in
[31]) would imply that this result extends to arbitrary algebraic weights. We are
therefore led to conjecture:

4Alternatively, but not a priori equivalently, one can define the notion of modularity of weight
V in terms of the presence of the corresponding system of Hecke eigenvalues on spaces of mod p
automorphic forms on totally definite quaternion algebras over F'.
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Conjecture 7.5.2. Let p: Grp — GL2(F,) be an irreducible, continuous, totally
odd representation, and let (k,1) € Z§2 x Z=. If p is algebraically modular of weight
(k,1), then p is geometrically modular of weight (k,1). Moreover, if in addition

k€ Zt.., then the converse holds.
+

Remark 7.5.3. The assumption k € Z. appears for the same reason as in part
2) of Conjecture 7.3.1. Note however that if 2 < k; < p+ 1 for all 7, then k € Erf]in,

so we conjecture that algebraic and geometric modularity are equivalent for weights
associated to Serre weights.

From our construction of the Galois representation associated to an eigenform f,
we see that ps is the reduction of some representation associated to a characteristic
zero eigenform, from which it follows (e.g. from [4, Prop. 2.10]) that p; is modular
of some weight V. Thus if p is geometrically modular of some weight, then it is
algebraically modular of some weight.

Conversely, suppose that p is algebraically modular of some paritious weight
(k,1) € Z%, x Z*. Then [4, Prop. 2.5] implies that p is the reduction of some
representation associated to a characteristic zero eigenform of weight (k, 1) and level
prime to p, and hence that p is geometrically modular of weight (k,1). More generally,
if (k,1) is any algebraic weight such k, = k,» mod 2 for all 7,7’ € X, then we can

choose I" so that (k,!") is paritious and a character § so that {|r, =[], cx, el
If p is algebraically modular of weight (k,!), then p ® £ is algebraically modular
of weight (k,1") (by [4, Prop. 2.11]), so the above argument shows that p ® & is
geometrically modular of weight (k,{’) and hence that p is geometrically modular of

weight (k,1). We have thus proved the following:

Proposition 7.5.4. If p is geometrically modular of some weight, then it is al-
gebraically modular of some (algebraic) weight. Conversely, if p is algebraically
modular of some algebraic weight (k,1) such that k. = k;» mod 2 for all 7,7 € X,
then p is geometrically modular of the same weight (k,1).

8. © OPERATORS

In this section we recall the definition due to Andreatta and Goren of partial
©-operators (see [1, §12]), with some simplifications and adaptations to our setting.

8.1. Igusa level structure. We assume that U is p-neat, as in Definition 3.2.3.
For 7 € ¥, we will write @, (resp. &) for the line bundle ZZ’O (resp. Z?jk) on Yy,
where k is such that k, = 1 and k. = 0 for 7/ # 7. We view the partial Hasse

invariant ) o
03 phHarz 0y 17037 ——1 o —p
Ha, e H"(Yy, Ly 77 ) = H Yy, w0, Wy )
—p
Fr—lor TEX,

. . ——D J— . —1—
view as a morphism (®rex,Wp"1,,) ® (Rrex,wr) = Op , ie., @res,w; P = Oy,

(where %, is defined in (15)).
We define the scheme
Ylljg = Spec (SymO?U (@Tegw;l)/l'> )

where 7 is the sheaf of ideals of Symy_ (©reswy 1) generated by the sheaves of
U

as a morphism @ — w;'. For each v|p, we let Ha, =[] Ha,, which we

0711 -submodules

(Ha, — Dw,”, _for 7 €%, (Ha, — 1) (@rexn,w, ?) for vlp.

v T
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We define an action of (Or/pOp)* on Yég over Yy by having a € (Or/pOr)* act
on the structure sheaf as the Oy -algebra automorphism defined by multiplication
by 7(a)~! on the summand @, '. (Note that the action is well-defined since the
Ha, are invariant under this action and hence Z is preserved.)

Proposition 8.1.1. Let 7y : Y[}g — Y denote the natural projection. Then
(1) The morphism iy is finite and flat, and identifies Yy with the quotient of
Y by the action of (Op /pOr)*
(2) The restriction of my to the preimage of Y™ is étale.
(3) The scheme Y £ is normal.

Proof. Each assertion can be checked over affine open subschemes V C Y on
which the line bundles w; ! are trivial. For each 7 € X, let x, be a generator of
M, =T(V,w; ') over R=T(V, Oy, ). Then Ha, (2}, _, ) = rr2, for some 7, € R,
and 7, (R) = Spec T where

T = Rlz;|res/(wp 1., — rr27 for 7 €5, H Pl — H r, for vlp).
TED, TEX,

Thus T is free over R with basis { [Lests }, where ¢ denotes the image of z, in
T and the tuples k = (k;)rex are those satisfying

e 0 <k, <p—1foreach €3,

e and Kk, < p— 1 for some 7 in each %,.
Note that (Or/pOr)* acts on [] .y, t5= by the character [ .y, 77", and these
are precisely the distinct characters of the (Op /pOp)*. Therefore T(OF/POr)™ — R,
and 1) follows.

To prove 2), recall that Y(}’rd is the complement of U;exZy where Zy ;. is

vanishing locus of Ha, on Y. We must therefore show that if all 7, are invertible
in R, then T is étale over R. From the above description of T', we see that

rrdty = d(th . —7rtr) =0

—K

in QT/R It follows that dt,. = 0 for all 7, and hence Q%F/R =0, so T is étale over R.

To prove 3), we use Serre’s Criterion. Since R is regular and T is finite and flat
over R, T'is Cohen-Macaulay, so it suffices to prove that T is regular in codimension
1. Thus it suffices to prove that the semi-local ring T}, is regular for every height one
prime p of R. If p € Y39, then T}, is étale over Ry, so T, is regular. Otherwise p
defines an irreducible component of V' N Zy - for some 7 = 79 € ¥. Since VN Zy ; is
defined by 7. and Y Zy,, is reduced, the DVR R, has uniformiser r,, and r, € RpX
for 7 # 1. Letting 79 € X, [ = #X,, and

S = R[zT]TegUOMz%_lOT —rz, for 7 € 3, H xﬁfl — H rr ),

TEXy, TEXy,

the formulas tpio, = FrIOth;rL 15, fori=1,..., f —1 show that

SP = RP[J:TO]/ $p -1 1o H TFrf 107_0

which is a DVR with uniformiser ¢,,. Since r; is invertible in Sy, for 7 € X,,,, we see
as above that T}, is étale over Sy, and is therefore also regular. (]
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Remark 8.1.2. We could similarly have defined schemes YJI,gN as above by replacing

Yy with Y J,~- Then Y}gj\, is isomorphic to the closed subscheme (in fact a union of

irreducible components) of 737 n for which the subgroup scheme H C A[p] is étale.
However under this isomorphism, the natural projection YJI%V Y J,N corresponds
to the restriction of the morphism 71‘]71\, — Y n defined by (A, H,P) — A/H.
Furthermore, we can realise Y(}g as the quotient of || Y}?N by the action of %
obtained from the one on ?371\, defined by (v,u) - (A, H,P) = ((v,u) - A, H,vP); as
this differs from the one already defined, it does not yield an identification of Y(}g
with a union of irreducible components of Y.

Remark 8.1.3. We note also that the ordinary locus of Y}%N can instead be viewed
as parametrising pairs (4,:) where ¢ : pu, @ Op = ker Froby4. Since Y}’gN is normal,
it is essentially the scheme defined as 9 (E, p,n)¥™™ in [1, §9]; the differences are
that we are working with full level N structure and not including the cusps. We
will not however make any direct use of the fact that Y[}g or Y})gN is normal; in
particular we will not compute divisors on them as in [1, §12], appealing instead in
the proof of Theorem 8.2.2 below to general properties of logarithmic differentiation
in order to descend the problem to Y.

8.2. Construction of ©-operators. For each 7 € ¥, we consider the inclusion
wrlc Syme_ (Greswy 1), which induces an injective morphism
U

w;l - 7TU,*(DYZ?% = Sym(’)?U (@TEEE;I)/I7

hence an injective morphism 7, - Oy 12, which we view as a section of 7w, .
We denote this section by h,, and call it a fundamental Hasse invariant. The
definition of Y,}g implies that these satisfy the relation

h:D

b1, = R (Har).

Recall now the Kodaira-Spencer isomorphism (12). Taking A to be the universal
HBAV over S =Y ; y and decomposing over embeddings 7 yields a Gy, y-equivariant

isomorphism
—2 1\ 01
@ (WT ®O7J,N 0 ) B Q7.I,N/E
TED

whose union over J descends to an isomorphism

—2 <1\ 1
(17) b (wT ®og, 0; ) ~ 00
TEX
of vector bundles on Y. We let KS; : Ql? - T2Qo- 6, " denote the composite
v/E Yu

of its inverse with the projection to the 7-component.

Let Fy denote the sheaf of total fractions on Y7, and Fyy = H(Yy, Fiy) the
ring of meromorphic functions on Y7, so Fyr is the product of the function fields
of the components of Y. Similarly let f,IJg be the sheaf of total fractions on
Y (so Fif = miFr) and let F{# be the ring of meromorphic functions on Y,
SO F[I]g is Galois over Fyy with Galois group (Op/pOp)*. Since the natural map
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1
QY /E - QY“%/E

is generically an isomorphism, i.e.,

Ig
YIg/E ®OYLI]g ]:U 3

the pull—back of KS, induces a HlOI‘phlSIIl
| . <1 I
Ql Ig/E®O Ig}—UgHWI*J(WE@’O?U 57‘ )®(’)Y11]ngga

which we will denote by KS®.

Suppose now that f € My (U; E). Let h* = [[_h% and ¢' = [], g, where
h; is the fundamental Hasse invariant and g, is any trivialisation of 6,. Then
h=Fn (g7l f) € F[I]g, so we may apply KS® to

ks - vl I
d(h kﬂ-U(g lf)) S Q};{B@./E - HO( Ug7QY1g/E ®oYtIJg ‘FUg)
Definition 8.2.1. We define
OE(f) = Wt (g Har JKSE (s (g7 ) € BV, w2 o, FIF),

where
o if Fror =7, then k. =k, +p+1and k, =k, if 7/ # 7;
o if FrOT;éT then k/ =k, +1, K = kp-1o, +p, and k= ko if

g {Frtor 1)
° l’T:lT—l, and I, =1 if 7/ # 7.

Fr—lor

Since the ratio of any two trivialisations of &, is locally constant, we see that
O!&(f) is independent of the choice of g,. Moreover it is straightforward to check
that ©8(f) is invariant under the action of (Op/p)*, hence descends to a section
of T ®oy, Fu, which we denote by ©,(f). What is more difficult is that ©,(f)
is in fact a section of @* . In fact we have the following result, essentially due to
Andreatta and Goren [1]:

Theorem 8.2.2. If f € My ;(U; E) and 7 € X, then ©.(f) € My +(U; E). More-
over ©,(f) is divisible by Ha, if and only if either f is divisible by Ha, or k, is
divisible by p.
Proof. First note that the formula
I 2" = 1] = Har)
T'EX T'EX
implies that h* is non—vamshlng on 7,1 (YY), so h=Fry, (g7 f) and hence d(h~F 73, (g7 f))
are regular on 7, (Y#9). Since 7y is etale on 7, (Yr9), it follows that d(h=* 73 (g7 f))
restricts to a section of
1
WUQYDrd/E Q 71(Yord)/E
Therefore ©(f) is regular on 7, (YY), and O, (f) is regular on Y.

To complete the proof of the first assertion, we must show that if z is the generic
point of an irreducible component Z C Zy -, then (the germ at z) of ©,(f) lies in
@ ie., that ord,(©,(f)) > 0. For the second assertion, it suffices to show further
that if 79 = 7, then ord,(©,(f)) > 0 if and only if either p|k, or ord,(f) > 0.

Let us revert to the notation of the proof of Proposition 8.1.1, so Oy, = R, and
x, is a basis for the stalk of w;,l at z. Let y,+ be the dual basis for @, so that y*g' is
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a basis for ! over R, (where as usual y* denotes IL. yf,*' ), and we have f = (;Sfykgl
for some ¢ € R,. In terms of the basis 7{;(y,) for nj;w, ., the fundamental Hasse
invariant h, is given by t. 7} (y,), so that h=*75 (g7 f) = t~*¢; in the total
fraction ring of T}, over which we deduce that

O (f) = KSE(t" d(t™"¢;))my (Hary"g").

The formulas tgr,lw = r;t; in T, imply that v dt;» = =t dr;/ in QITP B> and it
follows that

0-(f) = KS;(dpy — ¢pr¥ d(r—*))Ha y*g'
18 d’l",r/
(18) — KS, <d¢f +op Y ke - Ha, 4!
T/'EX o

(locally at z). Since Ha, = r,y*ar | we conclude that

ord. (0, (f)) = ord, | 7-KS,(doy) + k¢ KS, (drr) + > kf,mﬁfw

T'#T

In particular, if 7 = 79, then we see immediately that ord,(©,(f)) > 0, with
equality if and only if ord, (k,¢;KS-(dr;)) = 0, so in this case we are reduced to
proving that ord,(KS;(dr;)) = 0. On the other hand if 7 # 7, then we are reduced
to proving that ord,(KS;(drs)) > 0. Both cases are treated by the following
lemma. (]

T

The following is essentially the unramified case of [1, Prop. 12.34], which we prove
using a computation of Koblitz [46] (as presented in [37]) instead of the theory of
displays.

Lemma 8.2.3. Let z be a generic point of Zy ,, and let r be a generator for the
mazimal ideal of Oy . Then ord.(KS:(dr)) =0 if and only if T = 79.

Proof. First note that since the projection [[Y s 5 — Y/ is étale, we may replace
Yy by Y n and Zy -, by Z,, in the statement of the lemma. Note also that the
conclusion of the lemma is independent of the choice of uniformising parameter r,
since if u € (’)%J o then

KS; (d(ur)) = uKS,(dr) + rKS; (du).

We will prove that for every closed point x of Z,,, there is a choice of parameter r,
regular at x, such that the fibre of KS,(dr) at x vanishes if and only if 7 # 79. By
the formula above, the equivalence then holds for all r regular at x, hence for all x
at which any given r is regular, and this implies the lemma.

Let R = @?J,N,z’ A the pull-back to Spec R of the universal HBAV over Y v

and M = HLx(A/R). Letting
V:M = Qpp®rM

denote the Gauss—Manin connection and ¢ : M — M the morphism induced by

the absolute Frobenius morphism on A, we are in the situation of [37, A2.1].> We
then have L = HO(A, QZ/R) and N = H'(A,O4), and the O action on A yields
decompositions L = &L,, M = @M, and N = &N, into free R-modules indexed by

5The notations 4 and F in [37], being in other use here, have been replaced by R and ¢.
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7 € 3. The Hasse-Witt endomorphism of [37, (A2.1.1)] decomposes as the sum of
Frobenius semi-linear morphisms Ng,-1,, — N, such that, after choosing a generator
for J/pJ and applying the isomorphisms N ®¢,. J ~ H'(AY,O4v) ~ Lie A, the
induced morphism Nf}f 1,, — N7 corresponds to the completion at = of the partial
Hasse invariant Hapy, j-. The general properties of the construction of the Gauss—
Manin connection ensure its compatibility with the Opg-action, so that it decomposes
as a direct sum of connections V, on M,. Furthermore the morphism [37, (A2.1.2)]
induced by V is the completion at z of the reduction mod 7 of (11), and hence the

induced morphism

@ Hompg (A3 M, L27%) = @ Homp (N, L) = Q5
T T
is the completion at z of the Kodaira—Spencer isomorphism on Y ; x.

Following [37], we let R; = R/m'{" (the cases of interest being i = 0,1), and
similarly use subscript i for reductions mod mi*! of R-modules, morphisms and
matrices. We now choose a basis for M; as in [37, (A2.1.6)] as follows: First choose
a basis for My consisting of vectors e; g € Ly, fro € My for 7 € ¥. Then

¢0(6Fr—1o'r,0) =0 and ¢0(fFr—1o'r,0) = Cr€r 0 + deT,O

for some c;,d; € Ry not both zero. Replacing f; ¢ by e- o+ fro whenever ¢, =0,
we may assume ¢, # 0, and then replacing e, o by ¢y e, o, we may assume ¢, = 1 for
all 7. Now lift each pair (e; o, fr,0) to a basis (er, f.) of M, with e, € L. and let
fr = P(f!) where P is defined in [37, (A2.1.3)]. Since V respects the decomposition
M = @M., so does P, and hence f; € M, ;1. Moreover f; = f/ mod mg, so in the
0 B
0 H
((er), (f+)):
o the reduction By of B; is defined by b,/ = 07 pror;
e the matrix H; represents the Hasse-Witt endomorphism Ny — Ny with
respect to the basis induced by (f,), so h, . = 0 if 7/ # Fr~' o 7 and
h; ¥e—10r = Tr, Where r; represents the pull-back of Hajy , to Ry with
respect to the basis induced by the map sending fp,-15, to fr.

matrix of [37, (A2.1.7)] representing ¢ on M; with respect to the basis

In particular, By is invertible, and Proposition A2.1.8 of [37] gives that the matrix
Ko = (Hy— H1)B;*

with entries in mp/m% = Q}{/E ®r Ry is diagonal with (7, 7)-entry —dr,. Note that

the map Lo — (mg/m%) @g, No is the fibre of (11) at x, and is represented by Ko

with respect to the bases (e, ) of Lo and (fr0 mod Lgy) of Ny. It follows that the
fibre at x of the Kodaira—Spencer isomorphism is the map

@HOHIRO(NT,Q,LT,O) ~ HOInR0®0F (]\707 Lo) — Q}%/E ®r Ro

under which the basis vector in the 7-component induced by f- o — e, corresponds
to —dr;. Note that 7, is the image in mp/ m% of a uniformising parameter for Z,,
in a neighbourhood of z, and the fibre at « of KS; sends dr,, to 0 if and only if
T # Tp, so this completes the proof of the lemma. O

It is straightforward to check that the maps O, are compatible with the maps
[U1gUs)] for sufficiently small Uy, Uz and g € GLa(A¥) such that ¢g=1U;g C Uy and
gp € GL2(Op,p). Taking limits over open compact subgroups U therefore gives:
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Corollary 8.2.4. For any weight (k,1), ©, defines a map:
My 1 (E) = My v (E)

commuting with the action of all g € GLa(AY) such that g, € GL2(Opp). In
particular, for any open compact subgroup U of GL2(AY) containing GL2(OF ),
O, defines a map

MkJ(U; E) — Mk/yl/(U; E)
commuting with the operators T, and S, for all v{p such that GL2(Op,) C U.

9. ¢-EXPANSIONS

We review the definition and properties of g-expansions, including the effect on
them of Hecke and partial ©-operators, and we generalise a result of Katz on the
kernel of ©.

9.1. Definition and explicit descriptions. Suppose as usual that U is a suf-
ficiently small open compact subgroup of GLQ(OF) containing GLQ(OF p), with
k,l € Z* and R a Noetherian O-algebra such that v**2 = 1in Rfor allv € O NU.
Recall from §6.4 that Xy is the minimal compactification of Yy, and a cusp of Xu
is a connected component of Xy — Yy.

Definition 9.1.1. For each cusp C' of X7, we let QI&ZR denote the completion of
j*ﬁlz,”lR at Cg, and for f € My ;(U; R), we define the g-ezpansion of f at C to be
its image in Q’é:le

We now proceed to describe Q’é’le more explicitly. We first recall (e.g. from [10])
the description in the context of X ; n, supposing that N > 3 and pn(Q) C O. The
cusps C of X;n are in bijection with equivalence classes of data:

fractional ideals a, b of Op;

an exact sequence of Op-modules 0 — (ad)~! — H — b — 0;
an isomorphism J — ab™!;

an isomorphism (Or/NOp)? — H/NH.

By the Formal Functions Theorem, the completion Qg’lR of the sheaf j*ﬁljé\, R at

C for the corresponding cusp C is identified with the set of global sections of the
completion of the coherent sheaf ]torﬁk '~.r at the fibre over C of the base-change
is the embedding

to R of a toroidal compactification X}Of\, of Y;n (where j*r

Yin — X}?ﬁ,, and j is its composite with the projective morphism to XN, and,
where convenient, we suppress the subscript R for the base to which all schemes
have been extended). The construction of the toroidal compactification (together
with the Koecher Principle) identifies the R-algebra Q%OR with

§C,R = (R[[qmﬂme(N*1ab)+u{0})UN

where a € Uy = ker(Oj — (Op/N)*) acts via ¢™ — ¢® ™ on power series, and C
with the closed subscheme of Spec :S'\@ defined by > 7,,¢™ — 1. Furthermore, the
pull-back of the universal HBAV to S = Spec §é — C is identified with the Tate
HBAV T, p associated to the quotient (G, ®(ad)~1)/¢". The canonical trivialisations

S*QlTa,b/s ~2a®0g and /\20F®Os HL e (Tas/S) = Jo ! © O
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(together with the Koecher Principle again) then give the identification
k,l ; m
QCIR = (Dk : ®o Rl[q Hme(Nflab)Jru{o})UN7

where
DM =) (a2 0)2* @0 (Jo~' @ 0)F')

.
and o € Uy acts as o on D¥!. Note that D*' is a free of rank one over O, and
letting b be a basis, we have

Qeln= S (@) | Tarm = Fry forall a € Uy
’ me(N~1ab),U{0}

We will also write D" for Dk ®o E.

If we fix the data of a, b and ab™' ~ J, then the corresponding cusps of XN
are in bijection with Py\GL2(Op/N), where

-1
PN:{<a0 Z)mod]\f 0460;,3}.

Here we have chosen isomorphisms s : Op/NOp ~ N~='b/b and t : O /NOp ~
pn @ (ad)~! to define a level N-structure  on Ty p by 1(z,y) = t(y)¢*®), and then
associated the coset Pyg to the cusp of Xy defined by T, p with level N-structure
norg-1. Under this bijection, the (right) action of Gy v is defined by

Png - (v, u) —PN< VO p ) g

The stabiliser in Gy n of (the cusp corresponding to) Pyg is therefore the image of
the group

va~t

{(V,U)EO;)_i_xU‘gug_lE( 0 Z)modeorsomean;}.
We find that the (left) action on Qg’lR of such an element (v, ), with

-1 —1
[ va —va~x
gqug " = ( 0 o ) mod N,

is defined by o' on D*! and

Z Tmq™ Z C(xm)rmqarz”Am
on R[[q™]]me(N-1ab), ufo}, Where ¢ : N~ab/ab — py is the composite of the Op-
linear isomorphism N~'ab/ab — 07! ® pux induced by t o s~ with trpo ® 1. The
module QIZJ’ZR (over §C7 R = Q%?R) is then given by the invariants in Qg’lR under the
action of the above stabiliser. In particular, we note the following two special cases:

Proposition 9.1.2. Suppose that v*T2 =1 in R for all v = 1 mod n, and let b be
a generator of D*t.

e IfU ="U(n), then

Qdir =~ Y. (b@r)q" | rum = v for allv € U 4
me(n—lab) U{0}
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o IfU =Ui(n) and g =1, then

ng = Z (b rm)q™ | Tym = vy, for all v e O§’+

me(ab)U{0}

Note that the isomorphism (in the case of U = U(n)) depends on the choice of
representative g. Note also that the description of Q]alR is compatible in the obvious
senses with the morphisms induced by base-changes R — R’, and inclusions U’ C U
(for cusps C’ of Xy mapping to C).

9.2. The g-expansion Principle. The g-expansion at C of a form f € My, ;(U; R)
vanishes if and only (the extension to Xy r of) f vanishes on a neighbourhood
of Cr, which is equivalent to the vanishing of f on all connected components of
Xu,r intersecting Cr. (Note that if Spec R is connected, then there is a unique
component containing Cg.) Recall from §2.6 that Zy is the scheme representing
the set of components of Yy and hence Xy, so we have the following:

Lemma 9.2.1. IfS is any set of cusps of Xy such that [[ocs C — Zy is surjective,
then the q-expansion map:

My, (U;R) — P Qelx
ceS

18 injective.

If U = Ui(n), then det U = 6;, so Zy is in bijection with the strict class group
of F. For each representative J, we choose b = J~!, a = Op, and S consisting
of a single C' at infinity (i.e. as in the second part of Proposition 9.1.2) on each
component associated to a fixed t : Op/NOp ~ pux ® 9~ ! (independent of J) and
s:0p/NOp ~ (NJ)=1/J=1 (of which C is independent). Using the isomorphism
DF! 2 O obtained from the inclusion Jo~! C F for each J, we obtain an injective
g-expansion map (defined for arbitrary n):

(19) My (Ui(n);R) — EB Z P @™ | Tym = vy, for all v € Or .
J meJ;u{o}

9.3. g-expansions of partial Hasse invariants. Let us now return to the case
of arbitrary (sufficiently small) U, take R = E and consider the consider the ¢-
expansions of the partial Hasse invariants Ha,. Since the pull-back Veri}mb of the
relative Verschiebuung on the Tate HBAV T}  (see §9.1) is induced by the canonical
isomorphism

@ (Cl ® E)T - @ (Cl ® E)grpflm"

T

we see that the g-expansion of Ha, at any cusp is the constant 1, or more precisely
—Ft1a, ,0

tr ® 1 where ¢, € D
(a® E)2P

Fr—lor®

is defined by the canonical isomorphism (a ® E), —
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9.4. ©-operators on g-expansions. We continue to assume R = E. We now
describe the effect of ©-operators on g-expansions. We first assume U = U(n) for

some n sufficiently small that v = 1 mod p for all v € Uy, +. By Proposition 9.1.2,

. o Akl .
we can identify Q- = leE with

Ek’l RF §07E = Z (b®7m)q™ | Tym = rm for all v € Un+ ¢,
me(n—1ab) U{0}

T . . —k,l . —k,l . ~
where b is any basis for D" . In particular note that Q- is free over Sc g for all
kL.

We now appeal to the formula (18), and observe that it is compatible with the
—k,l —K' U

analogous formula defining a map Q@ — Qo  , where KS; is replaced by the

completion of j,KS. at C' = Cg. Moreover the formula is valid for any choices of

bases y,/ for the completions of j.w, (which are invertible thanks to our choice of

U). In particular we can choose the y,. of the form a, ® 1 where the a,/ are bases

for (a ® E), such that 1 ® a, = a2P, , for all /. This gives y*g! = b® 1 for

Fr—lor
some basis b of ﬁk’l, and in view of the g-expansions of the partial Hasse invariants,
r;» = 1 for all 7/. Thus if f has g-expansion Y (b® ry,)¢"™ at C, then we are reduced
to computing the image of ¢; = > r,,¢"™ under the composite
I d . 7(2a_1)7
(20) SC-,E — (QIXU/E)% — (]*Ql?U/E)% - QC )
where (2,-1), = (k',I') — (k,1) — (kna,,0) and the last map is induced by 7. KS;.

A computation on the toroidal compactification identifies ( j*leU / )% with

nlab ® §C,E
(in view of our assumption that U = U(n) for sufficiently small n) and the composite
of the first two maps of (20) with ¢™ — m ® ¢"™. Moreover identifying @g’_l)T with

5(2,—1)7 ®5 §C,E = (0ab®p E), ®F §c,E,

[39, (1.1.20)] gives that the last map of (20) is the inverse of the isomorphism
induced by the inclusion dab — n~'ab, followed by projection to the 7-component.
Therefore the g-expansion of ©,(f) at C' is given by

Z(LTT(m)B ®rm)q".

In view of the compatibility of g-expansions with the morphisms induced by inclusions
U’ C U, this formula is in fact valid for all sufficiently small U. We have thus
proved:

Proposition 9.4.1. If the g-expansion at C' of f € My (U; E) is > (b ® r.m)q™,
then the g-expansion at C' of O, (f) is > (t-7(m)b@ry)q™.

Recall from Lemma 9.2.1 that a form is determined by its g-expansions. Using
also that ¢,7(m) = (Fr~! o 7(m))?, we deduce:
Corollary 9.4.2. For all 7,7" € ¥ and f € My, ;(U; E), we have the relations

¢ 0,0,/(f) = 0.0.(f), and
o OF (f) = Hal’ Ha.0,(f).

Fr—lor Fr—lor



A SERRE WEIGHT CONJECTURE FOR GEOMETRIC HILBERT MODULAR FORMS 43

9.5. Hecke operators on g-expansions. We now describe the effect of the Hecke
operators T, on g-expansions in the case of U = Uy (n). For f € My, ;(Ui(n); R) and
m € J' U {0}, we write ], (f) for the coefficient of ¢ in the J-component of its
g-expansion as in (19).

Proposition 9.5.1. If f € My, ;(Ui(n); R), v{np and m € J;" U {0}, then

o (Tof) = Birg o (f) + Nmpyg(v) 8532, (Su ),

where the J; and 3; € Fy are such that vJ = B1J1 and v='J = BaJy (and we
interpret vg,m as 0 if Bam & Jy *).

Proof. This is a standard computation which we briefly indicate how to carry out
1 0
0 @y
by 7, and choose a sufficiently large N prime to pr. We may extend scalars so as to
assume pun,(Q) C O.

Note that we have

UgU:U< o ?)U: I v
1€PL(Op /wy)

in our context. Let U = U (n), g = ), denote the rational prime in ¢,

with ¢; € GL2(Op,) defined by < %v [i] > if i« € Op/w,, where [i] is the

0 1
w, 0
[U'g;U) : My, (U; R) — My, ;(U’; R) (where U’ = U(rN) for example), we may take
Ny =rN, Ny = N and « = 1 in the notation of §4.

Recall that the J-component of the g-expansion of T, f is given by its image in
QC  Where the cusp C of Xy is the image of a cusp C of X jrn associated to the Tate

Teichmuller (or indeed any) lift of i, and go, = ) To define the maps

HBAV T, witha = Op, b = J~1, canonical polarisation data (i.e., associated to the
identity ab~ = .J), and level structure defined by n(z,y) = t(y)¢*®) for some choice
of isomorphisms s : O /rNOp =~ (rNJ)™1/J "t and t : Op /rNOp ~ p,n @071,

Suppose first that ¢ € Op /w,. Choosing § = 1 in the definition of g, : Y, n —
Y, ~ and extending to minimal compactifications, we find that pg, (é) = (' where
C’l is the cusp of X, n associated to T, oo d with canonical polarisation data and
level N structure defined by (z,y) — t(ry)qﬂlrs(w) Moreover, the induced morphism
S — S’ on completions is defined by ¢ — Cz(ﬁ1 )(Jﬁflm7 with {; running
through the distinct homomorphisms (vNJ)~*/(NJ)~t — pu, as i runs through
the distinct elements of O /w,, and the pull-back to S of the isogeny denoted 7
in §4 is just the natural projection T, ;-1 — ﬁ;iTOFle—l induced by the identity
on G,, ® 0!, Taking into account the normalisation by || det g;|| = (Nmp,qv)*,
we conclude that [U’g;U] is compatible with the morphism Qké’l R Qké’lR on
g-expansions defined by : ,

Y. @)™ = Nmpgu)™h D (Bb@ G(m)rsm)e”
mée(NJi1); u{o} me(vNJ); u{0}

0 w,
1 0
ing a = r and 8 = 28, in the definition of jj, : Y;-n — Y, v and extending

—1
As for i = 0o, note that [U’'gooU] = [U'hU]S,, where h = ( > Choos-
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to minimal compactifications, we find that j,(C) = Cy where Cs is the cusp of
X ,,n associated to Ty, | it with canonical polarisation data and level N structure

defined by (z,y) — t(ry)q'@?”(‘”). Moreover, the induced morphism §@2 — §é on

m

completions is defined by ¢™ +— ¢% 'm and the pull-back of 7 to S is the map
Top,g-1 = pr1o, ot induced by multiplication by r on G,, ® 9~!. Taking into

account the normalisation by [|deth|| = Nmpg/qu, we conclude that [U'hU] is
compatible with the morphism Qg’l R leR on g-expansions defined by
Z (b@7rm)g™ +— Nmpv Z (BYD @ Tym)q™.
me(NJz2); u{0} mev(NJ) ' u{0}
Summing over i then gives the desired formula. O

9.6. Hecke operators at primes dividing the level. We shall also make use of

%” (1) U] on My (U; R) for U = Uy (n) and v|n. Note

that the operators T, on My, ;(Ui(n); R) for all v { p commute with each other, as
well as the S, for v 1 pn. The effect of T}, on g-expansions for v|n is computed exactly
as in the proof of Proposition 9.5.1 except for the absence of the coset indexed by
1 = 00!

Proposition 9.6.1. If f € M, ;(Ui(n); R), vn and m € J." U {0}, then

rin(Lof) = Birgt, (),
where the J; and By € Fy are such that vJ = p1J7.

the operator T;, = [U

9.7. Hecke operators at primes dividing p. We also need the operators T, for
v|p in the case R = F, I, = 0, k; > 2 for all 7; we recall the definition. Again let
J,Ji,81 (in F}) be such that vJ = 81J;. Let Ay = Ay, n denote the universal

HBAV over ?leN. Letting H denote the kernel of Veryg, : Agp) — Ay, we may
decompose H = [],,, Hw where each H, is a free rank one (Op /w)-module scheme
over Yy, y and set A} = Agp)/Hfj where H,, = [],,, Hw. The Op-action on Agp)7
polarisation pﬂfl)\(p) and level N-structure p—'n® induce ones on A making it a
J-polarised HBAV over Y j, n, corresponding to a finite, flat morphism

p:YyNn—=Y N
of degree Nmp/qv. Taking the union over Ji, the resulting morphism descends, for
sufficiently small U D U(N), to a finite, flat endomorphism of Yy which we denote
by p. L,

To define Ty, recall that the Kodaira-Spencer isomorphism (12) induces £

Ky, where Ky is the dualising sheaf on Y7, and hence an isomorphism

—k,0 . == —k—2,1
’CU = ICU ®O?U ’CU .

(a3

Letting s : A — Y ;v and s1 : Ay — Y, n denote the structure morphisms for the
universal HBAV’s, the isogenies 7 : A7 — A; induced by Very, yield morphisms

—k—2,0 —k—2,0
1 ~% 1 . . . . 9 ~% b
317*QA1/?]1,N —p S*QA/?,,N’ which in turn induce morphisms LJl,N —p LJ,N
(using here that k,; > 2 for all 7) whose union over J; descends to

(21) RN
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Making use of the canonical trivialisations Zoﬁv ~ Nmp/g(Jo™!) @ Oy,  and

YN
~ o

—0,1 _ —0,1 0,1 .
Lj N~ Nmpgg(J10 He OVJI,N’ we define £,y — p*L; y by multiplication by
NmF/Q(JJfl). (Note that this is not the morphism induced by 7, which is in fact

~

0.) The union over J; then descends to an isomorphism Z?jl — p*Z?j17 which we
tensor with (21) to obtain a morphism L, 2 p Ly »! We then define T, as
the composite

H(Vy,Kv ®oy, Ly ) = H' (Yo, Kv @0y, 0L )
5 HO(Vy, poKo ®oy, Ly )~ H (Vo Ko 9oy, Ly ),
where the first map is given by the one just defined, the second is the canonical
isomorphism, and the third is induced by the trace map p. Ky — Ky

Proposition 9.7.1. Suppose that v|p, | = 0 and k; > 2 for all T € X. If f €
M1 (Ui(n); E) and m € J; ' U{0}, then

(T )= Tglm(f)
where the J; and By € Fy are such that vJ = p1J1.

Proof. Let C be a cusp at infinity on Xy where U = U;(n), so that C' is the image
of a cusp C of X n associated to the Tate HBAV Ty, with a = Op, b = J 1
canonical polarisation data and level structure n(z,y) = t(y)¢*® for some choice of
s and t. The morphisms p extend unlquely to morphlsms X j,.n — XN, for which
one finds that the fibre over Cg is C; .E, Where C, is the cusp of X, n associated
to TOF7J1_1, with canonical polarisation data and level structure 7(z,y) = t(y)q**®
for some choice of s;.

Moreover the corresponding map S B S ,.E is defined by ¢" — ¢®™, and
the pullback of the isogeny 7 to S; = Spec SC B C~'1’ g is the canonical projection
1o 1.8 = Ty O J B induced by the identity on G,, ® 9~'. In particular, it
follows that the morphism (21) is compatible with the canonical trivialisations over
51, so the resulting map

QG5 — Seve®g,, Qon’
is induced by multiplication by NmF/Q(JJfl).

Identifying the pullback of Ky to S = Spec §C7E — Cg with Nmp/@((])*1 ® Og,
and similarly for S; with C' and J replaced by C; and Ji, we find that the trace
p«Ky — Ky pulls back to the map defined by

-1 . —
b& g™ Nmp/g(JiJ Hb@ ¢ ™, ifmev !
0, otherwise.
By [39, (1.1.20)], it follows that the pullback to S of the corresponding map
mZ?il — Z?ji1 has the same description, and hence so does the resulting map
QZ{}E — Q%’_El, giving the proposition. O
One easily sees directly from the definitions that the T), for v|p on My, o(U1(n); E)
commute with the S, for v t pn (assuming all k. > 2), and it follows from Proposi-
tions 9.5.1, 9.6.1 and 9.7.1 that they commute with each other as well as the T;, for
all v4p. (In fact one can check directly from the definitions that the T} commute



46 FRED DIAMOND AND SHU SASAKI

with each other and the action of the group { g € GL2(A%)| g, € GL2(Op,p) } on
Myo(E).)

9.8. Partial Frobenius operators. We also define operators @, for v|p in the
case R = E, [ =0, generalising the classical V-operator. We maintain the notation
from the definition of T}, in §9.7, except that we no longer assume k, > 2 for all 7.

LR I . Al Y =% 1 ~ AYIex! _ —/
Writing s} : A] =Y, v and p S*QA/7J,N ~ (s}) QA;/le,N = @Pw., we find the

isogenies Agp ) A} — A; induce isomorphisms

{ P ifreX,,

Fr—lor’

S~ A~
(22) prer=9=1 &, if r ¢ %,

on'Y j, y whose unions over J; descend to Y. For k € Z*, define &’ by k. = pkpyor
ifreX,and k. =k, if 7 ¢ X, and &, : Myo(U; E) - My o(U; E) as the
composite
0/ k0 0/  xk0 0~ k0
Mk’()(U;E) =H (YU>£'U ) — H (YU,p ‘CU ) — H (YUaEU ) = Mk/’()(U;E),

where the first map is pull-back and the second is induced by the above isomorphisms.

It is clear from the definition that ®,, is injective, and straightforward to check
the operators ®, commute with each other and the action of the groups {g €
GL2(AY) | gp € GL2(OFp) } on My o(E) and My o(E). In particular, ®, commutes

with the operators T, for all w1 p and S, for all w { np. Its effect on g-expansions
is given by the following:

Proposition 9.8.1. Suppose that v|p and | = 0. If f € My ,;(Ui(n); E) and
m € J;' U {0}, then

rin(@uf) =152 (),
where the Jy and B2 € Fy are such that v='J = PaJa (interpreting ra,m as 0 if
Bom & J{l, ie., mguvJ 1),

Proof. The completion of p at the cusps is already computed in the course of the
proof of Proposition 9.7.1. One finds also that the pull-back of the isomorphisms of
(22) to S; are compatible with the canonical trivialisations of the pushforwards of
the cotangent bundles of the Tate HBAVs Ty, ;-1 g and TOF7J;17E. It follows that
the map

k, 3 k, K,
(23) QC,OE — Sc,e Do O,OE = QCH?E
induced by ®, is defined by ¢™ — ¢?*™. The desired formula follows on relabelling
J as Jy and J; as J, and taking B, = ;. O

The proposition gives an alternative proof (for U = Uy (n)) that the @, commute
with each other and the T, for all w { p (after checking that ®, commutes with
Sy and applying Proposition 9.5.1 for w { np, and Proposition 9.6.1 for w|n). Note
however that ®, does not commute with T, (when the latter is defined, i.e., k; > 2
for all 7).

Note that it is immediate from Proposition 9.4.1 that the kernel of the operator
©, depends only on the prime v such that 7 € ¥,. Moreover if v(f) = k (in the
notation of §5), then Theorem 8.2.2 implies that k. is divisible by p for all 7 € X,,.
We will show in Theorem 9.8.2 that (assuming k is of this form and [ = 0) this
kernel is in fact the image of ®,, generalising a result of Katz in Section II of [38].
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We need to introduce one more operator: we define k¥ by k¥ = kp, and

0 : My o(U; E) = Mye o(U; E) as the composite:

—lor

HYVy, L) —» HO(YVy, Friyfy’) — H Yy, Ly °),
where the first map is pull-back by the automorphism induced by Frg on Y and
the second is given by the canonical isomorphisms Fryw, ~ @Wgor. (Note that we
could similarly define ¢ : My, | (U; E) — Mye 10 (U; E).) Its effect on g-expansions of
f € Myo(Ur(n); E) is given by 77, (¢f) = Frp(ry (f)) = (r(f))"-
Theorem 9.8.2. Suppose that k € Z*, n is an ideal of O prime to p, v is a prime
dividing p and T € ¥,. Then the image of

(I)v : Mk’o(Ul(n);E) — Mk/’o(Ul(ﬂ);E)
is the kernel of ker ©...

Proof. From Proposition 9.4.1 we see that f € My o(U1(n); E) is in the kernel
of ©, if and only if 7,(f) = 0 for all m, J such that m ¢ vJ;' It is therefore
immediate from Proposition 9.8.1 that image(®,) C ker(©;).

For the opposite inclusion, first note that we can assume n is sufficiently small.

For each cusp C' € S, let N¢ denote the stalk (j*zl;jo)@ where as usual j is the
inclusion Yy — Xy and C = Cg. Similarly let

. —k',0 . =k
Ne = 3Ly g, = UspsLy e
and consider the R¢ := Oy, z-linear map ¢¢ : No — N¢ of finitely generated

Rc-modules induced by the morphisms in the definition of ®,. Letting Fy; denote
the sheaf of total fractions on Yy, we similarly have a map

=~ = k0 =  —=k,0
C,: H'(Yu, Ly ®oy Fu) = H'(Yu,Ly" ®oy  Fu),
and thus a commutative diagram of injective maps:

—  —koO
Mio(Ui(n);E) = @eesNe — H(Yu,Ly Doy, Fu)
{ I \
— —=k'0
Mk:’,O(Ul(n);E) — @CGSNIC — HO(YU,EU ®O?U ]:U)

where the horizontal maps are the natural inclusions.

The completion ¢¢ of d¢ is precisely the §5—linear map Q%O — le’o of (23)
(where §5 acts on the target via the map to §51 induced by p). If f € ker(©,),
then r/1(f) =0 for all m ¢ va17 so the g-expansion of f at C7 is in the image of
QASC for each C' € §. Since §5 is faithfully flat over R¢, it follows that f is in the
image ¢¢ for each C' € S, so there exists g € @, N¢ C HO(?U,ZZO ®oy, Fu)
such that ®,(g) = f.

It remains to prove that g € My o(Ui(n); E), Since Y is smooth and Z?jo is
invertible, it suffices to prove that ord,(g) > 0 for all prime divisors z on Y. For
this, we note that the map ¢ similarly extends to a map ¢, and one checks that

~ = — —k,0 — —pk,0
LpoHCI)w : HO(YU7EU ®(97U Fu) — HO(YU7£Z[)] ®(97U Fu)

wlp
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is simply the map g — ¢P. Therefore

=g [[ ] )= {0 ]] ®u| ()€ MpuoUi(n); E),
w#v wH#v

so that pord,(g) = ord,(g?) > 0, and hence ord,(g) > 0. O

Remark 9.8.3. One can also check that the relation image(®,) = ker(©,) holds
for arbitrary U using the same argument as in the proof of the theorem and a
straightforward generalisation of the formula in Proposition 9.8.1 (see the next
section for similar computations of the effect of operators on g-expansions at more
general cusps).

10. NORMALISED EIGENFORMS

We will prove that if p is irreducible and geometrically modular of weight (k,1),
then in fact p is associated to an eigenform f € My ;(U1(n); E) for some n prime
to p, allowing us to pin down g-expansions of forms giving rise to p. We will also
use partial ©-operators to study the behaviour of minimal weights as [ varies, and
prove that if an eigenform is ordinary at a prime over v, then so is the associated
Galois representation.

10.1. Preliminaries. First note that, by definition, if p is geometrically modular
of weight (k,1), then p is associated to an eigenform f € My ;(U(n); E) for some
n prime to p. One approach to replacing U(n) by U;(n') for some n’ would be to
use the space My ;(E) to associate to p a representation of GLa(F),) for each v|n.
One then chooses an irreducible subrepresentation 7,, whose existence is given
by [56, 11, 5.10], and shows, using the irreducibility of p, that m, does not factor
through det. It then follows from [55] that , has a vector invariant under Us (v®)
for some exponent c,, and one can take n’ = [[_v®. We shall instead give a more
constructive argument that develops some tools we will need anyway. In particular
we define certain twisting operators on forms of level U(n).

We let U = U(n) and index the components of Yy by pairs (J, w) where J, as
usual, runs through strict ideal class representatives, and w runs through a set
W C (Op/NOFp)* of representatives for (Op/n)*/OF. . More precisely, choose as
before isomorphisms s : Op /NOp ~ (NJ)~1/J=1 (for each J) and t : Op /NOp =~
UN ® 9~!. Then s determines an isomorphism J/NJ ~ Op/NOp whose composite
with ¢ defines a component of Y n, hence of Yy;, and we associate to (J,w) the
component so defined with s replaced by ws. One easily checks that this defines
a bijection between Zy (O) and the set of such pairs. Moreover, there is a unique
cusp on each component of Xy mapping to a cusp at co on Xy, (n), namely the
one associated to the Tate HBAV Ty, ;-1 with canonical polarisation and level N
structure (z,y) — t(y)qV*@). For f € My, (U; R) and m € (n='J), U {0}, we write
7@ (f) for the corresponding g-expansion coefficient of f.

A computation similar to the proof of Proposition 9.5.1 shows that the effect of
T, on g-expansions of forms in My ;(U; R) is given by the formula:

(24) T (To f) = Birghw (F) + Nmpyg(v) 8422 (S, f)
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for m € (nJ);' U {0}, where the J;, 3; are as before, with w; € W satisfying

Brwy, tws(1) wys1(1) mod n(NJ;)~?
and  Brw,ws(1) was2(1) mod n(NJ2) L,

where we view (i, ! as inducing an isomorphism J‘lap ~ J 16F, hence
(NJ)"Y/J~t ~ (NJ;Y/J;h, and similarly fow, as inducing (NJ)~'1/J~! ~
(NJy)~t/J5'. We note the following consequence:

Lemma 10.1.1. If f € My (U(n); E) is an eigenform for the operators T, and S,
for all but finitely many v, and the associated Galois representation py is absolutely

irreducible, then ro‘]’w =0 for all pairs (J,w).

Proof. © If v is trivial in the strict class group of conductor np, then it follows
from the definitions that S, acts trivially on My, ;(U; E'). Moreover in the formula
(24) for such v, we have J = J; = Jo, w = w1 = wa, f1 = f2 = 1 mod pOp,,
and Nmp/g(v) = 1 mod p, so that ra(Tyf) = 2rd™ (f). Therefore if o™ (f) # 0
for some (J,w), then ps(Frob,) has characteristic polynomial (X — 1)? for such v.
By the Cebotarev Density Theorem (and class field theory) it follows that ps(g)
has characteristic polynomial (X — 1)? for all g € G, where K is the strict ray
class field over F' of conductor np, so by the Brauer-Nesbitt Theorem, p¢|c, has
trivial semi-simplification. Since K is abelian over F', this contradicts the absolute
irreducibility of py U

We continue to assume U = U(n) and define an action of the group (Op/n)*

on My, ;(U; R) via its isomorphism with the subgroup of GL2(Op/n) consisting of

matrices of the form ( 8 (1) > Thus a € (Op/n)* acts on My ;(U; R) by the

0 (1) mod n; we denote the
operator by (a). It is straightforward to check that its effect on g-expansions is
given by the formula:

(25) o ((a) ) = vl (f),

where v € OI§+ and w’ € W are such that vw = aw’ mod n.

operator [UgU] for any g € GLg(ap) congruent to ( @

w, 0
0 1
choice of uniformiser w, for F,. Another computation similar to Proposition 9.5.1
(or more precisely, Proposition 9.6.1) shows that its effect on g-expansions is given
by:
J,w l,.J1,w1

(26) it (Tof) = BiTsm (f)

with notation as in (24). Note that T, depends on the choice of w,: replacing
@, by uw, for u € Op, replaces T, with (7(u))T, where 7 is the natural map

Or.,, = (Op/n)*. We see directly from the definitions that the operators T, for v[n
commute with the T, and S, for v { pn (and each other), as well as the action of

(Or/n)*.

We also define the operator T, = [U > U] on My ,(U; R) for v[n and a

6A1ternaﬂ;ively7 this can be proved by revisiting the construction in Theorem 6.1.1 and observing
that if r(‘)]’w # 0 for some (J,w), then the lift f is non-cuspidal. One then deduces that the Galois
representation I is reducible, and hence so is py (possibly after extending scalars in the case

p=2).
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Suppose that £ : (Op/n)* — R* is a character of conductor m|n. Choose an
element ¢ € O, = Hv‘n Or,, generating nm~Op,, and define a twisting operator
on My ;(U; R) by the formula:

(27) = > W) MURUI= Y ) o,

be(Op /m)x be(OF /m)*
where g, = (1) blc mod n. The operator ©¢ commutes with the operators T,
and S, for v { np, and it is straightforward to check that
(28) (a) 0 ©¢ = &(a)O¢ o (a)

(Note also the dependence on ¢: replacing ¢ by uc for u € O;’n replaces ©¢ by
&(u)O¢.) One finds the effect on g-expansions is given by:

(29) i (0¢(f)) = Gy (& w™ tem)r (f),
where G (&, m) = Z €(b)~'¢(—bm) for m € (mJ)7" U {0}. (Recall that ( is
be(Op /m)x

the homomorphism (NJ)~1/J~! — uy induced by the trace and our choices of
s and t; see the discussion before Proposition 9.1.2.) Standard results on Gauss
sums show that G (&, am) = £(a)G (&, m) for all a € Op, m € (mJ)™!, where ¢
as viewed as a function O — R by setting £(a) = 0 for a not prime to m. One
deduces that if m generates (mJ)~1/J~1, then

Gy(&m)G (€71, —m) = Nmp/g(m)
(in particular, G ;(£,m) € R*), and otherwise G ;(§,m) = 0.

10.2. Eigenforms of level U (n).

Lemma 10.2.1. If p : Gr — GLo(F,) is irreducible and geometrically modular
of weight (k,1), then p arises from an eigenform of weight (k,1) and level Uy(n)
for some n prime to p; i.e., there exist n prime to p, a field E and an eigenform

f € My (Ui(n); E) for S, and T, for all v{np such that p =~ py.

Proof. By assumption, there exist n (prime to p), E and f € My, ;(U(n); E), an
eigenform for all S, and T, with v { np, such that p ~ py. Since the action of
(Op/n)* commutes with the operators S, and T, we can further assume that f
is an eigenform for this action, i.e., that there is a character £ : (Op/n)* — E*
(enlarging F if necessary) such that (a)f = &£(a)f for all a € (Op/n)*.

By Lemmas 9.2.1 and 10.1.1, we must have r;%(f) # 0 for some J, some (hence
all by (25)) w € W and some m € (nJ);' (i.e., m # 0) Letting e, = ord, (mnJ) for

vln and f =], T3 f, formula (26) implies that r ( ") # 0 for some (J',w’)
and m’ € (nJ’);" with m/nJ’ prime to n (choose .J’ equ1valent to H v~ J and let

vn
m' = Hﬁl cvm). Replacing f by f’, we now have (a) f = £(a)f for all a € (Op/n)*,
vn
and 7% (f) # 0 for some (J,w) and m € (nJ);' generating (nJ)~1/J L.
Now replace f by O¢-1(f) where O¢-1 is the twisting operator associated to ¢t
as defined in (27). Since cm generates (mJ)~!/J =1, we have G;(£71,em) # 0, so
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formula (29) shows that f # 0. By formula (28), f is invariant under the action of
(Op/n)*, hence under the action of the open compact subgroup

U/{<Z Z)eUl(n)

Now let g = H ( wg ’ (1) > where e, = ord,(n). Then g~1U;(n?)g C U’, so the

bGIlaF}.

v[n

lemma follows with f replaced by [U;(n?)gU’]f and n replaced by n?. O

10.3. Twisting eigenforms. Suppose now that k,l,I’ € Z*, and that m,n are
ideals of Op with m|n and n prime to p, and let Vs, C Of denote the kernel of the
natural projection to (Op/m)*.

Definition 10.3.1. We say a character

§:{ac (AF)" |ap € Of, }/Vin — E~
. . . i
is a character of weight I if {(a) =@ for all « € F¥ N O .

Suppose that f € My ;(U1(n); E) and £ is a character of weight I’ and conductor
m. Recall from §4.6 that we can associate to £ a form e € My (U(m); E), and
hence a form e¢ ® f € My 141/ (U(n); E). Choosing ¢ = (@t ~%), where d, = ord,m
and e, = ord,n, and applying the following (normalised) composite of operators
from the proof of Lemma 10.2.1:

NmF/@(n)*l[Ul(nZ)gU’] o @571 [¢) HTS”
v|n

to e ® f then yields a form in My 1 (U;(n?); E) which we denote feo Ttis
straightforward to check that in fact

1 b
fe=ec® Y &) ( 0 lc )f € My 4 (Ur(mn); E),
be(Op /m)*
where b is any lift of b to O and ¢/ = (w, %),
We now relate the g-expansions of f and fé. Firstly, the form e has constant
g-expansions satisfying the formula

Jo,w — w a 0 — Jw
e (e = el (5] ) ee) =B (ee)

for a € (A¥)*, 1 € FY, wo,w; € W such that a, € O, f1J1 = (a)J and
Bra~tweso(1) = wys1(1) mod m(NJ;)~t. Assume for simplicity that 1 € W, O is
chosen as the representative for the trivial ideal class, so(1) = N~! for Jy = Op,

and e¢ is normalised so that ré)F’l(eE) = 1. We then have

ro"(eg) = Etw™")

where ¢ is chosen so that J = (¢) and ¢t~! = s(1) mod m(NJ)~!. Applying (26) and
(29) with [ replaced by I +I’, and

P (U (02)gU") ) = Ny (w3 12002 (1)
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for f € My, 1y (U'; E) (where g and U’ are as in the proof of Lemma 10.2.1),
m e J;'U{0}, n71J = BaJs and </82 I1 ) 5(1) = waso(1) mod mN J; ! then

gives the formula’

v\n

rn(f8) = EWOG (€7, m)r, ().
Let &' denote the character of (Op/m)X mduced by &, extended to a map
Op — Op/m — E by setting Exl(a ( ) 0 if (a) 1s not prime m. We then have

G dm) = Go, (€71, tm) = .1 (tm)G o, (€71, ¢), so setting
(30) fe= Gop(f L) T

gives fe € My, 4+ (U (mn?); E) satisfying

(31) rin(fe) = €& (tm)r, (f)-

Note that this is independent of the choice of ¢ such that J = (¢). Furthermore
if we choose t so that t, = 1, then £(t) = &/(t) where &' : A /F*FZ | Vi — EX
is the character in the proof of Theorem 6.1.1. (Recall that ¢ is defined by
¢ (oza) = &(a)a, a;! fora e F*, z e F} + and a € (AF)* with a, € O ,.) Since
&'(m) =1, we then have

1 € ((tm)™), if (tm) is prime to m;
()& (tm) = { 0, otherwise;
where (tm)(‘“) denotes the projection of tm to the components prime to m.
We record the above construction:

Lemma 10.3.2. If f € M (Ui(n); E) and £ is a character of weight I’ and
conductor m, then fe € My 1y (Ui(nm?); E) has g-expansion coefficients defined
by (31). In particular if v} (f) # 0 for some m € J;l with mJ prime to m, then
fe # 0, in which case if f is an eigenform, then so is fe, and py, ~ per @ py.

10.4. ©-operators on eigenforms. Recall from Corollary 8.2.4 that O, defines a
map

Mk,l(Ul (‘ﬂ); E) — Mk’,l’ (Ul (n); E),
where k' and I’ are defined in Definition 8.2.1 (in particular I, = I, —d. /). Moreover
O, commutes with the operators T, (for all v {p) and S, (for all v { np).

Lemma 10.4.1. With notation as in Lemma 10.2.1, we can take the eigenform f
in the conclusion so that ©,(f) # 0 for all T € X.

Proof. Let v be a prime dividing p, and suppose 7 € ¥,,. Let f be an eigenform in
M (Ui (n); E) giving rise to p, and let m, J be such that r;,(f) # 0 (som € J;').
We wish to prove that we can choose f with 7/,(f) # 0 for some m’ ¢ vJ;l, SO
that f & ker(©;).

By Chevalley’s Theorem, we can (enlarging E' if necessary) choose a character &
of weight —! and conductor m for some m prime to pmJ. This rJ,(f¢) # 0, Thus
fe € Mk’O(Ul( "); E) where n' = nm?, 7 (f¢) # 0, and fe is an eigenform giving
rise to p' = pgr @ p.

For eigenforms g € My, o(U1(n'); E) giving rise to p’, define §,(g) to be the least
d > 0 such that r/ (g) # 0 for some m, J such that m ¢ v?J~1. Thus §,(g) = 0 if

"This also follows more directly from the alternative description of fé and a formula analogous
to (29).
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and only if g & ker(0,). We claim that if §,(g) > 0, then p’ arises from some h
with §,(h) = 6,(g) — 1; moreover if 7, (g) = 0 for all m.J not prime to m, then the
same is true for h.

To prove the claim, recall that if g € ker(©,) and k' = v(g), then p|k] for all
T € ¥,. (Recall that v(g) is defined in §5.2 and that v(g) € Z>¢ by [17].) Writing
g9=9Tles Haf,l* for some ¢’ € My o(Ui(n'); E) and n' € Z%,, we have g’ €
ker(©,). By Theorem 9.8.2, we have ¢’ = ®,(g") for some g” € My o(U(n'); E)

where k!, = k., for 7' ¢ ¥, and k!, = pilk%r_lw, for 7/ € ¥,. Now
" 13 n'
h:=g H Ha,7 H Ha_ 7
T'EX,Y T'eEX

is an eigenform in My, o(Uy (n'); E) giving rise to p’, and Proposition 9.8.1 immediately
gives that &,(h) = §,(g) — 1, and if v (g) = 0 for all m.J not prime to m, then the
same is true for h.

Starting with fe and applying the claim inductively, we conclude that p’ arises
from an eigenform g € My, o(Uy(n'); E) such that 77, (g) # 0 for some m, J with m.J
prime to vm. Therefore g¢—1 is an eigenform in My, ;(U;(n'm?); E) giving rise to p,
and ge-1 & ker(©;).

An elementary linear algebra argument then shows that, after possibly further
shrinking n and enlarging F, there is an eigenform f which satisfies the conclusion
simultaneously for all 7 € . O

We now have the following immediate consequences of Theorem 8.2.2:

Theorem 10.4.2. Suppose that p is irreducible and geometrically modular of weight
(k,1). Then p is geometrically modular of weight (K',l'), and in fact of weight
(k' — kna,,U') if plkr (where k' is as in Definition 8.2.1).

Corollary 10.4.3. Suppose that p is irreducible and 1,1’ € Z* are such that I, =
Iy — 67 0. Suppose further that there exist k = kyin(p,1) and kmin(p,1") as in part
1) of Conjecture 7.5.1. Then

K, 1 k,
kmin(pa l/) SHa { k/ — kHa Zﬁgﬂc‘r

Remark 10.4.4. We remark that we expect equality to hold in the corollary in
the case that p t k;. We caution however that the analogous strengthening of
Theorem 8.2.2 is false: i.e., it is possible for ©,(f) to be divisible by Ha,, for some
7' # 7 even if ptk, and f is not divisible by Ha,/.

We also have:

Corollary 10.4.5. Suppose that p is irreducible and geometrically modular of some
weight (ko,lo). Then for everyl € Z%, there exist k € 7= such that p is geometrically
modular of weight (k,1).

Proof. Note that if p is geometrically modular of some weight (ko,ly), then mul-
tiplying by the constant section e; of weight (0,n(p — 1)), we can replace Iy by
lo+n(p—1) for any n € Z and hence assume Iy, > [, for all 7 € ¥. The corollary
then follows from Theorem 10.4.2 by induction on ) _(lor — I+). O
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10.5. Normalised eigenforms. We continue to assume for simplicity that J = Op
is chosen as an ideal class representative.

Definition 10.5.1. Suppose that (k,1) is an algebraic weight (i.e., k; > 2 for all
T € X). We say that f € My ;(U1(n); E) is a normalised eigenform if the following
hold:
o 177 () =1,
e f eigenform for T;, for all v { p and S, for all v {np, and
o fe € My o(Ui(nm?); E') is an eigenform for T, for all v|p and all characters
§:{ac(A¥)"|ay € OF,}/Vn = (E')* of weight —I, conductor m prime
to p, and values in extensions E’ of E.

It is straightforward to check that if f¢ is an eigenform for T, (where v|p and £
has weight —! and conductor prime to p), then so is f¢, ¢, for any characters &, &
such that ;& = ¢ (where the & have conductors m; prime to p and weights —I;
such that [ =1y + l3). In particular it follows that if f is a normalised eigenform in
My, 1(Ur(n); E), then f, is a normalised eigenform in My, iy, (Ur (nm?); E) (enlarging
E if necessary).

We have the following strengthening of Lemma 10.4.1 for algebraic weights:

Proposition 10.5.2. If p is irreducible and geometrically modular of weight (k,1)
with k; > 2 for all T, then p arises from a normalised eigenform of weight (k,l) and
level Uy(n) for some n prime to p.

Proof. Suppose first that [ = 0. By Lemma 10.2.1, p arises from an eigenform
f € My o(Uy(n); E) for some n prime to p (and some E). Recall that in this case
(I = 0 and all k; > 2), we have defined Hecke operators T, for all primes v|np,
commuting with each other and the operators T, and S, for v { np, so we may
further assume that f is an eigenform for 7T, for all v and S, for all v { np. It suffices
to prove that 97 (f) # 0.

Suppose that rloF(f) = 0; we will show that f = 0, yielding a contradiction.
Recall from Lemma 10.1.1 that the absolute irreducibility of p ~ p; implies that
rd(f) = 0 for all J. We will prove that 7;,(f) = 0 for all J and m € J.' by
induction on n = Nmg,q(m.J).

If n =1, then mJ = Op,s0 J =0, m € O;_H and 797 (f) :rloF(f) =0.

Now suppose that n > 1 and r;J,(f) = 0 for all m, J with Nmp/g(mJ) < n, and
let my, Ji be such that Nmg/q(m1J1) = n. Let v be any prime dividing m;J;. If
v? {myJ; or v|np, then Propositions 9.5.1, 9.6.1 and 9.7.1 give

7”7{111 (f) = rr{m(va) = a'UIrT{L(f)7

where m;J; = vmJ and a, is the eigenvalue of T, on f. We have 7 (f) = 0

by the induction hypothesis, and hence ;! (f) = 0. If v?|myJ; and v { np, then
Proposition 9.5.1 gives

7";{111 (f) = T;{m(va) - NmF/Q(’U)T;{mZ (Svf) = avn{y,(f) - vamF/Q(U)T;;Zg (f)»

where m1J; = vmJ = v*mayJo and a, (resp. d,) is the eigenvalue of T;, (resp. S,)
on f. By the induction hypothesis, we have r; (f) = r,‘%( f) =0, so again it follows
that r,{lll (f) = 0. This completes the proof of the proposition in the case [ = 0.

Now consider the case of arbitrary I. Let m (prime to p) be such that there is a
character

§:{ac (AF)" |ap € OF, }/Vn = E
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of conductor m satisfying £(a) = @' for all @ € FX N Of . Then pe @ p is
geometrically modular of weight (k,0), and therefore arises from a normalised
eigenform f € My o(Ui(n); E) for some n prime to p. Furthermore we may assume
m|n (for example by replacing n by mn). Then fe-1 is a normalised eigenform in
My, 1(Uy (mn); E) giving rise to p. O

10.6. Stabilised eigenforms. We assume for the rest of the section that the weight
(k,1) is algebraic.

Definition 10.6.1. We say that a normalised eigenform f € Mj ;(Ui(n); E) is
stabilised if v}, (f) = 0 for all (m, J) such that m € J' and mJ is not prime to n.
Note that this is equivalent to the condition that T, f = 0 for all v|n.

Lemma 10.6.2. If p arises from a normalised eigenform in My ;(Uy(m); E), and
n C m is an ideal prime to p, then p arises from a normalised eigenform in
My, ;(Ur(n); E) (enlarging E if necessary). Moreover if m and n satisfy

e ord,(nm~1) > 1 for all v|m,

e ord,(nm~1) # 1 for all vim,

then p arises from a stabilised eigenform in My (Ui(n); E).

Proof. The first assertion immediately reduces to the case n = mv where v is a prime
not dividing mp. Suppose that f € My, ;(Us(m); E) is a normalised eigenform giving
rise to p, and let o € E (enlarging E is necessary) be a root of X? —a, X +d,Nmp g,
the characteristic polynomial of p(Frob,), so a, (resp. d,) is the eigenvalue of T,
(resp. Sy) on f. A standard calculation then shows that

-1
F= = mmpee (5] )
is a normalised eigenform in My, ;(Uq(n); E). Moreover f’ has the same eigenvalues
as f, except that T, f' = (a, — a) f'. and therefore py >~ py.

In view of the first assertion, the second immediately reduces to the case n =
mHv‘mv. So suppose that f € My ;(Ui(m); E) is a normalised eigenform giving
rise to p, and for each v|m, let 3, be the eigenvalue of T, on f. A similar standard
calculation then shows that

’ -1 wv_l 0
f = H 1—(NmF/Qv) 0 1 BU f
v|m
is a normalised eigenform in Mj, ;(Uy(n); E'). Moreover f’ has the same eigenvalues
as f, except that T, f/ = 0 for all vjn. Therefore f’ is stabilised and gives rise to
P (Il

Remark 10.6.3. We remark that a more careful analysis easily shows that the
first assertion of the lemma requires at most a quadratic extension of F, and the
second holds over the original field E.

Definition 10.6.4. We say that a stabilised eigenform f € My (Ui(n); E) is
strongly stabilised if r;},(f) = 0 for all (m,J) such that m € J' U {0} and m.J is
not prime to p.

8Note that our conventions allow a stabilised eigenform to have r()’ (f) # 0 in the case n = Op,
but a strongly stabilised eigenform necessarily has rg(f) =0.
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Thus a stabilised eigenform is strongly stabilised if and only if T}, f¢ = 0 for all
v|p and characters £ of weight —I. (Note that given m € J;l U {0}, we can always
choose ¢ of weight —I and conductor prime to m.J unless m = 0 and 7' # 1 for some

v € O ,, in which case we automatically have rl(f)=0.)

Lemma 10.6.5. There is at most one strongly stabilised eigenform f € My, ;(Ur(n); E)
giving rise to p.

Proof. If p arises from f, then T, f = a,f and S,f = d,f for all v { np, where
ay = tr(p(Frob,)) and d, = Nmpg,q(v)~'det(p(Frob,)).

Suppose then that f and f’ are strongly stabilised eigenforms giving rise to
p, and let f” = f — f'. Tt suffices to prove that =7 (f") = 0 for all (m,J) with
m € J'U{0}. Since f and f’ are strongly stabilised, we have 77}, (") = 0 whenever
m.J is not prime to np, so we can assume m.J is prime to np. We then proceed as in
the proof of Proposition 10.5.2 by induction on n = Nmpg,q(m.J).

Ifn=1,then mJ =0Op,s0J =0, m € O;iﬂ_, and rOF (f") = m_lr?F(f”) =0
since 707 (f) = 797 (') = 1.

Now suppose that n > 1 and r;,(f) = 0 for all m, J with Nmg,qg(mJ) < n, and
let mq, J; be such that mJ; is prime to np and NmF/Q(mlJl) =n. Let v be any
prime dividing m4J;. If v { myJy, then Proposition 9.5.1 gives

P () = il (1)
where my.J; = vm.J. so the induction hypothesis implies that ;2 (f”) = 0. If v { np,

then we get instead

J1
my

(f") = my'mlayr;, (f") = my 'myd, Nmp g (0)r;2, (f7),

where m1J; = vmJ = v?>myJy, and again the induction hypothesis implies that
J1 (f//) =0 O
roL .

Remark 10.6.6. Note that if f is a normalised (resp. stabilised, strongly stabilised)
eigenform, then the same is true for both Ha, f and ©, f for any 7 (assuming k, > 3
if 7 # Fro 7 in the case of Ha, f).

r

Remark 10.6.7. We remark that if p is geometrically modular of weight (k,1),
then it does not necessarily arise from a strongly stabilised eigenform of weight
(k,1) (for any level n); for example, there may be a prime v|p such that 7, (f) # 0
whenever m.J = v. We do however have the following two ways of establishing the
existence of strongly stabilised eigenforms. One is to apply partial ©-operators to a
stabilised eigenform (hence changing the weight); the other is to use Theorem 10.7.1
below, or more precisely its corollary.

10.7. Ordinariness. The forthcoming Theorem 10.7.1 can be viewed as stating
that if an eigenform is ordinary in a suitable sense, then so is the associated Galois
representation. For the proof, we need to verify certain compatibility properties for
the operators T, for v|p (assuming k algebraic and ! = 0), which we shall do using
their effect on g-expansions at more general cusps than the ones used above.

Fix sets of ideal class representatives {a} and coset representatives {g} for
P,\SL2(Op/n). For consistency with previous computations, choose a = Op and
g =1 for the trivial classes. Also fix choices of t : Op /NOFp ~ px ® (ad) ™! for each
a (independent of J) and s : Op/NOp ~ (NJ) ta/J ta for each a,J. The cusps
of Xy for U = U(n) are then in bijection with the quadruples (J, a, w, g), where the
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corresponding cusp is the one associated to the Tate HBAV T, p, where b = aJ !,
with canonical polarisation and level structure n,, ory-1, where 1, (z,y) = t(y)q@s@).
Then for v|p, we find (by the same proof as for Proposition 9.7.1) that the effect on
g-expansions of the action of T, on My, ;(U; E) is given by

(32) ro(Tof) =158 (£),

where the g-expansion coefficients lie in Ek’o, and if C is the cusp corresponding
to (J,a,w,g), then C; corresponds to (Ji,a,ws,g) for Ji,wy, 81 € Fy such that
vJ = B1J1 and B, tws(1) = wys1(1) mod N~Inb; (where by = ctJl_1 and s; is
the chosen isomorphism).

Finally we need to consider the action of T, on My o(U’; L) for v|p, where
U' =UNUi(p) and k € Z>5. Note that this may be defined in the usual way as the
@y
0
with the action of T, on the space of automorphic forms A o(U’). Recall from
§6.4 that Xy denotes the minimal compactification of Yy/, and that its cusps are
in bijection with triples (C,f, P) where C is a cusp of Xy, f is an ideal such that
pOr C f C OF and P is a generator of b/bf, and the corresponding cusp may be
identified with the O-scheme Spec Oj representing generators of pp@F(ad) 1 /p(ad)~?
(where a and b are as in the description of C'). We only need to consider those
cusps for which f = Op: for each cusp C of Xy, we write C’ for the unique such
cusp of Xy lying over it. We assume L contains the pth roots of unity, so that
the components of C are copies of Spec L in bijection with the generators ¢, of
pp(L) ® (ad)~!. We may then compute the effect of T}, on the completion at each
component of C'} exactly as in Proposition 9.6.1 (see also (26)) to conclude that if
f € Myo(U’; L), then

/ c!
(33) ri (Tof) =751, (f),
where the notation is as in (32), except that the g-expansion coefficients lie in the
fibre of j.L5" at C}, which we may identify with ®¢, (DF° @p L) (where ¢, runs
over generators of yi,(L) ® (ad)™1).

operator [U ! ? ) U’ } on forms in characteristic zero, making it compatible

Theorem 10.7.1. Suppose that k € Z* with k. > 2 for all T, U is an open compact
subgroup of GLg(ap) containing GL2(Opyp), @ is a finite set of primes containing
all vlp and all v such that GL2(OFp) ¢ U, and vg is a prime over p. Suppose that
f € My o(U; E) is an eigenform for T, and S, for allv & Q and that T, f = ay, f
for some ay, # 0. Then (possibly after enlarging E and semi-simplifying py)

X1 ok
poler, = ( 0 Xo )

where x1 unramified character, x1(Froby,) = ay,, and xa|r., =l cx el=kr.
0 vo

Proof. We may assume that U = U(n) for some sufficiently small n prime to p and

that O is sufficiently large; in particular, we assume py,(Q) C O for some N € n.
Recall that the proof of Theorem 6.1.1 in §6.5 yields injections

Mk7_1(U;E) — Mk/’_l(U/ : E) — Mm+27_1(U/; O) Ko E

which are compatible with T, and S,, for v { np, where U = U(n), U’ = U(n)NU;(p),
k' is nearly parallel and m is a (sufficiently large) positive integer. Tensoring with
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the (pull-backs of the) canonical section e; € H°(Yy, E?jl), we may replace | = —1
by I = 0. Since the first injection is defined by multiplication by partial Hasse
invariants, which have g-expansions equal to 1 at every cusp, we see from (32) that
it is also compatible with T,, for v|p. We may therefore replace k by k' and assume
that k is nearly parallel.

Recall that for a cusp C of Xy, we let ¢’ denote the unique cusp of X
with f = Op. For O-algebras R, let QZ@T;*O denote the completion at C%, of
J(Kur g ®oy,, . K?},’}R) (in the notation of §6, and as usual omitting subscripts if
R = 0O and usiﬁg = in the case R = F). From the description of j.Ky in §6.5, we
see that QTC”,“?;’O is canonically isomorphic to

D™ 2% ®p Homg,  (Scr,r, Sc.r) = Homo(0p,., D™ %) ®0 Sc.r
as a module over :9\0/73 = 0p, ®o A/S'\c,R.
Letting S denote the set of cusps of X7, we have natural g-expansion maps:

Mppi20(U'sR) — P Q' 2°,
ces

which are injective if R = L (and hence R = O) since H C}, includes cusps on
. Cces
every connected component of Xy 1. We define M, 420(U’; O) to be the preimage
of @ Qrcn,+2 ¥in My 42,0(U’; L) under the g-expansion map to @ Qm+2 0 We
ces s ces
thus have an inclusion M, 120(U';0) C My420(U’; O) with finite index, so in
particular Mm+270(U' ; O) is finitely generated over O.

We see directly from the definition that, for v 1 pn, the Hecke operators T,, and S,
on M, 42.0(U’; O) also act on the modules +2 compatibly with the g-expansion
map, from which it follows that the operators preserve Mm+2,0(U ' O). Furthermore,
from (33) and the fact that the isomorphism

Qm+2 0 ~ Dm+2 0 R0 SC’,L

induced by the Kodaira—Spencer isomorphism Ky = /3?],_ | is the same as the one
induced by the canonical isomorphisms

Homop (0p,.,L) = @&, L = O, Qo L,

we see that Mm+270(U’; O) is also stable under T, for v|p, with the action on ¢-
expansions being defined by the same formula, but now with coefficients in the fibre
Homo (0, , D™+%%) (and a reconciliation of the duplicate use of m).

Now consider the commutative diagram:
Mk’o(U;E) — Mm+270(U/;O) ®o E — Mm+2)O(U/;O) ®o FE

k,0 +2,0 +2, 0
Doz’ - D - Do
ces ces ces
The proof of Theorem 6.1.1 shows that the first map on the bottom row is injective
and the second is an isomorphism. Since the left vertical arrow is injective by the
g-expansion principle, it follows that the top composite is also injective. Furthermore
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the right vertical arrow is injective since Mm+27O(U 0) — @ QZL,H’O is injective
ceS
with torsion-free cokernel (by construction).

We already saw in the proof of Theorem 6.1.1 that the map My o(U; E) —
M 42,0(U";0) ®p E is compatible with the operators T, and S, for v { pn, and it
follows that the same holds for the composite on the top row of (34). We claim
that this composite is also compatible with the operators T, for v|p. To see this,
note that we have actions of these operators on P s Q%O and Pocs Q%”,+2’0 =
Pees ng/+2,0 ®o E which are compatible with the vertical maps of (34). Since
these maps are injective, the claim will follow from the compatibility of the bottom
row of (34) with these operators. The desired compatibility then follows from the
fact that the first map on the bottom row is induced by the Og-dual of the pull-back
to S = Spec Sg—é of the isomorphism ﬁ*i*OYUu ~ @HZZ’O constructed in the proof
of Theorem 6.1.1, which is given with respect to the canonical trivialisations over S
by an isomorphism

—x,0
0p, o E = D™
KR
We have now shown that the top row of (34) defines an injective homomorphism

My o(U; E) — Mm+2,O(U/§ 0)®o E,

compatible with the operators T, for v {n and S, for v {np. It is therefore a homo-
morphism of T-modules, where T is the (commutative) O-algebra of endomorphisms
of MmH,O(U'; O) generated by Ty, and the operators T, and S, for v ¢ Q). The same
(standard) argument as at the end of the proof of Theorem 6.1.1 now shows that
(after enlarging O, L and E if necessary), there is an eigenform fe Mp420(U'; L)
for the operators T' € T such that the eigenvalues are lifts of the corresponding ones
for f. In particular pand py have isomorphic semi-simplifications, and Ty, f= Gy, f
for some a,, € O*.

We now deduce that pf\GFUO has the desired form from the analogous fact for
the characteristic zero modular Galois representation P which is a special case
of local-global compatibility at vy for the corresponding automorphic and Galois
representations. More precisely, suppose first that f is cuspidal and view it as a
vector fixed by U’ in the associated/ automorphic representation II, so we have that

Gy, 1s an eigenvalue for T, on HUUO'““7 where II,,, is the local factor of II at vg and
Uy, = Ui(vo) N GL2(OF,, ). We may assume for simplicity that m > 0, so that II,,
must be a principal series representation’ of the form I(vy]-|Y/2 4| -|'/?) where
11,12 are characters Fs — @X such that ; is unramified with 1 (wy,) = @y, (and
1y is at most tamely ramified with s (wy,)(Nmpg,g(ve)) ™! € O*). The main
theorem of [53] (adapted to our conventions) then implies that pz| £y, 18 potentially
crystalline with labelled Hodge-Tate weights (m + 1, 0) and associated Weil-Deligne
representation ¥; @ ¥y (writing v; also for the representations of Wg,, to which
they correspond by local class field theory). A standard exercise in p-adic Hodge

9Permitting m = 0 would allow the possibility that II,, be an unramified twist of the Steinberg
representation, which could anyway have been treated similarly.



60 FRED DIAMOND AND SHU SASAKI

theory then shows that Pf|GFv0 must be of the form:

21 *
0 X2
m—+1

for some X1, X2 : GF,, — L* with X1 unramified and 1 (Frob,,) = @, (and X2x¢ye
at most tamely ramified). The theorem then follows in this case from the fact that
py is (up to semi-simplification) the reduction mod 7 of pj, together with the
description of det(ps) in Remark 6.5.1.

Suppose on the other hand that f is not cuspidal, in which case its eigenvalues
for T, and S, for v € @ are the same as those of an Eisenstein series associated
to a pair of Hecke characters 91,1, such that ¢;(z) = 1 and ¥y(z) = 7™~ for
x € FZ .. Moreover Gy, = ti(wy,) for some i such that 1; is unramified at v,
and we must have ¢ = 1 since @,, € O*. In this case the (semi-simplification of
the) associated Galois representation pfis X1 @ X2, where X3 (resp. gzxg;ﬁl) is the
character associated to 1y (resp. 1| - |™*1) by class field theory. The theorem thus
follows as before on reduction mod . (]

Corollary 10.7.2. Let f € My (Ui(n); E) be a normalised eigenform and vy a
prime of F over p. If T\,  fe # 0 for some character & of weight —, then (possibly
after enlarging E and semi-simplifying py)

X1 ok
prlcn, = ( 0 Xz )

for some characters x1,x2 : GFUO — E* such that X1|1FUO =11

X2|1Fvo = H’TGEUO 671_—167——[7'.

—1
TEDy, €r and

Proof. Since py, >~ py ® pe and p$’|1Fu0 = HTesz €lr, we may reduce to the case
Il =0and f = f¢, which is immediate from Theorem 10.7.1. O

11. THE INERT QUADRATIC CASE

We now specialise to the inert quadratic case, with a focus on non-algebraic
weights, and in particular the case of “partial weight one” since it exhibits phe-
nomena not present in the classical case. We provide evidence and an approach to
Conjectures 7.3.1 and 7.3.2 by deducing results in this setting from ones in the case
of algebraic weights.

11.1. Notation. For the rest of the paper, we let F' be a real quadratic field in
which p is inert, and we let p = pOp and K = F}, so K is the unramified quadratic
extension of Q,. Fix an embedding 7 : F — Q and write ¥ = {79, 71}. We identify
Y with ¥k and hence with the set of embeddings Or/pOr — E,. We shall write
weights k € Z* in the form (kg,k;) where k; = k,, for i = 0,1. Recall that our
conventions for Hodge—Tate types and weights of crystalline lifts of two-dimensional
representations are given in §7.2.

11.2. p-adic Hodge theory lemmas. Let y : Gx — ﬁ; be a character such
that x|r, = €. with 1 <i<p—1. Then H'(Gg,Fp(x)) is two-dimensional, and
we recall from [4, §3] the definition of a certain one-dimensional subspace. Note
that x|7,, = ei;le’;l, so x has a crystalline lift ¥ : Gxg — O* with Hodge-Tate

type (1 —1i,—p) € Z* (where O is assumed to be sufficiently large that x takes
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values in E*). Such lifts are unique up to twist by unramified characters with
trivial reduction, and we choose!? the one such that if ¢ corresponds via local
class field theory to p € K, then X(g) is the Teichmiiller lift of x(g). A standard
argument shows that the space H} (Gk, L(X)) classifying crystalline extensions is
one-dimensional over L, with preimage Vi C H*(Gk, O(X)) free of rank one over
O. We then define Vy, = Vi ®o F. Similarly, y has a crystalline lift Y’ : G — O
with Hodge-Tate type (—i,0), unique up to unramified twist, and we choose the
one sending g (corresponding to p) to the Teichmiiller lift of x(g). We again have
that H}(GK, L(X")) is one-dimensional, with preimage Vz» C H*(Gg, O(X)) free of
rank one over O, and we define V, = Vi ®0 F,.

Lemma 11.2.1. With the above notation, Vy = V.

Proof. We use the description of V,, obtained in [11] together with a similar analysis
of V. All references in this proof are to [11].

In the notation of [11], the (¢, T")-module, corresponding to the one-dimensional
E-vector space E(x) equipped with Gk action by x, has the form Mgz with
¢=(p—1—1,p—1), and Proposition 5.11 (for p > 2), Proposition 6.11 (for p = 2)
and Theorem 7.12 show that V, is the subspace corresponding to the span of the
class [Bo} € Eth(Mﬁ, Mcg).

We may analyze V similarly as follows. We can write the (¢, [')-module corre-
sponding to E(x~!) in the form M4z where @ = (i,0) and A = C~!, and consider
the subspace of bounded extensions

Extpgq(Mag, M) C Ext'(Mag, M5)

defined exactly in Definition 5.1 (dropping the assumption that one of a; or b; is
non-zero for each 7). As in §5.1, we have an isomorphism

L Eth(MAa, Mﬁ) = Eth(MG’ Meg).
A straightforward adaptation of part (2) of the proof of Proposition 5.11'" then
shows that the image of Extyq(Mag, M) under ¢ is again spanned by [By)].
By the same argument as in the proof of Theorem 7.8 (with the appeal to
Lemma 7.6 replaced by a direct application of Proposition 7.4), one finds that V)é

is contained in (the extension of scalars to F,, of) the image of Extq(Mag, M5).
Therefore V)é C Vy, and equality follows on comparing dimensions. [

Remark 11.2.2. We expect that the lemma could similarly be proved by extending
the techniques of [32, 33] (instead of [11]) to include the case of repeated 7-labelled
weights.

Lemma 11.2.3. Suppose that 2 < kg < p. A representation o : G — GL2(F,)
has a crystalline lift of weight ((ko,1),(0,0)) if and only if either:

° o~ ( )61 ; ) with x1 unramified, xz2|r, = eio_ko and associated exten-
2

ston class in VX1X2—1, or

10By Remark 7.13 of [11], or more generally the proof of Theorem 9.1 of [32], the subspace
Vy turns out to be independent of the choice of unramified twist, but we fix it for clarity and
consistency with [4]. Similarly the proof of Lemma 11.2.1 below shows the same holds for V>2,

11Strictly speaking, this is Proposition 6.11 in the case p = 2, but the proof there is omitted
since it is essentially the same as that of Proposition 5.11, using the cocycles constructed in §6.3.
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g ~ Indgi,ﬁ where K' is the unramified quadratic extension of K and

€1, = elé_ko for some extension 7§ of 7o to the residue field of K'.

Proof. For the “if” direction, in the first case, let X1 be an unramified lift of yo
and let X2 = X1(X') ™", where x = x1x5 . By Lemma 11.2.1 and the definition of
VY, the representation x ! ® o is isomorphic to the reduction of an O[Gk]-module

T associated to an extension class
0=-0KX)—=T—0—=0

such that T ®e L is crystalline. It follows that o has a crystalline lift T ®o L(X2)
with 7p-labelled weights (kg — 1,0) and 7-labelled weights (0, 0), as required.

In the second case, note that £ has a crystalline lift E of Hodge—Tate type
(ko —1,0,0,0) (where the first coordinate corresponds to 7/ € X ), so that Indg?f~
is a crystalline lift of o with the required labelled weights.

The other direction can be proved as follows using Fontaine-Laffaille theory. The
results of §7 and 8 of [26] imply that (following their notation) there is an object M
of the category M{g}f/ and an embedding £ — End(M) (for large enough F), such
that

o ~Hompg(Ug(M),F,)
as representations of G ; moreover decomposing M = My @ M; (according to the

idemopotents of Ox ® E corresponding to 79, 71), each component is two-dimensional
over ¥ and

' M, if 7 <0;
FiVM =< FExq, if0<j < kg;
07 lf] > kOa

for some non-zero xg € M.

One easily checks that bases (z;,y;) for M; over E can be chosen so that Fil'M =
FExg as above and the Ox ® E-linear morphisms ¢’ : Fr*Fil/ M — M are defined
by ¢Fo~txg = 1, ¢°yo = y1, and either

o ¢'zy = axg + byo, ¢°y1 = cyo for some a,c € E*, b € {0,1},
o or ¢’z =19, ¢°y1 = axo for some a € EX.

In the first case, M is reducible (as an object of l{(’)’r’, with E-action), fitting in

an exact sequence 0 — M’ — M — M" — 0, where M’ = Eyy & Ey;. It follows

that ¢ has the form ( %1 ; ) where x1 (resp. x2) is obtained by applying
2

the functor Hompg(Ug(+),Fp) to M’ (resp. M"). Moreover x; (resp. x2) has a
crystalline lift of Hodge-Tate type (0,0) (resp. (ko — 1,0)) and the subspace of
HY(Gr,Fy(x1xy ")) obtained from such extensions is one-dimensional. Therefore x;

unramified, x2|7, = €., and since the subspace must contain V)Z ol Vst
1X2 2

these subspaces in fact coincide, so o has the required form.
In the second case, consider o|g,.,, which (in view of the compatibility noted
at the end of §3 of [26]) is obtained by applying the same functor as above to

M’ = M ®o, Ok but with K replaced by K’ in the definitions of m{g;’ and Ug.
Assuming F is chosen sufficiently large (in particular containing the residue field of
K'), we may decompose M’ = @M/ according to the embeddings 7/ = Fr’ o7} where

i . . o P .
Ty is a choice of extension of 7, write 7, 2; 5 (resp. y;,y;, o) for the image of 2; ® 1
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(resp. y; ® 1) in the corresponding component, and observe that M’ decomposes as
(Ezy @ By & Eyh ® Exb) @ (Ey, @ Ex| & Exy @ Eys).

It follows that o|q,, ~ £ ® £ where § has a crystalline lift of Hodge-Tate type

(ko —1,0,0,0), so that |7, = elfko (note that similarly ¢ = elfko) and o has the
0 2

required form. ([l

Remark 11.2.4. For completeness we note that o has a crystalline lift of weight
((1,1),(0,0)) if and only if it is unramified.

Remark 11.2.5. We remark that the non-semisimple representations of G oc-
curring in the statement of the lemma are precisely those which are gently (but
not tamely) ramified in the terminology of [16, §3.3]. This is a special case of
Conjecture 7.2 of [16], proved in [6].

Lemma 11.2.6. Suppose that 2 < kg < p. A representation o : G — GL2(F,)
has a crystalline lift of weight ((ko,1),(0,0)) if and only if all of the following hold:
(1) o has a crystalline lift of weight ((ko — 1,p+ 1),(0,0)) if ko > 2, and of
weight ((p+1,p),(0,0)) if ko = 2,
(2) o has a crystalline lift of weight ((ko + 1,p +1),(—1,0)),

X1

0 where X1|1x = €ry-

(3) and o is not of the form <
Proof. Suppose that o has a crystalline lift of weight ((ko, 1), (0,0)).
First consider the case that o is reducible, so by Lemma 11.2.3, it is an unramified

ko—1

70 and associated

twist of a representation of the form ) with x|7. =€

1 *
0 x°!
extension class in V.

For 1), note that x|;, = eX072e? (resp. €& 1) if ko > 2 (resp. ko = 2), so
that x has a crystalline lift ¥’ of Hodge-Tate type (2 — ko, —p) (resp. (—p, 1 — p)).
Since H}(Gk, L(X")) = H (G, L(X")) and H' (G, O(X")) maps surjectively to
HY(Gg, E(X)), it follows as in the proof of Lemma 11.2.3 that o has a crystalline
lift of the required weight.

For 2), we instead write x|, = €%0¢P and use the lift X in the definition of V.
Since the extension class associated to o lies in V,, it follows that ¢ has a crystalline
lift with 7p-labelled weights (kg,0) and 71-labelled weights (0, —p). Twisting by a
crystalline character of Hodge-Tate type (—1,p) and trivial reduction, we conclude
that ¢ has a crystalline lift of the required weight.

Finally 3) is clear since €, is not X% or the trivial character.

Now suppose that o is irreducible, so o ~ Indgif where £|7,., = el ko for some

To
i / it _ 2—ko_—p —p_l—py _
extension 7q of 7o. Writing &[7, = e e (resp. €f €rf ) if kg > 2 (resp. ko = 2),

T3
we see that & has a lift £ of Hodge—Tate type (ko —2,0,0,p) (resp. (0,0,p,p — 1)),
and Indgi /f is a crystalline lift of o of the required weight for 1).

For 2), we proceed similarly by writing {|7,., = ei{?ko 6_:{1)6.,-2/ to see that £ has a
crystalline lift of Hodge-Tate type (ko — 1,p,—1,0) whose induction to Gx has the
required weight.

Finally 3) is clear since o is irreducible.

Now suppose that 1), 2) and 3) all hold. We will use the results of [32] and
their extension to p = 2 in [57], which show that if o has a crystalline lift of weight
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(k,1) with 2 < k. < p+1 for all 7, then o is of the form prescribed in [4] for the
corresponding Serre weight (i.e., that W<is(g) ¢ We*Plicit(5)) in the notation of
[33])-

X1

0 X2
and [32, Thm. 9.1] (extended to p = 2 in [57]), it follows that o, is of the form:

( 1 * > ( 6;01 * ) ( 630_’“0 * )
1-k ) 2—k or -1
0 e ™ 0 e, 0 €0

if kg > 2, and of the form:
1 % -l o« P x
(0 enf)’ ( 0 ) . ( 0 efol)
if kg = 2.

Similarly, from condition 2), we find that o|;, is of the form:

€ro * 1 * eio_ko *
0 ek )0 o et ) 0 1)

Moreover in the second case, the associated extension class lies in V) (where we
exchange x; and x» if necessary if o splits, and use the fact that V,, is independent
of the choice of unramified twist in its definition). That ¢ has the required form is
then immediate on comparing the possibilities resulting from 1) and 2), taking 3)
into account in the case kg = p = 2, and applying Lemma 11.2.3.

Finally suppose that o is irreducible. Then condition 1) and [32, Thm. 10.1]
(extended to p = 2) implies that o ~ Indgilf for some & with §|r;_ of the form el ko

i
To

First suppose that o is reducible, and write o ~ . From condition 1)

2 2 3
or ez(,?ko*p , with the latter possibility replaced by €” gp P if kg = 2. Similarly
condition 2) implies that o ~ Indgilé’ for some ¢’ with £'[;; of the form ei,_ko or
0

—p*ko

ko . . 1
nor its conjugate €_,
0

2 2
e, ~k0_Since neither G agrees with any of the possi-
0 0
17]()0
75
again follows from Lemma 11.2.3. ]

bilities resulting from 1), we deduce that £|;, =€ , and the desired conclusion

Remark 11.2.7. Note that we only needed to use condition 3) in the case ko =
p = 2, so it is otherwise implied by 1) and 2).

11.3. Weight shifting. We now prove an analogue of Lemma 11.2.6 in the context
of geometric modularity.

Lemma 11.3.1. Suppose that 2 < ko < p and that p : Gp — GLa(F}) is irreducible.
If p is geometrically modular of weight ((ko,1),(0,0)), then
(1) p is geometrically modular of weight ((ko — 1,p+ 1),(0,0)) if ko > 2, and
of weight ((p + 1,p),(0,0)) if ko = 2, and
(2) p is geometrically modular of weight ((ko + 1,p+ 1), (—1,0)).
Moreover the converse holds if we assume in addition that

(3) play is not of the form ( )61 ;2 ) where X1|1,; = €ry -

Proof. Suppose first that p is geometrically modular of weight ((ko, 1), (0,0)), i.e.
that p is equivalent to ps for some eigenform f € M, 1).(0,0)(U; £). Multiplying f
by Ha,, (resp. Ha,,Ha. ) if kg > 2 (resp. kg = 2) yields an eigenform giving rise to
p of the weight required for 1). Conclusion 2) is immediate from Theorem 10.4.2.
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Conversely suppose 1), 2) and 3) all hold. First consider the case ky > 2. By
Proposition 10.5.2, hypotheses 1) and 2) imply that p arises from normalised eigen-
forms in Mg, 1 p+1),00,0)(Ur(m1); E) and Mg 41.p+1),(—1,0)(Ur(mz); E) for some
ideals my, mo prime to p (and sufficiently large ). We may then choose n satisfying
the conditions in Lemma 10.6.2 with m = m; for i = 1,2 (for example take n = m?m3)
to deduce that p arises from stabilised eigenforms in f1 € Mg —1,p+1),(0,0)(U1(n); E)
and fo € M(ig+1,p+1),(—1,0)(U1(n); E). By Proposition 9.4.1, ©, (f1) is a strongly
stabilised eigenform in My, 2p11),(—1,0)(U1(n); E). By Corollary 10.7.2 and hypoth-
esis 3), so is Ha,, fo. Lemma 10.6.5 then implies that ©.,(f1) = Ha,, f2, and now it
follows from Theorem 8.2.2 that fi = Ha, f for some f € My, 1),(0,0)(U1(n); E), so
p is geometrically modular of weight ((ko, 1), (0,0)).

The case kg = 2 is similar, but instead one has fi € M,11,p),0,0)(U1(n); E),
and obtains f € M(,12.0),(0,0)(U1(n); E). Theorem 1.1 of [17] now implies that f is
divisible by Ha,,, so that p is geometrically modular of weight ((2,1),(0,0)). O

11.4. Geometric modularity in partial weight one.

Theorem 11.4.1. Suppose that 2 < ko < p and that p : Gp — GLa(F,) is
irreducible and modular. Suppose that Congecture 3.14 of [4] and Conjecture 7.5.2
hold for p. Then p is geometrically modular of weight ((ko, 1), (0,0)) if and only if
plax has a crystalline lift of weight ((ko, 1), (0,0)).

Proof. Suppose first that p|g, has a crystalline lift of weight ((ko,1),(0,0)).
Lemma 11.2.6 implies that p|g, has crystalline lifts of weight ((ko — 1,p+1),(0,0))
(resp. ((p+1,p), (0,0))) if ko > 2 (resp. ko = 2) and ((ko+1,p+1),(—1,0)), and that
play has no subrepresentation on which Ik acts as €,,. Conjecture 3.14 of [4] then
implies that p is algebraically modular of weights of the two indicated weights, and
then Conjecture 7.5.2 implies it is geometrically modular of those weights. It then
follows from Lemma 11.3.1 that p is geometrically modular of weight ((ko, 1), (0,0)).

Now suppose that p is geometrically modular of weight ((ko, 1), (0,0)). We can
then reverse the argument to conclude that p|g, has crystalline lifts of weight
(ko — 1,p + 1),(0,0)) (resp. ((p + 1,p),(0,0))) if kg > 2 (resp. ko = 2) and
((ko+1,p+1),(—1,0)). If p > 2, then as noted in Remark 11.2.7, this already
implies that p|g, has a crystalline lift of weight ((ko,1),(0,0)). To conclude,
we can assume ky = p = 2, and we just need to rule out the possibility that
Plex =~ < %1 ;2 > where x1|r, = €r,- We do this by an ad hoc argument.

It is more convenient to work with p’ = p ® pe/, where £ is a character of weight
(1,0). Then p’ is geometrically modular of weight ((2, 1), (1,0)), Conjecture 7.5.2
holds as well for p/, and we assume for the sake of contradiction that p’|g, has an
unramified subrepresentation. We let vy = 20F.

By Lemma 10.2.1, p arises from an eigenform fo € M1 (1,0y(U1(mq1); E) for
some m; and E. Moreover by Lemma 10.4.1, we can assume that ©,, (fo) # 0,
i.e. that 7/ (fo) # 0 for some m,J such that m ¢ 2J-1. The same argument as
in the proof of Proposition 10.5.2 then shows that we may assume f; satisfies the
first two conditions in the definition of a normalised eigenform. (With regard to
the third condition, note that we have not defined T, in this context.) Therefore
O, (fo) is a normalised eigenform in M3 3y 0,0)(U1(m1); £); note that it is an
eigenform for T, since ;) (©,,(fo)) = 0 if m € 2J-1. By Theorem 8.2.2, we have

m

v(05,(fo)) <ma (4,1) (where the notation is as in §5), and Theorem 1.1 of [17] then
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implies that v(©,(fo)) <ua (2,2). We may therefore write ©,,(fo) = Ha,,Ha, f1
for a normalised eigenform f1 € M(s,2) 0,0)(U1(m1); E) with 77,(f1) = 0 for all
m € 2J7L

We have shown in particular that p’ is geometrically modular of weight ((2, 2), (0, 0)),
hence algebraically modular of weight ((2,2), (0,0)) by our supposition of Conjec-
ture 7.5.2. Therefore (for example by [4, Prop. 2.5]), p' =~ p for a characteristic zero

eigenform f of weight ((2,2),(0,0)); we may further assume that f is a newform in
Mi2,2y,0,0)(U1(mz); O) for some my, enlarging L if necessary, so it is a normalised
eigenform for T, for all primes v, and S, for all v t mg. By local-global compatibility,
P f\g « 1s crystalline with 7;-labelled weights (1,0) for ¢ = 0, 1, and the characteristic

polynomial of ¢ on Deyis(p flax) is X 2 — @X + 4d where @ is the eigenvalue of T},

on f and d € O% is the eigenvalue of Sy,- Using for example that pf|GK is dual to
a representation arising from a 2-divisible group over Ok, we see from the form of

pl|GK that
5 ~ X1k
Pilax = ( 0 X2 )

with X1 unramified and X1 (Frob,,) = @ € O* (and XcycX2 is unramified with
XeyeX2(Frob,, ) = d‘lci). The reduction of f is thus a normalised eigenform f, €
M2,2y,0,0)(U1(mg); E) giving rise to p’, with the property that the eigenvalue of T,
on fo is non-zero.

As in the proof of Lemma 11.3.1, we can choose n so that the conditions in
Lemma 10.6.2 are satisfied for m; and ms, and the proof of the lemma then yields
eigenforms g1, g2 € M(2.2),(0,0)(U1(n); E) such that g; is strongly stabilised, whereas
g2 is stabilised and satisfies T},,g2 = ags for some a € E*. Now consider the
form f3 = a~'(gs — g1); its g-expansion coefficients are given by 7 (f3) = 0 unless
m € 2J;', in which case r],(f3) = 7“;7]1/2(92). In particular f3 € ker(©,,), so
f3 = ®y,(g3) for some g3 € My 1y,0,0)(U1(n); E). By Proposition 9.8.1, we have
) (g93) = r(g2) for all m, J, so g» = Ha, Ha, g3.

Furthermore, note that v(gs) = (1,1); otherwise Corollary 1.2 of [17] would force
v(gs) = (0,0), making g5 locally constant and contradicting the irreducibility of p.
Now consider ©.,(g3) € M(3,2),(0,—1)(U1(n); E). By Theorem 8.2.2, ©.,(g3) is not
divisible by Ha,,. We claim that ©,, (g3) is not divisible by Ha,, either. Indeed if
it were, then we would have (0., (g3)) <ma (4,0), and Theorem 1.1 of [17] would
imply divisibility by Ha,,. Therefore Theorem 8.2.2 implies that 0,0, (g3) is not
divisible by Ha,, (and in fact a similar argument gives v(0,,0.,(g3)) = (4,4)).
Note that ©,,0,,(93) € M(4,4),(—1,—1)(U1(n); E) is a strongly stabilised eigenform
giving rise to p. However so is elHaigHazlgh where e; is the constant section in
M,0y,(~1,—1)(Ur(n); E) with value 1. We therefore conclude that ©,,0; (g3) =

€1Ha30 Haz1 g1 is divisible by Ha,,, yielding the desired contradiction. O

Remark 11.4.2. Note that the theorem holds just as well for weights of the form
((ko,1),1) and ((1, ko),!) for any [ € Z*.

Recall from Proposition 7.5.4 that one direction of Conjecture 7.5.2 holds if k
is paritious in the sense of Definition 3.2.1. Recall also that Conjecture 3.14 of [4]
has been proved under mild technical hypotheses by Gee and collaborators (see
especially [32, 31]), with an alternative to part due to Newton [47]. In particular it
holds under the assumptions that p > 2, P|Gp(<p> is irreducible, and if p = 5, then
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p|GF(45) does not have projective image isomorphic to As = PSLy(F5). It might be
possible to treat the exceptional case with p = 5 in general using the methods and
results of Khare and Thorne [43], but we only need to do this in a particular instance
in order to obtain one direction of Theorem 11.4.1 for odd kg unconditionally.

Theorem 11.4.3. Suppose that 3 < ko < p, ko is odd and that p : Gp — GLa(F,)
is irreducible and modular. If p|a, has a crystalline lift of weight ((ko,1),(0,0)),
then p is geometrically modular of weight ((ko, 1), (0,0)).

Proof. We first show that the local condition at p implies that p|g F(p) is irreducible.
Indeed if it is not, then p is induced from G- for a quadratic extension F’/F which is
ramified at p, and hence p|g, is induced from G- for a ramified quadratic extension
K'’/K. This in turns implies that p|r,. =~ x1@®x2 for some characters x1, x2 such that
X1Xa ! is quadratic. However the explicit description of the possibilities for ol from

2
Lemma 11.2.3 shows that ;x5 would have the form efo(kofl) or 62@071)(;) 71),

which gives a contradiction since such a character has order (p* —1)/i or (p? +1)/i
for some ¢ < p — 1.

We may therefore apply Theorem A of [33] to conclude that p is algebraically
modular of weights ((ko—1,p+1), (0,0)) and ((ko+1, p+1),(—1,0)), unless p = 5 and
plcr ., has projective image isomorphic to PSLa(F5). Aside from this exceptional
case, it follows from Proposition 7.5.4 that p is geometrically modular of weights
((ko — 1,p+1),(0,0)) and ((ko + 1,p+1),(—1,0)), and then from Lemma 11.3.1
that p is geometrically modular of weight ((ko, 1), (0,0)).

Suppose then that p = 5 and p‘GF(cs) has projective image isomorphic to PSLo(F5),
so that of p is isomorphic to PSLa(F5) or PGL2(F5). Again using the explicit
descriptions in Lemma 11.2.3, we see this is only possible if kg = 5 and p|g, =~ x1Dx2
where x1 is unramified and x|, = 6;04 has order 6. In this case the conjectural set
of Serre weights for p¥ = Homg_(p,Fs) (with the notation of §7) is:

{ Vi4,6),00,0)> V(2,2),(~1,00» V(6,6),(~1,0) V(6,4),(4,0) }-

In particular if £ is a character of weight (1,0), then (p®pe/)¥ |, has a Barsotti-Tate
lift (necessarily non-ordinary), and the argument of [28, §3.1] (using the method of
Khare-Wintenberger [41]) then shows that (p® pe)" is modular of weight V{2 2y (0,0
from which it follows that p is algebraically modular of weight ((2,2), (—1,0)).
Similarly pV|g, has a potentially Barsotti-Tate lift of type [63_0 eil] @ 1, so the
same argument (but now using the modularity lifting theorem of [43] instead of
[45] and [27]) shows that pV is modular of some weight in the set of Jordan—Holder

constituents Indng(OF/p)w where v (( 8 Z )) = 79(a)*m1(a)*, namely:

{Vi4,6),00,0)> V(3,5),(3,0)» Via,2),2,4) }-

Therefore p is algebraically modular of weight ((4,6),(0,0)), ((3,5),(3,0)) or
((4,2),(2,4)). Since p|g, has no crystalline lifts of weight ((3, 5), (3,0)) or ((4,2),(2,4))
(by [32, Thm. 2.12], but in fact already by [26]), these possibilities are ruled out by
local-global compatibility and the discussion before Proposition 7.5.4. Therefore p
is algebraically modular of weight ((4,6), (0,0)).

We have now shown that p is algebraically modular of weights ((4,6), (0,0)) and
((2,2),(—1,0)), so also geometrically modular of these weights by Proposition 7.5.4.
Therefore p is also geometrically modular of weight ((6,6),(—1,0)), and it follows
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from Lemma 11.3.1 that p is geometrically modular of weight ((5,1),(0,0)), as
required. ([

Remark 11.4.4. Again the theorem holds also for weights of the form ((kg, 1),1)
and ((1,kp),1) for any [ € Z*.

Remark 11.4.5. We remark that the assumption that F' is unramified at p ensures
that the weaker condition at p = 5 in the modularity lifting theorems of [45] and
[27] is satisfied. The role of [43] in this situation is to ensure the existence of an
ordinary lift.

11.5. An example. Consider the Galois representation defined in Example I1Ibq
of [16, §9], so F' = Q(+/5), p = 3 and p : Gr — GLy(Fy) is absolutely irreducible
X1

0 Xo
chosen 7; : Op/p ~ Fy. Setting y = X1X61, we have x|, = 67_02, and the discussion
in [16] shows that the associated extension class lies in the line V, of Lemma 11.2.1.
It follows that p has a crystalline lift of weight ((3,1), (0, —1)).

The modularity of p is strongly indicated by the data exhibited in [16, §10.4].
In particular it follows from the explicit computations described there that there
is an eigenform f € M(a,4) (0,—1)(U1(n); Fy) with n = (10v/5) whose eigenvalue for
T, coincides with trp(Frob,) for all v { 30 such that Nmp/q(v) < 100, and whose
eigenvalue for S, is 1 = Nmp/g(v) ™! det p(Frob,) for all v { 30. We assume for
the rest of the discussion that it is indeed the case that py ~ p. It then follows
from Theorem 11.4.1 that p is geometrically modular of weight ((3,1), (0, —1)), i.e.,
p = pg for some eigenform g € M3 1y, 0,—1)(U1(n); Fo)

and has the property that p|g, ~ where ;|1 = €, for appropriately

Consider also the form g¢ for a character ¢ of conductor (v/5) and weight (0, 2),
in the sense of Definition 10.3.1. (There are two such characters, both of order 4,
differing by the quadratic character corresponding to the extension F'(us5).) Then
we have ge € M(3,1),(0,1)(U1(n);Fg), and as the weight ((3,1),(0,1)) is paritious (in
the sense of Definition 3.2.1), it is natural to ask whether g¢ lifts to a characteristic
zero eigenform of partial weight one.
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